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Many researchers in operator theory have attempted to determine the relationship between the 

norm of an elementary operator of length two and the norms of its coefficient operators. 

Various results have been obtained using varied approaches. In this paper, we attempt this 

problem by the use of the Stampfli’s maximal numerical range in a tensor product. 
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1.0 INTRODUCTION 

1.1 Tensor products of Hilbert spaces 

Definition 1.1.1. Tensor product. (Muiruri et al, 2019) 

If 𝑍 = {𝑢1,𝑢2 …} and 𝐿 = {𝑣1, 𝑣2 … } are complex Hilbert 

spaces. Define their inner products < 𝑢1𝑢2 > and < 𝑣2𝑣2 > 

respectively. A tensor product of 𝑍 and 𝐿 is a Hilbert space 

𝑍 ⊗ 𝐿 where ⊗: 𝑍 × 𝐿 → 𝑍 ⊗ 𝐿,⊗  (𝑢, 𝑣) → 𝑢 ⊗ 𝑣 is a 

bilinear mapping:  

i). The vectors 𝑢 ⊗ 𝑣 form a total subset of 𝑍 ⊗ 𝐿 

ii). < 𝑢1 ⊗ 𝑣1,  𝑢2 ⊗ 𝑣2 >=< 𝑢1, 𝑣1 ><  𝑢2, 𝑣2 >

, ∀ 𝑢1,  𝑢2 ∈ 𝑍, 𝑣1, 𝑣2 ∈ 𝐿. This implies that ∥ 𝑢 ⊗

𝑣 ∥=∥ 𝑢 ∥∥ 𝑣 ∥  ∀ 𝑢 ∈ 𝑍, 𝑣 ∈ 𝐿.If 𝐸 ∈ 𝐵(𝑍), 𝐹 ∈

𝐵(𝐿), then 𝐵(𝑍 ⊗ 𝐿) is a Hilbert space and for 𝐸 ⊗

𝐹 ∈ 𝐵(𝑍 ⊗ 𝐿) we have 𝐸 ⊗ 𝐹(𝑢 ⊗ 𝑣) = 𝐸𝑢 ⊗

𝐹𝑣 ∀ 𝑢 ∈ 𝑍, 𝑣 ∈ 𝐿. 

The following properties of members of 𝐵(𝑍 ⊗ 𝐿) hold: 

i). (𝐸 ⊗ 𝐹)(𝐺 ⊗ 𝐻) = 𝐸𝐺 ⊗ 𝐹𝐻, ∀ 𝐸 ∈ 𝐵(𝑍), 𝐺 ∈

𝐵(𝑍) and 𝐹 ∈ 𝐵(𝐿), 𝐻 ∈ 𝐵(𝐿).This property is both 

associative and commutative. 

ii). ∥ 𝐸 ⊗ 𝐹 ∥=∥ 𝐸 ∥∥ 𝐹 ∥   ∀  𝐸 ∈ 𝐵(𝑍) and 𝐹 ∈

𝐵(𝐿). This property indicates that norm is 

distributive under tensor product. 

The linearity of the map, ⊗ (𝑢, 𝑣) → 𝑢 ⊗ 𝑣 shows that ⊗ is 

linear with respect to the two coordinates, that is 

(i) (𝑢1 + 𝑢2) ⊗ 𝑣 = (𝑢1  ⊗ 𝑣) + (𝑢2 ⊗ 𝑣) 

(ii) (𝜓𝑢) ⊗ 𝑣 = 𝜓(𝑢 ⊗ 𝑣). 

(iii) 𝑢 ⊗ (𝑣1 + 𝑣2) = 𝑢 ⊗ 𝑣1 + 𝑢 ⊗ 𝑣2 

(iv) 𝑢 ⊗ (𝜓𝑣) = 𝜓(𝑢 ⊗ 𝑣). 

(v) The set of all vectors  ⊗ (𝑢, 𝑣), 𝑢𝜖𝑍 and 𝑣𝜖𝐿 form a 

total subset of 𝑍 ⊗ 𝐿. 

Definition 1.1.2. Elementary operator in a tensor product. 

(Muiruri et al, 2019) 

Let Z be a complex Hilbert space and 𝐿 be complex Hilbert 

space, 𝐵(𝑍 ⊗ 𝐿) be the collection of all bounded operators 

that are linear on the complex Hilbert space 𝑍 ⊗ 𝐿 and 𝐸 ⊗

𝐹, 𝐺 ⊗ 𝐻 be fixed elements of, 𝐵(𝑍 ⊗ 𝐿) where 𝐸, 𝐺𝜖𝐵(𝑍) 

and  𝐹, 𝐻𝜖𝐵(𝐾),  the collection of bounded operators which 

are linear on 𝑍 and  𝐿 respectively. Define the elementary 

operator as; 

𝐸𝑛(𝑍 ⊗ 𝐿) = ∑ (𝐸𝑖 ⊗ 𝐹𝑖)(𝑈 ⊗ 𝑉)(𝐺𝑖 ⊗ 𝐻𝑖)𝑛
𝑖=1                                                                       

(1)  

for every 𝑈 ⊗ 𝑉𝜖𝐵(𝑍 ⊗ 𝐿) , 𝐸𝑖 ⊗ 𝐹𝑖, 𝐺𝑖 ⊗ 𝐻𝑖  being fixed 

elements of 𝐵(𝑍 ⊗ 𝐿). 

