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We show that the recurrence relation deduced by Robbins and Osler et al for the sum of divisors
function o(n)can be solved in terms of the complete Bell polynomials. Besides, the connection

Corresponding Name  between o(2n + 1) and the number of representations of n as the sum of four triangular numbers

R. Sivaraman

allows obtain arecurrence relation where only participate the values of o(mm) with m odd.
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1.- INTRODUCTION
In [1] were considered recurrence relations with the structure
of a Cauchy convolution [2]:

nfi(n) = Xjo k() fetn =), k=21, n=0,
)

verifying the properties f;(0) =1 vk and h(0) =0,
where it was used the Z- transform to obtain the following
solution:

fo(n) = %Bn(O! h(1), 11h(2),2! h(3), ..., (n — 1)! h(n)),
(2)

in terms of the complete Bell polynomials [3-9].

In Sec. 2 we observe that the Robbins [10] — Osler et al [11-
13] identity for the sum of divisors function o(n) [2] has the
structure (1), hence it is applicable the result (2). In Sec. 3 it
is used the connection betweeno(m) and t,(N), that is, the
number of representations of N as a sum of 4 triangular
numbers [14, 15], to deduce an interesting recurrence relation
involving only the values of a(m) with m odd.

2.- OSLER et al - ROBBINS IDENTITY
We know the following recurrence relation [10-13] with the
structure (1):

na, =— j=1 O-(I) an—j ’ ap = 11 0-(0) =
0, n=1, 3)

where [16]:
0, j# %(3m +1),

a; = m=0, £1, +2,...
D™ j=2Gm+1),

(4)

that is:

1, j=0,57,22,26,51,57,92,100, 145, 155, ...
a;=4-1, j=1,2,12,15,35,40,70,77,117,126,176, ...
0 otherwise

(®)

hence (2) implies the closed expression:

a, = %Bn(—O! (1), —1! 6(2),-2! ¢(3), ..., —(n —
1! o(n)), n =0, (6)

and its corresponding inversion is given by:
ey S (CDF (ke —

D! B, (1! ay,2! ay, .., M=k + 1) ap_p41), n=0,
(7

o(n) =

in terms of the partial Bell polynomials.

3.- RECURRENCE RELATION FOR a(m) WITH m
ODD
In [12] it was obtained the following recurrence relation:

nte(n) = —k Xj_; j T(Nte(n =), @)
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where t; (n) is the number of representations of n asa sum
of k triangular numbers, and:

1+2(-1)¢

T() = Zay =y = Zay "D (9)
On the other hand, we have the connection [14, 15]:
ty,(n) =o@n+ 1), (10)
then (10) and (8) with k = 4 imply the relation:
n
no@n+1)=—4 Zj T() o(2n + 1 2)),
J=1

n >0, (11)

as an alternative recurrence to (3); we note that into (11) only
participate the values of o(m)with m odd. We know that any
positive integer can be written in the form n=2%m, k>0
such that m is odd, therefore:

a(n) = (2t = 1) a(m), (12)
hence all values of the sum of divisors function are generated
by the quantities o (m), where m is odd, which are determined
using (11).

Similarly, we have the result of Ewell [17, 18]:

t,(n) = %rz (4n + 1), (13)

where 1,(n) is the number of representations of n as a sum
of two squares [19-21], thus (13) and (8) with k = 2 imply
the recurrence relation:

nr,(dn+1)=-23",j T(r,(4n+1-
4j), n=0, (14)

which is a companion expression for the following formula
obtained in [12]:

nr,(n) =-4 31, (=1 jD(Ir,(n—j), DG =
Yodd dij % ) n=0. (15)

Remark 1: The recurrence relation (3) can be written in the
form [10]:

(M) + Zpa1 (D* [o(n — w(k)) + o(n — w(=k))] =

(D)™ 1n, if n=w(tm),
{ 0, otherwise, (16)

where w(k) = §(3k — 1) are the pentagonal numbers.

Remark2: Gandhi [12, 22, 23] deduced the following

recurrence relation for the colour partitionsp, (n)
[13, 24, 25]:

np,(n) =—-r Yoy o) pr(n—7), rn =1,

A7)

where we can employ r = 1 to obtain (3) because p,(n) =
a,; furthermore, letting » = —1 in (17) gives the well-known
expression [13]:

npm) =X oD p(n—J), (18)
involving the partition function.

Remark 3:The property (7) implies the following determinant
[4, 25]:

o(n) =
na, a, ap as An-1
m-Va,—y 1 a a An—2
mn-2a,., 0 1 a An-3
— : 0 01 ) n>1
: 0
2a, 0 0 0 ay
aq 0 00 1
(19)
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