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I. INTRODUCTION 

     We will focus on simple connected graphs, which are 

graphs without loops and multiple edges. Let G be a 

connected graph of order n with vertex set V. We can denote 

di as the degree of a vertex vi, which is the number of edges 

incident on it. d(vi, vj) or dij represents the distance between 

two vertices vi and vj, which is defined as the length of the 

shortest path joining them. The Schultz Index introduced by 

Schultz [14] is defined as, 

   
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

n
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ijji dddGS

1,

.

 
For detailed work, see [15-18]. 

Motivated by previous research related to degree and 

distance in a graph such as distance energy [1, 2], degree 

sum energy [3, 4], degree square sum polynomial [8], 

complementary distance energy [5], degree exponent energy 

[6, 7], degree exponent sum energy [9], in order to upgrade, 

we now introduce the concept of degree sum distance energy 

of a connected graph. The purpose of this paper is to 

compute the characteristic polynomial, eigenvalues and 

energy of degree sum distance matrix of a graph. Also, we 

compute bounds for degree sum distance energy. 

The degree sum distance matrix of a connected graph G is 

defined as,    ijDSD G dsd , where  
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0 if
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 (1.1) 

 

We note that, 

 

(1) Sum of the all elements in DSD(G)=2S(G).  

 

(2) DSD(G) is real symmetric, so that the eigenvalues of 

DSD(G) are real. 

(3) If 
1 2, , ...., n    are the eigenvalues of DSD(G) then, 

they can be arranged in a non-increasing order as 

1 2 n     . 

 

(4) 
1

0
n

ii



  since trace [DSD(G)]=0 . 

 

(5) If we replace dij =1 for all i≠j, we get the degree sum 

matrix. 

 

           Analogous to the energy of a graph defined by 

I.Gutman with respect to adjacency matrix, we define the 

degree sum distance energy of a graph as, 

  
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Example:  
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Degree sum distance eigenvalues of graph G are α1=15.0263, 

α2= -3.8669, α3= -4 and α4= -7.1594.   30.0526DSDE G   
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II. PRELIMINARIES 

 We state some useful Lemmas for the derivations. 

Lemma 2.1. Let G be a graph of order n, and α1, α2, . . . ,αn   

be the eigenvalues of DSD(G) Then 
1

0
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Lemma 2.2. The Cauchy-Schwartz inequality states that, if 

 1 2, , ...., pa a a  and  1 2, , ...., pb b b  are real p-vectors then, 
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Lemma 2.3 [10]. Suppose that ai and bi , 1≤ i≤ n, are 

positive real numbers. Then, 
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where  1 1max i n iM a  ,  2 1max i n iM b  ,  

)(min),(min 1211 iniini bmam    

 

Lemma 2.4 [11]. Let ai and bi , 1≤ i≤ n,  be non-negative 

real numbers. Then, 
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where,  1 1max i n iM a  ,  2 1max i n iM b  ,                   

)(min),(min 1211 iniini bmam    

Lemma 2.5 [12]. Let ai and bi , 1≤ i≤ n, be non-negative real 

number. Then, 
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where r and R are real constants, such that for each 

,1i i n  , 
i ira b  ,iRa  hold. 

Lemma 2.6 [1]. If G is a r-regular graph of diameter two, 

then    2 2n nD G J I A G    and thus the D- eigenvalues 

(eigenvalues of distance matrix) of G are 2 2n r  , 

, 2, ..., 2n   , arranged in a non-increasing order. 

 

Lemma 2.7 [2]. Let G be a r-regular graph of diameter 2, 

and let its spectrum (ordinary)  be 

    2, , ..., nspec G r    . 

Then the D-spectrum of G is, 

 
        .2...,,2,22 2  nD rnGspec

 
 

Lemma 2.8 [2]. Let G be a r-regular graph of diameter 1 or 

2 with an adjacency matrix A and    ....,,, 21 nGspec    

Then 
2H G K   is  1r  -regular and of diameter 2 or 3 

with, 
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where 2, ...., .i n  

 

Lemma 2.9 [13]. Suppose that  2 30, , , ...., nb b b  is the first 

row of the adjacency matrix of a circulant graph G. Then the 

eigenvalues of G are, 
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where  0,1,...., 1p n   and    is nth root of unity. 

 

Lemma 2.10 [7]. If a, b, c and d are real numbers, then the 

determinant of the form, 
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of order 

1 2n n  can be expressed in the simplified form as, 

          .11 2121
11 21 cdnnbnanba

nn



 

Lemma 2.11. If  A a b I bJ   , then the characteristic 

polynomial of A is,     .1
1

bnabaAI
n



  

        where a and b are arbitrary constants, I is the identity 

matrix of order  n and J is n n  matrix with all entries 1’s 

III. BOUNDS ON DEGREE SUM DISTANCE 

ENERGY  

In this section, we obtain some bounds on degree sum 

distance energy of any graph.  

 

Proposition 3.1. Let G be a graph of order n and size m. 

Then,  

    ,
4
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MnGE 
 

where α1,αn  are maximum and minimum of αi ‘s.  