Now substituting for 𝑛 = 1 in (1) we obtain the basic 

elementary operator, 

𝐸(𝑍 ⊗ 𝐿) = (𝐸 ⊗ 𝐹)(𝑈 ⊗ 𝑉)(𝐺 ⊗ 𝐻)                                                                                 

(2). 

From equation (2) the basic elementary operator can be 

expressed as, 

𝐸(𝑍 ⊗ 𝐿) = (𝐸 ⊗ 𝐹)(𝑈 ⊗ 𝑉)(𝐺 ⊗ 𝐻) = (𝐸𝑈𝐺) ⊗

(𝐹𝑉𝐻)      

Definition 1.1.3. Stampfli’s maximal numerical range of 

an operator. (Stampfli, 1970) 

The Stampfli’s maximal numerical range of an operator 𝐺 ∈

ℬ(𝑍) is the set  

𝑊∘(𝐺) = {𝜁𝜖ℂ: < 𝐺𝑔𝑛, 𝑔𝑛 >→ 𝜁, ∥ 𝑔𝑛 ∥= 1, ∥ 𝐺𝑔𝑛 ∥→∥ 𝐺 ∥

}. 

https://doi.org/10.47191/ijmcr/v11i11.01
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and    Stampfli’s maximal numerical range of an operator 𝐺 ∈

ℬ(𝐿) is the set  

𝑊∘(𝐻) = {𝜉𝜖ℂ: < 𝐻ℎ𝑛 , ℎ𝑛 >→ 𝜉, ∥ ℎ𝑛 ∥= 1, ∥ 𝐻ℎ𝑛 ∥→∥

𝐺 ∥}. 

 

2.0 NORM OF AN ELEMENTARY OPERATOR OF 

LENGTH 𝒏. 

Mathieu (2001) determined the norm of elementary operator 

𝑇 on Calkin algebra using hangerup tensor norm ∥. ∥ℎ and 

proved the Theorem below; 

Theorem 2.1. (Mathieu, 2001) 

Let 𝑇 be an elementary operator on 𝐵(𝐻), then ||𝑇|| =

𝑖𝑛𝑓{‖∑ 𝐴𝑖
𝑛
𝑖=1 𝐴𝑖

∗‖1/2‖∑ 𝐵𝑖
∗𝑛

𝑖=1 𝐵𝑖‖1/2} 

where the infimum is taken over all representations of 𝑇 as  

𝑇 = ∑ 𝑀𝐴𝑖𝐵𝑖

𝑛
𝑖=1 .  

Moreover, Timoney (2007) determined the norm of 

elementary operator on a C*-algebra using the notion of 

matrix valued numerical ranges and a kind of tracial 

geometric mean for a positive matrices and prove theorem 

2.2; 

Theorem 2.2. (Timoney, 2007) 

For 𝑥 = (𝑥1 … 𝑥𝑛) ∈ 𝐵(𝐻)𝑛(a row matrix of operators 𝑥𝑖 ∈

𝐵(𝐻)), 𝑌 = (𝑦1 … 𝑦𝑛) ∈ 𝐵(𝐻)𝑛( a row column matrix of 

operators 𝑦𝑖 ∈ 𝐵(𝐻) and elementary operator,  𝑇𝐴,𝐵(𝑥) we 

have, 

∥ 𝑇 ∥= Sup[𝑡𝑔𝑚{𝑄(𝐴∗, 𝜀), 𝑄(𝐵, 𝜂)}: 𝜀, 𝜂𝜖𝐻 

where ∥ 𝜀 ∥= 1 and ∥ 𝜂 ∥= 1. 

Further, Nyamwala and Agure (2008) used the spectral 

resolution theorem to calculate the norm of elementary 

operator induced by normal operators in a finite dimensional 

Hilbert space and gave the following result. 

Theorem 2.3. (Nyamwala and Agure, 2008) 

Let 𝐸𝐴,𝐵 : 𝐵 (𝐻) → 𝐵(𝐻) be an elementary operator defined 

by 

𝐸𝐴,𝐵(𝑋) = ∑ 𝐴𝑖

𝑛

𝑖=1

𝑋𝐵𝑖 , ∀ 𝑋 ∈ 𝐵(𝐻) 

where 𝐴𝑖 , 𝐵𝑖  are normal operators and 𝐻 a finite dimensional 

Hilbert space then 

||𝐸|| = (∑ |𝛼𝑖,𝑗

𝑘

𝑗=1

|2|𝛽𝑖,𝑗|2)

1
2

 

where 𝛼𝑖,𝑗 , 𝛽𝑖,𝑗 are distinct eigen values of 𝐴𝑖 and 

𝐵𝑖respectively.  

