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I. INTRODUCTION
Let G = (V(G), E(G)) be a finite, simple connected graph.
Let de(u)be the degree of a vertex u in G. Let [1(G) denote
the minimum degree among the vertices of G. We refer [1]
for undefined notations and terminologies.

A molecular graph is a graph such that its vertices
correspond to the atoms and the edges to the bonds.
Chemical Graph Theory is branch of Mathematical
Chemistry, which has an important affect on the
development of the Chemical Sciences. A topological index
is a numerical parameter mathematically derived from the
graph structure. Several such topological indices have been
considered in Theoretical Chemistry and have found some
applications, especially in QSPR/QSAR study see [2, 3].

The 3 vertex degree was introduced in [4] and it is defined
as

5, =dy (W)—-5(G)+1

In [5], Kulli introduced the first and second &-Banhatti
indices of a graph and they are defined as

5B (G)= > (8, +6,),

ueE(G)

5B,(G)= > 6,6,

weE(G)

Recently some delta indices were studied, for example, in
[6,7,8,9].

We introduce the delta F-index of a graph G and it is
defined as

SF(G)= > (s2+67).

uveE(G)

Considering the delta F-index, we define the delta F-
polynomial of a graph G as

SF(GX)= > x5,
ueE(G)

We introduce the delta Fi-index of a graph G and it is
defined as

SFR(G)= > &

ueV(G)

Considering the delta Fi-index, we define the delta Fi-
polynomial of a graph G as

SR (Gx)= 3 x%.
uveE(G)

In [4], Kulli introduced the delta Sombor index of a graph
and it is defined as

5S(G)= > NG

ueE(G)

We propose the modified delta Sombor index or sum
connectivity delta F-index of a graph G and it is defined as

> ——
uveE(G) 5u2 +5VZ

Considering the modified delta Sombor index, we define
the modified delta Sombor exponential of a graph G as

"5S(G)=S6F(G)=
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1
msS (G, X) = x\/5“2+_5"2.
uweE(G)
Recently some Sombor indices were studied, for example, in
[10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27].

We put forward the delta sigma index of a graph G and
it is defined as

so(G)= Y (8,-6,).

uveE(G)

Considering the delta sigma index, we define the delta
sigma polynomial of a graph G as

50'(G,X)= Z X(5u_5v)
uveE(G)
Recently, the sigma index was studied in [28, 29].

2

In this paper, we determine the delta F, modified delta
Sombor and delta sigma indices and their corresponding
polynomials of certain nanotubes and networks.

Il. RESULTS FOR KTUC4Cs(S) NANOTUBES

In this section, we focus on the graph structure of a family
of TUC4Cg(S) nanotubes. The 2-D lattice of TUC4Cg(S) is
denoted by KTUC4Cg[p,q], where pis the number of
columns and qis the number of rows. The graph of
KTUC4Cs[p,q] is shown in Figure 1.

Figure 1: The graph of KTUC4Cg[p,q] nanotube

Let G be the graph of a nanotube KTUC4Cs[p,q].
By calculation, we obtain that G has 12pg — 2p — 2q
edges.The graph G has three types of edges based on the
degree of end vertices of each edge as follows:

E: = {uveE(G) | dg(u) = ds(v) = 2}, |Eq =
2p +2q+ 4.

E> = {uveE(G) | ds(u) =2, ds(v) = 3}, |Esl =
4p + 49— 8.

Ez = {uveE(G) | dg(u) = ds(v) = 3}, |Es| =

12pgq - 8p —8q + 4.

Table 1: 6--edge partition of KTUC4Cg[p, q]
&0\ uv € E(G) Number of edges

1,1 2p+2q+4
1,2 4p+4qg-8
2,2 12pq -8p-8g+4

Theorem 1. Let G be the graph of a nanotube

KTUC4Cg[p,q]. Then

() SF(KTUC,Cy[p.q])
=96pq—40p —40qg - 4.

