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Many researchers in operator theory have attempted to determine the relationship between the
norm of an elementary operator of length two and the norms of its coefficient operators.
Various results have been obtained using varied approaches. In this paper, we attempt this

Musundi Sammy Wabomba  problem by the use of the Stampfli’s maximal numerical range in a tensor product.

KEYWORDS: Elementary Operator, Maximal Numerical Range, and Tensor Product.

1.0 INTRODUCTION

1.1 Tensor products of Hilbert spaces

Definition 1.1.1. Tensor product. (Muiruri et al, 2019)

If Z={uu,..} and L = {v;,v, ..} are complex Hilbert
spaces. Define their inner products < u,u, > and < v,v, >
respectively. A tensor product of Z and L is a Hilbert space
ZQL where :ZXL->ZQLQ (u,v) >u@uv is a
bilinear mapping:

i). The vectors u @ v form a total subset of Z @ L

ii). <u vy, Uy Q@ Uy >=< Uy, Uy >< Uy, Uy >
,Vu,, u, € Z,v,,v, € L. This implies that | u @
vi=llullvl YVueZvellf Ee€B(Z),FEeE
B(L), then B(Z @ L) is a Hilbert space and for E ®
FEB(ZQL) we have EQFuQ®v)=Fu®
FvVvueZvelL.

The following properties of members of B(Z & L) hold:

), (EQF)GQ®H)=EGQRFHVY E€B),GE€
B(Z)and F € B(L),H € B(L).This property is both
associative and commutative.

ii). IEQFI=IEMNFI Vv E€B(Z) and FE€
B(L). This property indicates that norm is
distributive under tensor product.

The linearity of the map, ® (u, v) - u @ v shows that & is
linear with respect to the two coordinates, that is

N wmtu)®v=(w Qv)+ U, ®v)

(i) v =y Q).

iy @ +v)=u Qv +u v,

(V) u @ Yv) =y(u Q).

(v) The set of all vectors & (u, v), ueZ and vel form a
total subset of Z @ L.

Definition 1.1.2. Elementary operator in a tensor product.
(Muiruri et al, 2019)
Let Z be a complex Hilbert space and L be complex Hilbert
space, B(Z ® L) be the collection of all bounded operators
that are linear on the complex Hilbert space Z @ L and E @
F,G @ H be fixed elements of, B(Z ® L) where E, GeB(Z)
and F,HeB(K), the collection of bounded operators which
are linear on Z and L respectively. Define the elementary
operator as;
En(Z® L) =Yit.(E; @ F)(U®V)(G; @ Hy)
ey
for every UQ VeB(ZQ® L) ,E; Q F;, G; Q H; being fixed
elementsof B(Z Q L).
Now substituting for n =1 in (1) we obtain the basic
elementary operator,
EZQL) =EQNUV)GRH)
(2).
From equation (2) the basic elementary operator can be
expressed as,
EZQL) =EQFUV)G®H) = (EUG) ®
(FVH)
Definition 1.1.3. Stampfli’s maximal numerical range of
an operator. (Stampfli, 1970)
The Stampfli’s maximal numerical range of an operator G €
B(Z) is the set
W,(G) ={(eC: < Ggp, gn >=> LN gn 1= L1 Ggy 111 G I
}.
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and Stampfli’s maximal numerical range of an operator G €
B(L) is the set

W,(H) = {§€C: < Hhy, hy >> &, 1l hy 1= 1,11 Hhy, 111l

G I}

2.0 NORM OF AN ELEMENTARY OPERATOR OF
LENGTH n.

Mathieu (2001) determined the norm of elementary operator

T on Calkin algebra using hangerup tensor norm |.1l; and

proved the Theorem below;

Theorem 2.1. (Mathieu, 2001)

Let T be an elementary operator on B(H),then ||T|| =
inf{lIZ7, A A" 12 11%7 B BilI*/?}

where the infimum is taken over all representations of T as
T =% Myp;.