 

King’ang’i et al (2014) employed the concept of finite rank 

operators to determine the norm of elementary operator of 

length two in an arbitrary 𝐶∗-algebra and proved the theorem 

2.4; 

 

 

Theorem 2.4. (King’ang’i et al., 2014) 

Let 𝐻 be a complex Hilbert space, 𝐵(𝐻)be the algebra of 

bounded linear operators on 𝐻. Let 𝐸2 be the elementary 

operator on ℬ(𝐻) of length two. If for an operator 𝑥 ∈ ℬ(𝐻)  

with ∥ 𝑥 ∥= 1 we have 𝑋(𝑥) = 𝑥 for all 𝑥 ∈ 𝐻 then 

∥ 𝐸2 ∥= ∑ ∥ 𝐴𝑖 ∥∥ 𝐵𝑖 ∥
2

𝑖=1
 

∀ 𝐴𝑖, 𝐵𝑖  fixed in ℬ(𝐻) and 𝑖 = 1,2. 

 

King’ang’i (2017) employed the concept of the maximal 

numerical range of 𝐴∗𝐵 relative to B to determine the norm 

of an elementary operator of length two in an arbitrary 𝐶∗-

algebra and proved theorem 2.5; 

Theorem 2.5. (King’ang’i., 2017) 

Let 𝐸2 be an elementary operator of length two on ℬ(𝐻) then 

 ∥ 𝐸2 ∥≥ sup
𝜆∈𝑊𝐵1

(𝐵2∗𝐵1)
‖𝐵1𝐴1 +

𝜆̅

∥ 𝐵1 ∥
𝐴2‖ 

where ∀ 𝐴𝑖 , 𝐵𝑖 fixed in ℬ(𝐻) and 𝑖 = 1,2.  

 King’ang’i (2018) employed the concept of Stampfli’s 

maximal numerical range to determine the norm of an 

elementary operator of length two in an arbitrary 𝐶∗-algebra 

and proved theorem 2.4.8; 

Theorem 2.6. (King’ang’i., 2018) 

Let 𝐸2 be an elementary operator of length two on ℬ(𝐻) and 

𝑠1, 𝑠2 ∈ 𝐵(𝐻), then if 𝜆𝑖 ∈ 𝑊°(𝑆𝐼) for every 𝜆𝑖𝜖ℂ 𝑖 = 1,2, then 

∥ 𝐸2 ∥≥ sup
𝜆∈𝑊°(𝑠𝑖)

{∥ ∑ 𝜆𝑖𝑇𝑖
2
𝑖=1 ∥}: 𝑇𝑖 ∈ 𝐵(𝐻) 𝑖 = 1,2. 

Kawira et al., (2018) extended the work of King’ang’i, et al 

2014) to finite length and determined the norm of an 

elementary operator of an arbitrary length in a 𝐶∗-algebra 

using finite rank one operators and proved theorem 2.7; 

Theorem 2.4.9. (Kawira et al., 2018) 

Let 𝐻 be a complex Hilbert space and ℬ(𝐻) be the algebra of 

all bounded linear operators on 𝐻. Let 𝐸𝑛 be the elementary 

operator on ℬ(𝐻). If for an operator 𝑋 ∈ ℬ(𝐻) with ∥ 𝑥 ∥=

1 we have 𝑋(𝑓) = 𝑓 for all unit vectors 𝑓 ∈ 𝐻 then 

∥ 𝐸𝑛 ∥= ∑ ∥ 𝐴𝑖 ∥∥ 𝐵𝑖 ∥ , 𝑛 ∈ 𝑁𝑛
𝑖=1 . 

 

Muiruri et al., (2018) determined the norm of an elementary 

operator in a tensor product by employing the techniques of 

tensor products and finite rank one operators and also 

expressed the norm of an elementary operator in terms of its 

coefficient’s operators. Muiruri et al (2018) proved the 

theorem 2.8; 

Theorem 2.8. (Muiruri et al., 2019) 

Let 𝐻 and 𝐾 be complex Hilbert spaces and ℬ(𝐻 ⊗ 𝐾)be the 

set of bounded linear operators on 𝐻 ⊗ 𝐾 then ∀ 𝑋 ⊗ 𝑌 ∈

ℬ(𝐻 ⊗ 𝐾) with ∥ 𝑋 ⊗ 𝑌 ∥= 1 we have 

∥ 𝑀𝐴⨂𝐵,𝐶⨂𝐷 ∥=∥ 𝐴 ∥∥ 𝐵 ∥∥ 𝐶 ∥∥ 𝐷 ∥ 

where 𝐴, 𝐵 and 𝐶, 𝐷 are fixed elements in ℬ(𝐻) and ℬ(𝐾) 

respectively.  
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Corollary 2.9. (Muiruri et al., 2019) 

Let 𝐻 and 𝐾 be complex Hilbert spaces and ℬ(𝐻 ⊗ 𝐾) be the 

set of bounded linear operators on (𝐻 ⊗ 𝐾). If for all 𝑋 ⊗

𝑌 ∈ ℬ(𝐻 ⊗ 𝐾) with ∥ 𝑋 ⊗ 𝑌 ∥= 1, then we have 

∥ 𝑀𝐴⊗𝐵,𝐶⊗𝐷 ∥=∥ 𝑀𝐴,𝐶 ∥∥ 𝑀𝐵,𝐷 ∥ 

where 𝑀𝐴,𝐶 and 𝑀𝐵,𝐷 are basic elementary operators on ℬ(𝐻) 

and ℬ(𝐾) respectively. 