(i) OF (KTUC,C,[p.a].x)
=(2p+2q+4)x* +(4p+49-8)x°
+(12pq—8p—8q+4)x°.

Proof: From definitions and by using Table 1, we deduce
() OF(KTUC,C,[p.a])= > (87 +57)

uveE(G)
=(1? +12)(2p+2q+4)+(12 +22)(4p+4q—8)
+(2? +2%)(12pg —8p —8q + 4)
=96pq—40p —40qg - 4.

(i) 6F (KTUC,C, [ p.q] )= 3 x\)

uweE(G)
= (2p+2q+4) x4 (4p+4q-8) XTI+
+(12pq—8p-8q+4) X"
=(2p+2q+4)x* +(4p+4q-8)x°

+(12pq—-8p—8q+4)x°.

Theorem 2. Let G be the graph of a nanotube
KTUC4Cg[p,q]. Then

(i) "S(KTUC,Cy[p.q])
6 4 2 6 8

B dabbv - CRUG o)

(i) "&S(KTUC,C,[p.a]. x)

S
ol

=(2p+2q+4)xV¥2 +(4p+4q-8)x¥®

1

+(12pq—8p—8q+4)xﬁ.
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Proof: From definitions and by using Table 1, we deduce

() "S(KTUC,C,[p.a])= > !

uveE(G),\lé‘2 +52
4p+4q9-8
,—1 — ( )

(12pg-8p—8q+4)

(2p+2q+4)+ ——

h
& E o E)

1
(i) PSB(KTUC,C, [p.q], x)= > x™*
uveE(G)
1 _r
=(2p+2q+4) X+ 4 (4p+4q-8)x T+

1

+(12pq—8p—8q+4)x‘122_22

1 1
= (2p+2q+4)x¥? +(4p+4q-8)xB

+(12pq—8p—8q+4)xﬁ
Theorem 3.Let G be the graph of a nanotube

KTUC4Cg[p,q]. Then

(i) 0o (KTUC,C,[p.q])=4p+4q-8.
(i) o (KTUC,C,[p.a].x)
= (12pq—6p—6q+8) X’ +(4p+4q—8)x:

Proof: From definitions and by using Table 1, we deduce

@) do(KTUC,C,[p.a])= > (6, -6,)

ueE(G)
=(1-1"(2p+2q+4)+(1-2)° (4p +4q-8)
+(2-2)° (12pq—8p —8q + 4)
=4p+4q-8.
(i) 6o (KTUC,C, [p,a]. X) =

Z X(‘Su -0y )2

weE(G)
= (2p+29+4)x*Y 4+ (4p+4q-8)x+?’
+(12pq—-8p—8q+4) x@2*
=(12pq—6p—6q+8)x° +(4p+4q—8)x".

V. RESULTS FOR GTUC4Cg(S) NANOTUBES

In this section, we focus on the graph structure of family of

TUC4Cg(S) nanotubes. The 2-dimensional lattice of
TUC.Cg(S) is denoted by G=GTUC4Cg[p,q] where pis the

number of columns and qgis the number of rows. The graph
of GTUC4Cg[p,q] is depicted in Figure 2.

N

q

/
Figure 2: The graph of GTUC.Cg[p,q] nanotube

Let G be the molecular graph of GTUC.Cs[p,q]
nanotube. By calculation, we obtain that G has 12pq — 2p
edges. Also by calculation, we
obtain that G has three types of edges based on the degree of
end vertices of each edge as follows:

E1 = {uveE(G) | de(u) = ds(v) = 2}, |Ea

2p.
E> = {uveE(G) | de(u) =2, de(v) = 3}, |E2]

4p.

Es = {uveE(G) | ds(u) = ds(v) = 3}, |Es|
12pg - 8p.

Clearly we have §(G)=2. Hence &,= de(u) —G)+1=ds(u) —
1. Thus there are three types of 5-edges as given in Table 2.