Moreover, Timoney (2007) determined the norm of
elementary operator on a C*-algebra using the notion of
matrix valued numerical ranges and a kind of tracial
geometric mean for a positive matrices and prove theorem
2.2;

Theorem 2.2. (Timoney, 2007)
For x = (x; ...x,,) € B(H)™(a row matrix of operators x; €
B(H)), Y = (¥; ...y») € B(H)™( a row column matrix of
operators y; € B(H) and elementary operator, T,p(x) we
have,

I T ll=Sup[tgm{Q(A4* ¢),Q(B,n)}: &, neH
wherelell=1and |l n I= 1.
Further, Nyamwala and Agure (2008) used the spectral
resolution theorem to calculate the norm of elementary
operator induced by normal operators in a finite dimensional
Hilbert space and gave the following result.

Theorem 2.3. (Nyamwala and Agure, 2008)
Let E,p: B (H) — B(H) be an elementary operator defined

by

n
Eap(X) = Z A;XB;,V X € B(H)
i=1
where A;, B; are normal operators and H a finite dimensional
Hilbert space then

k 2
HEN = ) lasy 16,1
j=1

where a;;,B;; are distinct eigen values of A; and
B, respectively.

King’ang’i et al (2014) employed the concept of finite rank
operators to determine the norm of elementary operator of
length two in an arbitrary C*-algebra and proved the theorem
2.4;

Theorem 2.4. (King’ang’i et al., 2014)
Let H be a complex Hilbert space, B(H)be the algebra of
bounded linear operators on H. Let E, be the elementary
operator on B(H) of length two. If for an operator x € B(H)
with || x lI= 1 we have X(x) = x for all x € H then
2
IExli= ) WA B I

i=1

V A;, B; fixed in B(H) and i = 1,2.

King’ang’i (2017) employed the concept of the maximal
numerical range of A*B relative to B to determine the norm
of an elementary operator of length two in an arbitrary C*-
algebra and proved theorem 2.5;

Theorem 2.5. (King’ang’i., 2017)
Let E, be an elementary operator of length two on B(H) then
Il E; 1= Aewsﬁgz*Bl) Il By Il
where V 4;, B; fixed in B(H) and i = 1,2.
King’ang’i (2018) employed the concept of Stampfli’s
maximal numerical range to determine the norm of an
elementary operator of length two in an arbitrary C*-algebra
and proved theorem 2.4.8;

Theorem 2.6. (King’ang’i., 2018)
Let E, be an elementary operator of length two on B(H) and
51,8, € B(H), then if ; € We (s, forevery ;eC i = 1,2, then

| E, 1= sup {ll X2, AT I1}3:T; € B(H) i = 1,2.
AEW-(s})

Kawira et al., (2018) extended the work of King’ang’i, et al
2014) to finite length and determined the norm of an
elementary operator of an arbitrary length in a C*-algebra
using finite rank one operators and proved theorem 2.7;

Theorem 2.4.9. (Kawira et al., 2018)

Let H be a complex Hilbert space and B(H) be the algebra of
all bounded linear operators on H. Let E,, be the elementary
operator on B(H). If for an operator X € B(H) with || x |=
1 we have X(f) = f for all unit vectors f € H then

Il Ep =20, TA; Il B; II,n€N.

Muiruri et al., (2018) determined the norm of an elementary
operator in a tensor product by employing the techniques of
tensor products and finite rank one operators and also
expressed the norm of an elementary operator in terms of its
coefficient’s operators. Muiruri et al (2018) proved the
theorem 2.8;

Theorem 2.8. (Muiruri et al., 2019)
Let H and K be complex Hilbert spaces and B(H @ K)be the
set of bounded linear operators on H @ K then VX ® Y €
B(HR®K)with|| X ®Y ll=1 we have

Il Mygpcop I=IANITBIITCIND I
where A, B and C,D are fixed elements in B(H) and B(K)
respectively.
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Corollary 2.9. (Muiruri et al., 2019)

Let H and K be complex Hilbert spaces and B(H @ K) be the
set of bounded linear operators on (H ® K). If forall X @
Y eBH Q@ K)with|| X ® Y l|= 1, then we have

Il Mygpcop 1= Mac il Mg p |l

where M, - and M ;, are basic elementary operators on B(H)
and B(K) respectively.