Daniel et al., (2022) determined the norm of the basic 

elementary operator in a tensor product by employing the 

techniques of tensor products and maximal numerical range 

and also expressed the norm of an elementary operator in 

terms of its coefficient’s operators. Daniel et al., (2018) 

proved the theorem 2.10; 

Theorem 2.10.(Daniel et al., 2022) 

Let 𝑍 and 𝐿 be complex Hilbert spaces and let, 𝑂𝐸⊗𝐹,𝐺⊗𝐻 be 

the basic elementary operator on ℬ(𝑍 ⊗ 𝐿) the set of 

bounded operators which are linear on a complex Hilbert 

space 𝑍 ⊗ 𝐿. If ∀ 𝑈 ⊗ 𝑉 ∈ ℬ(𝑍 ⊗ 𝐿) with ‖𝑈 ⊗ 𝑉‖ =

1,𝐸, 𝐺 ∈ 𝐵(𝑍), 𝐹, 𝐻 ∈ 𝐵(𝐿), 𝜁 ∈ 𝑊∘(𝐺), 𝜉 ∈ 𝑊∘(𝐻) then we 

have, 

‖𝑂𝐸⊗𝐹,𝐺⊗𝐻 \𝐵(𝑍 ⊗ 𝐿)‖ = Sup
𝜁∈𝑊∘(𝐺)

Sup
𝜉∈𝑊∘(𝐻)

{|𝜁||𝜉|‖𝐸‖‖𝐹‖}. 

 

3.0 MAIN RESULTS 

3.1 Norm of an elementary operator of length two in a 

tensor product. 

In this section the lower and upper bound of an elementary 

operator of length two is determined using the Stampfli’s 

Maximal numerical range. 

Theorem 3.2 

Let 𝑍 and 𝐿 be complex Hilbert spaces and 

let,∑  𝑂𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1  be the elementary operator of length 

two on ℬ(𝑍 ⊗ 𝐿) the set of bounded operators which are 

linear on a complex Hilbert space 𝑍 ⊗ 𝐿. If ∀ 𝑈 ⊗ 𝑉 ∈

ℬ(𝑍 ⊗ 𝐿) with ‖𝑈 ⊗ 𝑉‖ = 1,𝐸𝑖 , 𝐺𝑖 ∈ 𝐵(𝑍), 𝐹𝑖, 𝐻𝑖 ∈ 𝐵(𝐿), 

𝜁𝑖 ∈ 𝑊∘(𝐺𝑖), 𝜉𝑖 ∈ 𝑊∘(𝐻𝑖) ∀ 𝑖 = 1,2 then we have, 

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ =

Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
 ‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖                                                     

 

Proof. 

By definition of the norm, ∀ 𝑈 ⊗ 𝑉 ∈ ℬ(𝑍 ⊗ 𝐿), 𝑈 ∈

𝐵(𝑍), 𝑉 ∈ 𝐵(𝐿), ‖𝑈‖ = 1, ‖𝑉‖ = 1then we have,  

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ =

𝑆𝑢𝑝 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 (𝑈 ⊗ 𝑉)‖. (1) 

This implies that for every rank one operator (𝑚 ⊗ 𝑔𝑛)𝑔𝑛 =

〈𝑔𝑛, 𝑔𝑛〉𝑚 ∈ 𝐵(𝐻) and (𝑓 ⊗ ℎ𝑛)ℎ𝑛 = 〈ℎ𝑛, ℎ𝑛〉𝑓 then, 

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2

𝑖=1
\𝐵(𝑍 ⊗ 𝐿)‖

≥ ‖∑  𝑂𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2

𝑖=1
(𝑚 ⊗ 𝑔𝑛)(𝑔𝑛)

⊗ (𝑓 ⊗ ℎ𝑛)(ℎ𝑛)‖ 

≥ ‖𝐸1 ⊗ 𝐹1(𝑚 ⊗ 𝑔𝑛)𝑔𝑛 ⊗ (𝑓 ⊗ ℎ𝑛)ℎ𝑛𝐺1 ⊗ 𝐻1 + 𝐸2

⊗ 𝐹2(𝑚 ⊗ 𝑔𝑛)𝑔𝑛 ⊗ (𝑓 ⊗ ℎ𝑛)ℎ𝑛𝐺2

⊗ 𝐻2‖ 

≥ ‖{𝐸1(𝑚 ⊗ 𝑔𝑛)𝐺1𝑔𝑛} ⊗ {𝐹1(𝑓 ⊗ ℎ𝑛)𝐻1ℎ𝑛} + {𝐸2(𝑚 ⊗

𝑔𝑛)𝐺2𝑔𝑛} ⊗ {𝐹2(𝑓 ⊗ ℎ𝑛)𝐻2ℎ𝑛}‖  

≥ ‖〈𝐺1𝑔𝑛,𝑔𝑛〉𝐸1𝑚 ⊗ 〈𝐻1ℎ𝑛 , ℎ𝑛〉𝐹1𝑓 + 〈𝐺2𝑔𝑛,𝑔𝑛〉𝐸2𝑚 ⊗

〈𝐻2ℎ𝑛 , ℎ𝑛〉𝐹2𝑓‖                                   (2)                            