Table 2: 5-edge partition of G
a0\ v € E(G)

Number of edges

(1, 1) 2p
1,2) 4p
2,2 12pg —-8p

Theorem 4.Let G be the graph of a nanotube

GTUC4Cs[p,q]. Then

() OF(GTUC,C,[p.q]) =96pq—40p.

(i) OF(GTUC,C,[p.q].x)
=2px% +4px° +(12pq—8p) &

Proof: From definitions and by using Table 2, we deduce
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() OF(GTUC,C,[p.a])= > (&7 +57)

uveE(G)
(1 +12)2p+ (12 +2%)4p
+(2% +22)(12pq - 8p)
=96pq —40p.
(i) 5F (GTUC,C, [ p.q] )= 3 x1%*)

ueE(G)
22)

—2px ) 4 4 px®2) +(12pq-8p) X
=2px® +4px° +(12pq—8p) x°.

Theorem 5.Let G be the graph of a nanotube
GTUC.Cg[p,q]. Then

() "&S(GTUC,C,[p.a])
6 4 2
el a)
(i) "S(GTUC,C,[p.a].x)
1 1 1
= 2px$ +4px£ +(12pq—8p)xﬁ.
Proof: From definitions and by using Table 2, we deduce

1
() "&S(GTUC,C,[p.a])= D,

ueE(G) 4 ,5[12 + 6\/2
1 1
= 2p+ 4p
12412 12 4+ 22

1
+ﬁ(12pq—8p)
2°+2

6 4 2

)

(i)"5S (GTUC,C, [p.q], x)= > x

uweE(G)

1 1 1

= 2px VI 4 4px V2’ +(12pq—8p)x‘y227

1 1 1

:2pxﬁ +4px£ +(12pq—8p)xﬁ.

Theorem 6.Let G be the graph of a nanotube
GTUC4Cg[p,q]. Then

(i) 00 (GTUC,C,[p.a])=4p.

(i) 00 (GTUC,C,[p.q].x)=(12pq—6p)x’ +4px'.
Proof: From definitions and by using Table 2, we deduce
@) o(GTUC,C,[p.a])= Y (& -3,)

uveE(G)

=(1-1"2p+(1-2)° 4p+(2-2)° (12pq-8p)
=4p.
(ii) 6o (GTUC,C, [p, g, ) = 3 x@~)

uveE(G)
_2 pX(l—l)z +4 px(l—z)2 +(12pg—8p) (22
=(12pq—6p) x° +4px*.

2. Results for Silicate Networks

Silicate networks are obtained by fusing metal
oxide or metal carbonates with sand. A silicate network is
symbolized by SL,, where n is the number of hexagons
between the center and boundary of SL.. A 2-D silicate
network is presented in Figure 3.

Figure 3. A 2-D silicate network

Let G be the graph of a silicate network SL,. By
calculation, we obtain that G has 15n?+3n vertices and 36n?
edges. In G, there are two types of vertices as follows:

Vi={u e V(G) |de(u) =3}, |Vi|=6n?+6n.
V2 ={u e V(G) | ds(u) =6}, [Vz|=9n?—3n.

Therefore, we have &G)=3 and hence & = dg(u) —
ou) + 1 = dg(u) — 2. Thus there are two types of &vertices

as given in Table 3

Table 3:5-vertex partition of SL,

a\u e V(G) Number of vertices
1 6n2 + 6n
4 9n% - 3n

By calculation, in SL, there are 3 types of edges
based on degrees of end vertices of each edge as follows:

E; = {uv € E(G) | ds(u) = ds(v) = 3}, |E1| = 6n.
E2={uv € E(G) | do(u) = 3, ds(v) =6}, |E2| =18n?+6n.
Es = {uv € E(G) | ds(u) = ds(v) = 6}, |Es| = 18n? —
12n.