Daniel et al., (2022) determined the norm of the basic
elementary operator in a tensor product by employing the
techniques of tensor products and maximal numerical range
and also expressed the norm of an elementary operator in
terms of its coefficient’s operators. Daniel et al., (2018)
proved the theorem 2.10;

Theorem 2.10.(Daniel et al., 2022)

Let Z and L be complex Hilbert spaces and let, Opgr con b€
the basic elementary operator on B(Z ® L) the set of
bounded operators which are linear on a complex Hilbert
space ZQL. If VUQVeEB(Z QL) with [ UQV| =
1,E,G € B(Z), F,H € B(L), { € W,(G),& € W,(H) then we
have,

[0c0r,c0n \B(Z @ L)|| = Sup  Sup {ISIISIIEIIFI.
SEW.() EEW. (i)

3.0 MAIN RESULTS

3.1 Norm of an elementary operator of length two in a
tensor product.

In this section the lower and upper bound of an elementary
operator of length two is determined using the Stampfli’s
Maximal numerical range.

Theorem 3.2
Let Z and L be complex Hilbert spaces and
let, Y2, Og,@r,c,;0n; e the elementary operator of length
two on B(Z ® L) the set of bounded operators which are
linear on a complex Hilbert space ZQ L. If VUV €
B(Z ® L) with |lU ® V|| = 1,E;,G; € B(Z), F;,H; € B(L),
{; € WL(G)), ¢ € W.(H;) Vi=1,2then we have,
||Z‘2=1 O25,@r 6101 \B(Z ® L)” -

Sup X7 GEill Sup [1X7.; &Fill

JeWs(G) EeW,(H)

Proof.
By definition of the norm, vV UQV eB(Z QL) UE€
B(Z),V € B(L),|IU|l = 1, ||V|| = 1then we have,

”2‘2:1 02Ei®pi'Gi®H1’ \BZ® L)” -
Sup | 221 Oag or, 6,00 U O V)|

This implies that for every rank one operator (m ® g,)g» =
(gn, gn)m € B(H) and (f @ h,)h, = (h,, h,)f then,

2
5" onenmmsios]
2
2 ||Z 1 OEi®Fi.Gi®Hi (m ® gn)(gn)
i=

® (f ® hn)(hn)

=2 ||E; ® Fi(m ® g)gn @ (f @ hp)h, Gy ® Hy + E;

® FZ (m ® gn)gn ® (f ® hn)hnGZ
@ Hyll

= [{E1(m @ 9,)G19,} ® {Fi(f ® hy)H hy} +{E,(m ®

gn)ngn} ® {FZ(f ® hn)HZhn}”

> |[(G1gn,gn)Exm @ (Hyhy, hy)Fi f + (G2 gn,gn)E;m &

(Hyhon, ) o f || (2)

By the definition 1.0, if {; € W,(G;)V i = 1,2 we have,

(i) lim(G,g,9n) = ¢1 and
(iN) lim Gy gnll = 1IG,
(iii) lim (G, gn,gn) = ¢ and
(iv) lim (G, g, [l = 1IG|l

and &; € W,(H;)Vi = 1,2 We have,
() lim(H;hy, h,) = &; and
n—-oo

(i) lim [1Hy by | = 1|y

(iiii) lim (H,h,, hy,) = &, and
n—-oo

() Lim [1Hyhy | = 1,

Now taking limits as n - o on both sides of inequality
(2)we have

||212=1 Oin®Fi:Gi®Hi \B(Z ® L)” = ”(Glgn,gn>Elm ®
(Hihn, h)Fif + (G295, gn)E;m @ (Hyhy, hy)Fof || =
ICEm @ EFf|
> (G ®EE QF)mMD) + (L ®