By the definition 1.0 , if 𝜁𝑖 ∈ 𝑊∘(𝐺𝑖)∀ 𝑖 = 1,2 we have,  

 

(i) lim
𝑛→∞

〈𝐺1𝑔𝑛,𝑔𝑛〉 = 𝜁1 and 

(ii) lim
𝑛→∞

‖𝐺1𝑔𝑛‖ = ‖𝐺1‖  

(iii) lim
𝑛→∞

〈𝐺2𝑔𝑛,𝑔𝑛〉 = 𝜁2 and 

(iv) lim
𝑛→∞

‖𝐺2𝑔𝑛‖ = ‖𝐺2‖ 

 

and 𝜉𝑖 ∈ 𝑊∘(𝐻𝑖)∀𝑖 = 1,2 We have, 

(i) lim
𝑛→∞

〈𝐻1ℎ𝑛, ℎ𝑛〉 = 𝜉1 and 

(ii)  lim
𝑛→∞

‖𝐻1ℎ𝑛‖ = ‖𝐻1‖  

(iii) lim
𝑛→∞

〈𝐻2ℎ𝑛, ℎ𝑛〉 = 𝜉2 and 

(iv) lim
𝑛→∞

‖𝐻2ℎ𝑛‖ = ‖𝐻2‖ 

Now taking limits as 𝑛 → ∞  on both sides of inequality 

(2)we have 

 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ ≥ ‖〈𝐺1𝑔𝑛,𝑔𝑛〉𝐸1𝑚 ⊗

〈𝐻1ℎ𝑛 , ℎ𝑛〉𝐹1𝑓 + 〈𝐺2𝑔𝑛,𝑔𝑛〉𝐸2𝑚 ⊗ 〈𝐻2ℎ𝑛, ℎ𝑛〉𝐹2𝑓‖ ≥

‖𝜁𝐸𝒎 ⊗ 𝜉𝐹𝒇‖ 

                        ≥ ‖(𝜁1 ⊗ 𝜉1)(𝐸1 ⊗ 𝐹1)(𝒎 ⊗ 𝐟) + (𝜁2 ⊗

𝜉2)(𝐸2 ⊗ 𝐹2)(𝒎 ⊗ 𝐟)‖ 

So ∀ ∈> 0,  

 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ −∈< ‖(𝜁1 ⊗ 𝜉1)(𝐸1 ⊗

𝐹1)(𝒎 ⊗ 𝐟) + (𝜁2 ⊗ 𝜉2)(𝐸2 ⊗ 𝐹2)(𝒎 ⊗ 𝐟)‖ 

  ≤ ‖(𝜁1 ⊗ 𝜉1)(𝐸1 ⊗ 𝐹1)(𝒎 ⊗ 𝐟) + (𝜁2 ⊗ 𝜉2)(𝐸2 ⊗

𝐹2)(𝒎 ⊗ 𝐟)‖ 

≤ ‖∑ (𝜁𝑖 ⊗ 𝜉𝑖)(𝐸𝑖 ⊗ 𝐹𝑖)(𝒎 ⊗ 𝐟)2
𝑖=1 ‖                                   (3) 

where 𝑚 and 𝑓 are unit vectors in 𝐵(𝑍) and 𝐵(𝐿) 

respectively. 

Now since 𝜖 is arbitrary chosen and the unit vectors are 

chosen arbitrary then we get the supremum, this implies that  

 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ ≤

Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[ Sup
‖𝐦⊗𝐟‖=1

{‖∑ (𝜁𝑖 ⊗ 𝜉𝑖)(𝐸𝑖 ⊗ 𝐹𝑖)(𝒎 ⊗2
𝑖=1

𝐟)‖}]= Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[‖∑ (𝜁𝑖 ⊗ 𝜉𝑖)(𝐸𝑖 ⊗ 𝐹𝑖)
2
𝑖=1 ‖] =

Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[‖∑ (𝜁𝑖𝐸𝑖 ⊗ 𝜉𝑖𝐹𝑖)
2
𝑖=1 ‖]                                                                                   
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                                                                                             =

Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖]‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖    

                                                                                  

= Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
 ‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖                                                     

 thus  

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ ≤ 

Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
 ‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖                     (4) 

Conversely, let {𝑔𝑛}𝑛>1be a sequence of vectors of length one  

in a complex Hilbert space 𝑍 and let {ℎ𝑛}𝑛>1 be a sequence 

of vectors of length one in a complex Hilbert space 𝐿.Define 

rank one operator,(𝑚 ⊗ 𝑔𝑛) ∈ 𝐵(𝑍) and (𝑓 ⊗ ℎ𝑛) ∈ 𝐵(𝐿) 

for a unit vector 𝐦 ∈ 𝑍 and 𝐠 ∈ 𝐿 as (𝒎 ⊗ 𝑔𝑛)𝑥 = 〈𝑥, 𝑔𝑛〉𝒎 

and (𝒇, ℎ𝑛)𝑦 = 〈𝑦, ℎ𝑛〉𝒇 ∀ 𝑥 ∈ 𝑍 and ∀ 𝑦 ∈ 𝐿. 