Proof. Suppose 
1 2, , ...., n    are the eigenvalues of 

DSD(G). We assume that ai=1 and bi = αi then, by 

 Lemma 2.4, we have, 
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Hence,  
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Proposition 3.2. Let G be a graph of order n and suppose 

zero is not an eigenvalue of DSD(G).Then, 
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where α1,αn  are maximum and minimum of αi ‘s. 

Proof. Suppose 
1 2, , ...., n   are the eigenvalues of 

DSD(G). Let us assume that 
i ia   and 1ib   , by  

Lemma 2.3 we have, 
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Proposition 3.3. Let G be a graph of order n and size m. Let 

1 2 n      be a non-increasing sequence of 

eigenvalues of DSD(G)  .Then, 
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where α1,αn are maximum and minimum eigenvalues of 

DSD(G) . 

Proof. Suppose α1, α2, . . . ,αn are the eigenvalues of DSD(G) . 

We assume that , 1,i i i nb a r b      and 
1R   then 

by Lemma 2.5, we have, 
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IV. DEGREE SUM DISTANCE ENERGY OF SOME 

GRAPHS 

  In this section, we obtain the degree sum distance energy 

of some graphs. Prior to it we discuss the connection 

between distance spectra and adjacency spectra, 

subsequently connecting degree sum distance spectra with 

adjacency spectra in case of regular graphs. The distance 

matrix D(G) of a connected graph G is defined as, 
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ji
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The collection of eigenvalues of a distance matrix of a graph 

G along with their multiplicity form the distance spectrum 

or D spectrum of G denoted by  Dspec G . The following 

gives the relation between distance spectra and adjacency 

spectra for r regular graph. 

 

Proposition 4.1. For any r-regular graph G, 

   2DSD G rD G , where D(G) is distance matrix of G. 

 

Proposition 4.2. From Lemma 2.6, if G is r-regular graph G 

of diameter 2 with eigenvalues  2, , ...., nr    then degree 

sum distance spectra of G is,  DSDspec G   

        2 32 2 2 , 2 2 , 2 2 , ..., 2 2 .nr n r r r r           

 

Proposition 4.3.  If G be a  r-regular graph of order n and 

diameter 1 or 2 then 
2H G K   is  1r  -regular  
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where i= 2, . . ., n.  

 

From the above Proposition we have, 
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Hence,     16 1DSDE CP n n n  . 

  

Theorem 3.10. The degree sum distance energy of even and 

odd cycle are given by, 

   2

2 8DSD nE C n  and    2 1 8 1DSD nE C n n     respectively. 

Proof. (1) Consider an even cycle 
2nC . Here the degree sum 

distance matrix is circulant with first row, 

    .4...14414...12840  nnn
  

By Lemma 2.9, extracting eigenvalues and adding their 

magnitudes, we get   2

2 8DSD nE C n . 

(2) For an odd cycle 
2 1nC 

, the degree sum distance matrix 

is circulant with first row,  0 4 812 .... 4 4 .... 4 .n n  By 

Lemma 2.9 extracting eigenvalues and adding their 

 magnitudes, we get,  

   .1812  nnCE nDSD  
 

Theorem 3.11. The degree sum distance energy of wheel 

graph Wn+1   is, 
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Proof. Let Wn+1 be a wheel graph of order (n+1).Starting 

with central vertex as first vertex (for 1 row/column), 

suitable labeling gives the degree sum distance matrix of 

Wn+1 as, 
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where J represents matrix of all 1’s, MDSD(Cn) represents 

circulant matrix corresponding to Cn with first row 
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 0 61212 ....12 6 . The degree sum distance polynomial of 

DSD(Wn+1) is then given by, 
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which gives the characteristic polynomial as, 

 1nI DSD W          
22 12 2 3 ,nn n n I MDSD C         

where,  nI MDSD C   is without the factor  12 2n   
 

It can be shown that the eigenvalues of MDSD(Cn) are  

12(n-2) and remaining all are negative so that the energy of 

MDSD(Cn) is 12(n-2).  

By Lemma 2.9, we get, 
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Hence the theorem. 

 

Theorem 3.12. The degree sum distance energy of the 

complete bipartite graph Km,n(m ,n ≥2) is, 

   .28, nmmnKE nmDSD 
 

Proof. In Km,n , m  vertices have degree n and n vertices have 

degree m. The degree sum distance matrix is, 
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where J is matrix of all 1’s and A the adjacency matrix. The 

degree sum distance polynomial is then given by, 
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Applying Lemma 2.10, the degree sum distance polynomial 

of Km,n  is given by, 
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We get, 
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The theorem now follows by adding absolute eigenvalues. 

On similar lines we state without proof, the following. 