$)(E; @ F))(m @ |
Sove> D0,

1221 0208, 6,00, \BEZ ® L)|| —€< 116 ® £) (B ®

F)m® D)+ (& @ $)(E; @ R)(m Dl
SIG®ENE QF)mMF) + (§, ®E)E, ®

F)(m ® )|l
< IZ1(G ® E(E @ F)(m Q Dl @)
where mand f are unit vectors in B(Z) and B(L)
respectively.
Now since € is arbitrary chosen and the unit vectors are
chosen arbitrary then we get the supremum, this implies that

||le=1 Oin®FirGi®Hi \BZ® L)” =

Sup {lIZ-.(( ®@&ENE Q@ F)(m®
[[m®f||=1

f)”}]: Sup  Sup [”lezl((i ® ENE; Q F)IIl =
JeW,(G) EeWL(H)

Sup  Sup [”Zngl(ZiEi®EiFi)”]

JeWo(G) EeW,(H)

Sup Sup
JeWo(G) §eW,(H)
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Sup  Sup [IXE, GENIXE-, &Fl
JeWo(G) EeW,(H)

= Sup IX2,GEll Sup [IXZ,&Fl
CeW,(G) EeW,(H)

thus

”2‘2:1 025,0F,6i0H; \B(Z® L)” =

Sup IZE,GE| Sup [I1Z2-, &Fill (4)
JeW,(G) EeWo(H)

Conversely, let {g,,},,1be a sequence of vectors of length one
in a complex Hilbert space Z and let {h,},~; be a sequence
of vectors of length one in a complex Hilbert space L.Define
rank one operator,(m ® g,,) € B(Z) and (f ® h,,) € B(L)
foraunitvectorm € Zandg € Las (m ® g,)x = {(x, g,)m
and (f,h,)y =y, h,)fVx€ZandVyE€EL.

Define the W,(G;) and W,(H;)of G; and H; Vi =1,2is
defined as

W,(Gy) = {G1€C:{G1gn, gn) = S, llgnll = 1 and [|G1 gx |l

= 1G4, |I}
W.(G3) = {$2€C:{G2gn, gn) = 2, lgnll = 1 and |G, gyl
= |G, I}
and
W.(Hy) = {&1€C: (Hyhy, hyy) = &4, Ly ]l = 1 and ||Hohy ||
= ||H, |1}

W.(Hp) = {2€C: (Hyhp, hy) = &3, |hyll = 1 and |[Hphy ||
= [|H, I}

Now VZI:EZ and fl‘EL, if ZiEVVo(Gi) VGl € B(Z) Vi=
1,2 then a sequence {g,,},~1 0f vectors of length one exists in
Z such that;

(i) lim(Gigngn) =
(i) lim |Gy gnll = 1G]
(iii) lim (G2 gn,gn) = G2
(iv) lim Gz gnll = 1G]l

and if &eW,(H;) V H; € B(L)Vi=1,2 then a sequence
{h,}n>1 exists of vectors of length one in L such that

() Am(thn,hn) =&

(i) lim[lH; Ayl = lIH,

(i) Jim (Hyhy ) = £

(iv) lim [[Hzhy || = [ |l

By finite rank one operator, the basic elementary operator
norm of is given as

10,{(m ® g)gn ® (f ® h)hyll =
|21 02,6000, (M ® 9)9n ® (f ® hdh

- ||ZLZ=1 Oin®Fi,Gi®Hi (M g & (f

® hy)(hy ® gn)

<
1251 02,6000, (M ® 9) ® (f ® k) || (e @
gn)ll

<
1521 024 g, c.0m, M ® g || IR NI 1 g

<

221 02105, 6.0 || ImIG NN,

2
= ||Zi:1 Oin®Fi»Gi®Hi||
(®)
since the m, f are unit vectors and g,, h,, are unit sequences
suchthat ||fll = 1, lm|l = 1, ||k, |l = 1 and ||g, |l = 1.