Define the 𝑊∘(𝐺𝑖) and 𝑊∘(𝐻𝑖) of 𝐺𝑖 and 𝐻𝑖  ∀ 𝑖 = 1,2is 

defined as  

𝑊∘(𝐺1) = {𝜁1𝜖ℂ: 〈𝐺1𝑔𝑛 , 𝑔𝑛〉 → 𝜁1, ‖𝑔𝑛‖ = 1 𝑎𝑛𝑑 ‖𝐺1𝑔𝑛‖

= ‖𝐺1‖} 

𝑊∘(𝐺2) = {𝜁2𝜖ℂ: 〈𝐺2𝑔𝑛 , 𝑔𝑛〉 → 𝜁2, ‖𝑔𝑛‖ = 1 𝑎𝑛𝑑 ‖𝐺2𝑔𝑛‖

= ‖𝐺2‖} 

 

and 

𝑊∘(𝐻1) = {𝜉1𝜖ℂ: 〈𝐻1ℎ𝑛 , ℎ𝑛〉 → 𝜉1, ‖ℎ𝑛‖ = 1 𝑎𝑛𝑑 ‖𝐻1ℎ𝑛‖

= ‖𝐻1‖} 

 

𝑊∘(𝐻2) = {𝜉2𝜖ℂ: 〈𝐻2ℎ𝑛, ℎ𝑛〉 → 𝜉2, ‖ℎ𝑛‖ = 1 𝑎𝑛𝑑 ‖𝐻2ℎ𝑛‖

= ‖𝐻2‖} 

 

Now ∀ 𝜁𝑖𝜖𝑍 and 𝜉𝑖𝜖𝐿, if 𝜁𝑖𝜖𝑊∘(𝐺𝑖) ∀ 𝐺𝑖 ∈ 𝐵(𝑍) ∀ 𝑖 =

1,2 then a sequence {𝑔𝑛}𝑛>1 of vectors of length one exists in 

𝑍 such that; 

(i) lim
𝑛→∞

〈𝐺𝑖𝑔𝑛,𝑔𝑛〉 = 𝜁1  

(ii) lim
𝑛→∞

‖𝐺1𝑔𝑛‖ = ‖𝐺1‖ 

(iii) lim
𝑛→∞

〈𝐺2𝑔𝑛,𝑔𝑛〉 = 𝜁2  

(iv) lim
𝑛→∞

‖𝐺2𝑔𝑛‖ = ‖𝐺2‖ 

 

and if 𝜉𝑖𝜖𝑊∘(𝐻𝑖) ∀ 𝐻𝑖 ∈ 𝐵(𝐿)∀𝑖 = 1,2 then a sequence 

{ℎ𝑛}𝑛>1  exists of vectors of length one in 𝐿 such that 

(i) lim
𝑛→∞

〈𝐻1ℎ𝑛,ℎ𝑛〉 = 𝜉1  

(ii) lim
𝑛→∞

‖𝐻1ℎ𝑛‖ = ‖𝐻1‖ 

(iii) lim
𝑛→∞

〈𝐻2ℎ𝑛,ℎ𝑛〉 = 𝜉2  

(iv) lim
𝑛→∞

‖𝐻2ℎ𝑛‖ = ‖𝐻2‖ 

 

By finite rank one operator, the basic elementary operator 

norm of is given as  

‖𝑂2{(𝑚 ⊗ 𝑔𝑛)𝑔𝑛 ⊗ (𝑓 ⊗ ℎ𝑛)ℎ𝑛‖ =

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 (𝒎 ⊗ 𝑔𝑛)𝑔𝑛 ⊗ (𝒇 ⊗ ℎ𝑛)ℎ𝑛‖  

                                   

= ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2

𝑖=1
(𝒎 ⊗ 𝑔𝑛) ⊗ (𝒇

⊗ ℎ𝑛)(ℎ𝑛 ⊗ 𝑔𝑛)‖ 

                                                     ≤

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 (𝒎 ⊗ 𝑔𝑛) ⊗ (𝒇 ⊗ ℎ𝑛)‖ ‖(ℎ𝑛 ⊗

𝑔𝑛)‖ 

                                                      ≤

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 (𝒎 ⊗ 𝑔𝑛)‖ ‖𝒇‖‖ℎ𝑛‖‖ℎ𝑛‖‖𝑔𝑛‖ 

                                                      ≤

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖ ‖𝒎‖‖𝑔𝑛‖‖𝒇‖‖ℎ𝑛‖‖ℎ𝑛‖‖𝑔𝑛‖ 

                                                      ≤ ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖                                                          

(5)    

 since the 𝒎, 𝒇 are unit vectors and 𝑔𝑛 ℎ𝑛 are unit sequences 

such that ‖𝒇‖ = 1, ‖𝒎‖ = 1, ‖ℎ𝑛‖ = 1 and ‖𝑔𝑛‖ = 1. 