Hence there are 3 types of [I-edges as given in
Table 4.
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Table 4: 5-edge partition of SL,,
a,o\uv € E(G)

Number of edges

1, 1) 6n
1, 4) 18n2 + 6n
(4, 4) 18n% -

Theorem 7.Let G be the graph of a silicate network SL,,

Then

(i) SF(SL,)=882n*-276n.
(i) OF(SL, x)=(18n* —6n)x° +(18n® +6n)x°.

Proof: From definitions and by using Table 4, we deduce

(i) OF(SL)= > (& +67)

uveE(G)
=(1? +12)6n+ (12 + 4%)(18n? + 6n)
+(4? +4%)(18n% —12n)
=882n° — 276n.

(i) SF (SL,, x)= 3 xl+)

uveE(G)
—6nxTH) 4 (18n2 +6n) xE+4)
(18n —12n)x4 s

—6nx2 +(18n2 +6n) x'7 +(18n2 —12n) x*2.

Theorem 8.Let G be the graph of a silicate network
SL,. Then

i) "oS(SL, )z(%+%)hz +(%+%)n.

(i) "SS(SL, ,x)
i 1
=6nx"2 +(18n% + 6n) x*&7 +(18n2 —12n) x*

‘w\“

Proof: From definitions and by using Table 4, we deduce
1
() "6S(SL,)= _
uv;G) O + 67
1 6n + !
V241 1P+ 42

+;(18n2 ~12n)
4% 4+ 4?

(18n% +6n)

E R

uveE(G)

(i) " 5S (SL,, X) =

1 1
—6nx 0+ 1 (18n2 +6n) x4’

1

+(18n2 —12n) xFF

1 1

1
=6nx"2 +(18n% +6n) x¥7 +(18n2 —12n) x™*
Theorem 9.Let G be the graph of a silicate network

SL,. Then

(i) So(SL,)=162n* +54n.
(i) o (SL,, x)=(12pq—6p)Xx° +4px".

Proof: From definitions and by using Table 4, we deduce

@ do(sL)= > (8 -6,

uveE(G)
—(1-1%6n+(1-4)*(18n% +6n)

+(4—4)" (18n% —12n)
=162n% + 54n.

ZX§5

uveE(G)

(i) 5o (SL,, X)

=6nx*Y" (1802 +6n) xE¥ +(18n2 —12n) x4’

—(18n2 —6n) x° +(18n2 +6n) x°

Theorem 10.Let G be the graph of a silicate network SL,
Then

(i) oF (SL,)=582n" —186n.
(i) SF (SL,,x)=(6n* +6n)x" +(9n* —3n)x*

Proof: From definitions and by using Table 3, we deduce

(i) OFR(G)= D &

ueV(G)
=(2®)(6n? +6n) +(4%)(9n*> —3n)
—582n2 —186n..

> X

uev(G)

(i) 5F, (SL,, ) =

—(6n? +6n)x! +(9n% —3n) x*
(6n? +6n) xt +(9n? —3n) x%
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6. RESULTS FOR HONEYCOMB NETWORKS

If we recursively use hexagonal tiling in a
particular pattern, honeycomb networks are formed. These
networks are very useful in chemistry and also in computer
graphics. A honeycomb network of dimension n is denoted
by HC,, where n is the number of hexagons between central
and boundary hexagon. A 4-dimensional honeycomb
network is shown in Figure 4.

Figure 4. Honeycomb network of dimension four

Let G be the graph of honeycomb network HC, with
[V(HC,)|=6n? and |[E(HC,)| = 9n? — 3n. From Figure 4, it is
easy to see that there are two partitions of the vertex set of
HC, as follows:

Vo = {ueV(G) | de(u) = 2}, |V2| = 6n.
V3 = {ueV(G) | de(u) = 3}, |V3| = 6n% — 3n.

Therefore, we have §G)=2 and hence & = ds(u) — &u) + 1
= dg(u) — 1. Thus there are two types of &vertices as given
in Table 5.