Therefore;
||le=1 025i®Fi.Gi®Hi|| = ||Zi2=1 02 ,0r,6i0H; (MO
)9 ® (f & h)hy

> || 251 O2p0r, 6,00, (M ® 9)9n ®

(f ® h)hal
= ”El ® Fl{(m ® gn)gn ® (f ® hn)hn}: Gl ® H1 +
EZ ® FZ{(m ® gn)gn ® (f ® hn)hn}' GZ ® H2”
2 ||E; @ F{m ® g) @ (f ® hy)}gn ® hyGy @ Hy +
E,QF{(m®g,) @ (f ® hy)lgn @ h,G, @ Hyl|
= ||E; ® Fi{im ® g,) ® (f ® h,)}6; ® Hi(gn ®
hy)) +E; @ KL,{m® g,) Q@ (f ® h,)}G; Q@ Hy(gn ®
k)l
= |{E:(m ® gr)G19x} ® {F1(f ® hy)H h,}
+ {EZ (m ® gn)GZQn}
® {F,(f @ hy)Hzh}|
> [[{(G1gn,gn)Exm} ® {(Hyhy, ha)F f +
{(G29n,9n)E2m} ® {(Hzhy, hy)F,f || thus
||le=1 OZEi®Fi:Gi®Hi|| 2 ”{(Glgn,g‘n)Elm} ®
{(thn: hn)Flf + {(ngn,gn)Ezm} ® {(thn' hn)FZf”
(6)
by taking the limits both sides as n — oo for the inequality
(6) and v {iEZ and EiGL, if (iEm(Gi) \ Gi € B(Z) Vi= 1,2
then 3 a sequence {g,, },~1 Of vectors of length one in Z such
that
() rlli_g)lO(Gign,gn) =G
(i) lim Gy gnll = 1G]
(i) 1im (Go9n,9) = ¢
(iv) lim |Gz gnll = G|l
and similarly, for every &eW,(H;) VH; € B(K)Vi=1,2
then 3 a sequence {h,},~, of vectors of length one in L such
that
(1) lim(H h, hy) =$;
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(i) gijgollthnII = |[H, ||
(iii) lim (thn,hn) =&
n—oo
(v) lim [|Hoho |l = [I1H |
then we have;

”212:1 025i®piigi®Hi ” 2 |GEim Q & B f + HEm @

$FAI

21 ®EE RF)m ) +(; ®
$)(E; @ F)(m & |

2 125G ® E)(E Q@ F)(m Q )|

This is true for any {;eW,(G;) , &eW,(F;) Vi = 1,2 and for
any unit vector meZ, feL.Since {;,&;V i = 1,2 and the unit
vectors are chosen arbitrarily, then we get the double
supremum for the lower bound,;

2
||Zi=1 OZEi®Fi.Gi®Hi|| Z

Sup {IIX%1(6 ® §)(E; ® F)(m ®

Im®f|l=1

Sup  Sup

JeW,(G) EeW,(H)

f)II}]— Sup Sup [IIZ =16 ®EI(E ®
{eW.(G) Eew.

F)Ill= Sup Sup [”Z?ﬂ(fiEi@fiFi)”]

JeW,(G) EeWL(H

= Sup SUD [IIZ 1 GENTNIE R &

JeW,(G) EeW,(H

= Sup IIZ =1 GEi || SUD IZE1 &l

thus

[
Sup ||Z =1 GE; || Sup ||Z —1$:Fill

(7)

From inequality (4) and (7) we have,

4.0. CONCLUSION

In this paper, we have determined the application of
Stampfli’s maximal numerical range on the norm of an
elementary operator of length two in a tensor product.
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