 

Theorem 3.13. The degree sum distance energy of the star 

graph K1,n is, 

        .114214
22

,1  nnnnKE nDSD  
Theorem 3.14. The degree sum distance energy of the 

crown graph 0

nS  is, 

 
 










.4116

372

2

0

nifn

nif
SE nDSD

 

Proof. The crown graph 0

nS  is regular of degree n-1 So the 

degree sum distance matrix of 0

nS  for n ≥ 4 is, 

 
         

         
,

141216

121614
0




















nnn

nnn

n
KAnKAnIn

KAnInKAn
SDSD

 

 where J is matrix of all 1’s and A is the adjacency matrix. 

The degree sum distance polynomial is then given by, 

 

 
         

         
.

141216

121614
| 0

nnnn

nnnn

n
KAnIKAnIn

KAnInKAnI
SDSDI











 

Applying Lemma 2.10, the degree sum distance polynomial 

is given by, 

 0
nSDSDI 

 

         4121618
11 
 nnnnn

nn
 

 
       

.
1111

41216180
0




















nn

nnnnn
Sspec nDSD

 

   






 


1122

436160
 Matlab. using,3 0

3Sspecnfor DSD
 

Hence the theorem. 

 

Theorem 3.15.  

      ,222 321  nneKE nDSD   
where α1, α2 and α3  are roots of the equation, 

         14811212 2223 nnnnnn  

    .02312 22  nnn  
Proof. In Kn+e there is one vertex with degree n, one vertex 

with degree 1 and remaining n-1 vertices have degree n-1  

so we get the degree sum distance matrix with suitable 

labeling as, 

 

 

     

.

12212

201

1210

31313

31

31

































nnn

n

n

n

KAnnJJn

nJn

Jnn

eKDSD

 
The  degree sum distance polynomial of Kn+e  is then given 

by,  

 
   

 
     

.

12212

21

121

331313

31

31















nnnn

n

n

n

KAnInJJn

nJn

Jnn

eKDSDI









 

Applying Lemma 2.10, the degree sum distance polynomial 

 of    Kn +e  is given by, 

 eKDSDI n   

   2
22




n
n × 

           .231214811212 222223  nnnnnnnnn 

 

so that, 

 
 

,
1112

22 321




















n

n
eKspec nDSD

 
where α1, α2,  and α3  are the roots of the equation, 
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         14811212 2223 nnnnnn

    .02312 22  nnn  
Hence the theorem. 

 

On similar lines, we obtain the degree sum distance spectra 

and energy of edge deleted complete graph Kn ̶  e, as in the 

following theorem. 

 

Theorem 3.16.  

 DSD nE K e 
2 4 3 22 4 2 4 10 18 13.n n n n n n        

 

Definition 3.17. Vertex Coalescence: If G1 and G2 are any 

two graphs then the graph obtained by gluing G1 and G2 at a 

point is v called vertex coalescence denoted by G1Ov G2.    

 

Definition 3.18. Edge Coalescence: If G1 and G2 are any 

two graphs then the graph obtained by merging G1 and G2 

on an edge e is called edge coalescence denoted by G1Oe G2 

Let Kn be a complete graph of order n then the vertex 

coalescence of Kn with Kn will be denoted by Kn Ov Kn and 

the edge coalescence by KnOe Kn . Kn Ov Kn has 2n-1 vertices 

and  22 Cn  edges whereas KnOe Kn has 2n-2 vertices and 

 12 2  Cn
 edges. 

We now obtain DSD energy for . Kn Ov Kn  and KnOe Kn 

Theorem 3.19.  

 DSD n v nE K O K            
2

4 1 2 2 1 1 16 8 72 1 .n n n n n n n          

Proof. The graph Kn Ov Kn has one vertex of degree 2(n-1) 

and remaining 2(n-1) vertices of degree n-1.  

With suitable labeling the degree sum distance matrix of 

 Kn Ov Kn takes the form, 

 

   

   

       

.

121213

12013

13130

21212

21

21

































nnn

n

n

nvn

KAnJnJn

Jnn

Jnn

KOKDSD

 

The degree sum distance polynomial of Kn Ov Kn  is, 

 nvn KOKDSDI   
   

   

       

.

121213

1213

1313

221212

21
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













nnnn

n

n

KAnIJnJn

Jnn

Jnn

 
Using Lemma 2.10 we get the degree sum distance 

polynomial of Kn Ov Kn , 

 n v nI DSD K O K  

          
2 4 322 2 2 1 6 8 1 18 1 .

n
n n n n n n   


          

 

We get, 

     
        

.

1142
2

172861186
1222

2




















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n

nnnnn
nnnKOKspec nvnDSD

 

Hence the theorem. 

On similar lines we state without proof the following. 

 

 

Theorem 3.20. 

  DSD n e nE K O K        
2

1 22 2 2 6 2 1 4 6 ,n n n n           

where

                   
2

24346473124647312647312
22

1




nnnnnnnnnnn


and 

                   
.

2

24346473124647312647312
22

2




nnnnnnnnnnn


 

V. CONCLUSION 

We discussed the degree sum distance energy of graphs. 

Also, we discussed bounds on degree sum distance energy. 

There is a scope to investigate degree sum distance energy 

of graphs with higher diameter, trees, unicyclic graphs, line 

graphs etc and also to construct degree sum distance equi-

energetic graphs. 
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