Table 5: 5-vertex partition of HC,

a\u € V(G) Number of vertices
1 6n
2 6n?—3n

In HC,, by algebraic method, there are three types
of edges based on the degree of the vertices of each edge as
follows:

Es = {uveE(G) | dg(u) = dg(v) = 2}, |E4| = 6.
Es = {uveE(G) | dg(u) = 2, dg(v) = 3}, |Es| = 12n - 12..
Es = {uveE(G) | ds(u) = ds(v) = 3}, |Ee| = 9n? — 15n + 6.

Hence there are 3 types of &-edges as given in Table 6.
Table 6:5edge partition of HC,

S\ uv € E(G)

Number of edges

L1 6
(1, 2) 12n-12
2,2 9n%-15n+6

Theorem 11.Let G be the graph of a honeycomb network
HC,. Then

(i) OSF(HC,) =72n’ —60n.

(i) SF(HC,,x)
—6x% +(12n—12)x® +(9n% — 15n+ 6) 8.

Proof: From definitions and by using Table 6, we deduce
(i) SF(HC,)= > (82+37)

uveE(G)
=(1? +12)6+(1* +2%)(12n -12)
+(22+22)(9n? — 150+ 6)
=72n° —60n.
(i) SF (HC,, )= 3 %)
uveE(G)
_ 6x(12 +1%) +(12n-12) X(12+22)
+(on?— 15n+ 6)x~ "
=6x2 +(12n-12)x° +(9n? — 15n+ 6)x°.

Theorem 12.Let G be the graph of a honeycomb network
HC,. Then

i "6S(HC,)
9 (12 15) 9 12

=mn + ﬁ_m n+$—£.
(i) "SS(HC, x)

1 1
—6x¥2 +(12n— 12)x¥5 +(9n? - 15n+ 6)

1

2
X .

Proof: From definitions and by using Table 6, we deduce
1

i) "OS(HC )= ¥ ———
( ) UVEZE(‘G) \,55 +67
1 st (1on-12)

J2+12 0 12422
+;(9n2 —15n+ 6)

\22 + 22

9 (12 15 12

9
22" *'TJE"‘EZZEJ”'*IE?"IEE'
(i)"SS(HC, x)= >’ x Vet

uveE(G)

1

1
=6xVI+ 4 (12n— 12) xW'+2°

+(9n2 — 15n+ 6)x° 7
1

1
—6x¥2 +(12n— 12)x¥5 +(9n2 — 15n+ 6)

1

22
X .
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Theorem 13.Let G be the graph of a honeycomb network
HCy. Then

(i) 6o (HC,)=12n-12.
(i) 6o (HC,,x)=(9n? —15n+12)x° +(12n -12) x".

Proof: From definitions and by using Table 6, we deduce

i) do(HC)= > (6,-6,)

uveE(G)
—(1-1°6+(1-2)(12n- 12)

+(2-2"(9n% — 15n+ 6)
=12n-12.

(i) 6o (HC,, x)= > x%)

uveE(G)
—6x®" 4 (12n—12) X&'
+(on? = 150+ 6)x22
=(9n? —15n+12)x° +(12n-12) x.

Theorem 14.Let G be the graph of a silicate network HC,,
Then

(i) OF (HC,)=48n*-18n.
(i) SF (HC,, x)=6nx"+(6n° —3n)x°.

Proof: From definitions and by using Table 5, we deduce

i) OFR(G)= > &

uev(G)
=(2®)6n+(2®)(6n —3n)
=48n° —18n
(i) 5F SLn X Z X%
ueV(G)
=60 +(6n? —3n) x?
—6nxt +(6n2 —3n) X8,

V1. CONCLUSION

In this study, we have defined the delta F, modified delta
Sombor, delta sigma indices and their corresponding
polynomials of a graph. Also these delta indices and their
corresponding polynomials of certain nanotubes and
networks are determined.
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