Therefore; 

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖ ≥ ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 (𝒎 ⊗

𝑔𝑛)𝑔𝑛 ⊗ (𝒇 ⊗ ℎ𝑛)ℎ𝑛‖  

                       ≥ ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 {(𝒎 ⊗ 𝑔𝑛)𝑔𝑛 ⊗

(𝒇 ⊗ ℎ𝑛)ℎ𝑛}‖ 

 ≥ ‖𝐸1 ⊗ 𝐹1{(𝒎 ⊗ 𝑔𝑛)𝑔𝑛 ⊗ (𝒇 ⊗ ℎ𝑛)ℎ𝑛}, 𝐺1 ⊗ 𝐻1 +

𝐸2 ⊗ 𝐹2{(𝒎 ⊗ 𝑔𝑛)𝑔𝑛 ⊗ (𝒇 ⊗ ℎ𝑛)ℎ𝑛}, 𝐺2 ⊗ 𝐻2‖ 

 ≥ ‖𝐸1 ⊗ 𝐹1{(𝒎 ⊗ 𝑔𝑛) ⊗ (𝒇 ⊗ ℎ𝑛)}𝑔𝑛 ⊗ ℎ𝑛𝐺1 ⊗ 𝐻1 +

𝐸2 ⊗ 𝐹2{(𝒎 ⊗ 𝑔𝑛) ⊗ (𝒇 ⊗  ℎ𝑛)}𝑔𝑛 ⊗ ℎ𝑛𝐺2 ⊗ 𝐻2‖ 

  ≥ ‖𝐸1 ⊗ 𝐹1{(𝒎 ⊗ 𝑔𝑛) ⊗ (𝒇 ⊗ ℎ𝑛)}𝐺1 ⊗ 𝐻1(𝑔𝑛 ⊗

ℎ𝑛) + 𝐸2 ⊗ 𝐹2{(𝒎 ⊗ 𝑔𝑛) ⊗ (𝒇 ⊗ ℎ𝑛)}𝐺2 ⊗ 𝐻2(𝑔𝑛 ⊗

ℎ𝑛)‖ 

≥ ‖{𝐸1(𝒎 ⊗ 𝑔𝑛)𝐺1𝑔𝑛} ⊗ {𝐹1(𝒇 ⊗ ℎ𝑛)𝐻1ℎ𝑛}

+ {𝐸2(𝒎 ⊗ 𝑔𝑛)𝐺2𝑔𝑛}

⊗ {𝐹2(𝒇 ⊗ ℎ𝑛)𝐻2ℎ𝑛}‖ 

                       ≥ ‖{〈𝐺1𝑔𝑛,𝑔𝑛〉𝐸1𝒎} ⊗ {〈𝐻1ℎ𝑛 , ℎ𝑛〉𝐹1𝒇 +

{〈𝐺2𝑔𝑛,𝑔𝑛〉𝐸2𝒎} ⊗ {〈𝐻2ℎ𝑛, ℎ𝑛〉𝐹2𝒇‖ thus  

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖ ≥ ‖{〈𝐺1𝑔𝑛,𝑔𝑛〉𝐸1𝒎} ⊗

{〈𝐻1ℎ𝑛 , ℎ𝑛〉𝐹1𝒇 + {〈𝐺2𝑔𝑛,𝑔𝑛〉𝐸2𝒎} ⊗ {〈𝐻2ℎ𝑛, ℎ𝑛〉𝐹2𝒇‖                                                        

      (6) 

by taking the limits both sides as 𝑛 → ∞ for the inequality 

(6) and ∀ 𝜁𝑖𝜖𝑍 and 𝜉𝑖𝜖𝐿, if 𝜁𝑖𝜖𝑊∘(𝐺𝑖) ∀ 𝐺𝑖 ∈ 𝐵(𝑍) ∀ 𝑖 = 1,2 

then ∃ a sequence {𝑔𝑛}𝑛>1 of vectors of length one in 𝑍 such 

that 

(i) lim
𝑛→∞

〈𝐺𝑖𝑔𝑛,𝑔𝑛〉 = 𝜁1  

(ii) lim
𝑛→∞

‖𝐺1𝑔𝑛‖ = ‖𝐺1‖ 

(iii) lim
𝑛→∞

〈𝐺2𝑔𝑛,𝑔𝑛〉 = 𝜁2  

(iv) lim
𝑛→∞

‖𝐺2𝑔𝑛‖ = ‖𝐺2‖ 

and similarly, for every 𝜉𝑖𝜖𝑊∘(𝐻𝑖) ∀ 𝐻𝑖 ∈ 𝐵(𝐾)∀ 𝑖 = 1,2 

then ∃ a sequence {ℎ𝑛}𝑛>1 of vectors of length one in 𝐿 such 

that 

(i) lim
𝑛→∞

〈𝐻1ℎ𝑛,ℎ𝑛〉 = 𝜉1  
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(ii) lim
𝑛→∞

‖𝐻1ℎ𝑛‖ = ‖𝐻1‖ 

(iii) lim
𝑛→∞

〈𝐻2ℎ𝑛,ℎ𝑛〉 = 𝜉2  

(iv) lim
𝑛→∞

‖𝐻2ℎ𝑛‖ = ‖𝐻2‖ 

then we have; 

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖ ≥ ‖𝜁1𝐸1𝒎 ⊗ 𝜉1𝐹1𝒇 + 𝜁2𝐸2𝒎 ⊗

𝜉2𝐹2𝒇‖ 

                      ≥ ‖(𝜁1 ⊗ 𝜉1)(𝐸1 ⊗ 𝐹1)(𝒎 ⊗ 𝐟) + (𝜁2 ⊗

𝜉2)(𝐸2 ⊗ 𝐹2)(𝒎 ⊗ 𝐟)‖ 

                     ≥ ‖∑ (𝜁𝑖 ⊗ 𝜉𝑖)(𝐸𝑖 ⊗ 𝐹𝑖)(𝒎 ⊗ 𝐟)2
𝑖=1 ‖   

This is true for any 𝜁𝑖𝜖𝑊∘(𝐺𝑖) , 𝜉𝑖𝜖𝑊∘(𝐹𝑖) ∀ 𝑖 = 1,2 and for 

any unit vector 𝒎𝜖𝑍, 𝒇𝜖𝐿.Since 𝜁𝑖 , 𝜉𝑖∀ 𝑖 = 1,2 and the unit 

vectors are chosen arbitrarily, then we get the double 

supremum for the lower bound; 

                 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖ ≥

Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[ Sup
‖𝐦⊗𝐟‖=1

{‖∑ (𝜁𝑖 ⊗ 𝜉𝑖)(𝐸𝑖 ⊗ 𝐹𝑖)(𝒎 ⊗2
𝑖=1

𝐟)‖}]= Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[‖∑ (𝜁𝑖 ⊗ 𝜉𝑖)(𝐸𝑖 ⊗2
𝑖=1

𝐹𝑖)‖]= Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[‖∑ (𝜁𝑖𝐸𝑖 ⊗ 𝜉𝑖𝐹𝑖)
2
𝑖=1 ‖] 

                                                                                

= Sup
 𝜁𝜖𝑊∘(𝐺)

Sup
𝜉𝜖𝑊∘(𝐻)

[‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖]‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖    

                                                                                

= Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
 ‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖                                                     

 

thus 

                 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 ‖ ≥

Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖                                                    

(7) 

From inequality (4) and (7) we have, 

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ =

Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖          []                                         

 

Corollary 3.3 

Let 𝑍 and 𝐿 be a complex Hilbert space, 𝐵(𝑍 ⊗ 𝐿) be the set 

of bounded linear operators on 𝑍 ⊗ 𝑙.If for all 𝑈 ⊗ 𝑉 ∈ 

𝐵(𝑍 ⊗ 𝐿) with ‖𝑈 ⊗ 𝑉‖ = 1, then we have  

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ = ‖∑ 𝑂𝐸𝑖𝐺𝑖

2
𝑖=1 \

𝐵(𝑍)‖‖∑ 𝑂𝐹𝑖𝐻𝑖

2
𝑖=1 \𝐵(𝐿)‖ where ∑ 𝑂𝐸𝑖𝐺𝑖

2
𝑖=1 \𝐵(𝑍) and 

∑ 𝑂𝐸𝑖𝐺𝑖

2
𝑖=1 \𝐵(𝑍) are the elementary operators of length two 

on 𝐵(𝑍) and 𝐵(𝐿) respectively. 

 

Proof 

Recall that from King’angi (2018) Theorem 2.4.  

‖∑ 𝑂𝐸,𝐺
2
𝑖=1 ‖ = Sup

 𝜁𝜖𝑊∘(𝐺)
‖∑ 𝜁𝑖𝐸𝑖

2
𝑖=1 ‖ and ‖∑ 𝑂𝐹,𝐻

2
𝑖=1 ‖ =

Sup
𝜉𝜖𝑊∘(𝐻)

 ‖∑ 𝜉𝑖𝐹𝑖
2
𝑖=1 ‖.Now from theorem 4.3.2, we have  

‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ =

Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
 ‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖ 

We can rearrange this as 

 ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗ 𝐿)‖ =

Sup
 𝜁𝜖𝑊∘(𝐺)

‖∑ 𝜁𝑖𝐸𝑖
2
𝑖=1 ‖ Sup

𝜉𝜖𝑊∘(𝐻)
 ‖∑ 𝜉𝑖𝐹𝑖

2
𝑖=1 ‖.Notice that 𝐸, 𝐺 ∈

𝐵(𝑍) and 𝐹, 𝐻 ∈ 𝐵(𝐿).Thus  

‖∑ 𝑂𝐸,𝐺
2
𝑖=1 ‖ = Sup

 𝜁𝜖𝑊∘(𝐺)
‖∑ 𝜁𝑖𝐸𝑖

2
𝑖=1 ‖while ‖∑ 𝑂𝐹,𝐻

2
𝑖=1 ‖ =

Sup
𝜉𝜖𝑊∘(𝐻)

 ‖∑ 𝜉𝑖𝐹𝑖
2
𝑖=1 ‖ 

Then substituting, we obtain ‖∑  𝑂2𝐸𝑖⊗𝐹𝑖,𝐺𝑖⊗𝐻𝑖

2
𝑖=1 \𝐵(𝑍 ⊗

𝐿)‖ = ‖∑ 𝑂𝐸,𝐺
2
𝑖=1 ‖‖∑ 𝑂𝐹,𝐻

2
𝑖=1 ‖ 

 

 

4.0. CONCLUSION 

In this paper, we have determined the application of 

Stampfli’s maximal numerical range on the norm of an 

elementary operator of length two in a tensor product. 
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