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1. INTRODUCTION
Let A denote the class of functions f of the form
f(2)=z+3¥5,a,2"
(1.1)
which are analytic in the open unit disk
E={z€eC:|z] <1}.

A function f inthe class A issaid to be in the class ST («)

of starlike functions of order ain E , if it satisfy the inequality

Re {%} >a, (0<a<1),(z€E) 1.2)

Note that ST (0) = ST is the class of starlike functions.
Denote by T the subclass of A consisting of functions f of
the form

f(2) =z- 35 ,a,2" (ay 2 0). (1.3)
This subclass was introduced and extensively studied by
Silverman [4].

Recently, Atshan and Buti [1 ] introduced a Rafid operator of
feERfor0<A<land0<m<1.ltis
denoted by G f (z) and defined as follows:

1 [«3) _ it
G'f(2) = mfo t*le (l—l)f(zt)dt 1.4)
Thus, if f € A has the form (1.1), then it follows from (1.4)
that

G f(2) =z + X5, pn(A, m)ay 2" (1.5)
Where ¢, (4,m) = (1 — Aym=1 L4 Ef:;))

In this paper, using the operator GJ*f(z), we define the
following new class motivated by Murugusunderamoorthy
and Magesh [ 3].

Definition 1. The function f(z) of the form (1.1) is in the
class S;*(u,v,¢) if it satisfies the inequality

m ! m !
Rel_#6@) } N LG )
¢ {(1—M)Z+MG,{"f(Z) 4 (A-Wz+uGyf @)

|

for0<A1<0,0<y<1land¢=>0.

Further we define TS (i, v,¢) = S7* (v, ) N T.

The aim of this paper is to study the coefficient bounds, radii
of close-to-convex and starlikeness

convex linear combinations for the class
TS;*(4,v,¢).Furthermore, we obtained integral means
inequalities for the functions in TS*(i,v,¢).

Theorem 1: A function f(z) of the form (1.1) is in S;* (&, ¥, ¢)

00

D InA+¢)—u(y + ) gt m)la, < 1 -y

n=2
2.1)
where0 <u<1 0<y<1¢=0 and¢,(4,m)isgiven

by (L.5).

Proof: It suffices to show that

m 4 m !
’(“““32 _1|_Re{ Z(sz,).g _1}31_),_
(1-w)z+u6f(2) (1-p)z+u6f(2)
We have
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2(63 @)’ _1|_ Re { (677 @) _1}
- z+uGi f (2) A-w)z+uGyf (2)

AGPf ()Y
=1+ |(1 — Wz + Gl 1|

n=2
0

— n-1
<(1+0) 2 (nn;ZM)rbn(&m)lanIIZI

1= ¥ pupn(A,m)|ay||z|"1

n=2

<1+ 2 (nn:zﬂ)%(/%m)lanl

1= 3 ppa(hm)layl

The last expression is bounded above by (1 —y) if

D IN+6) —u(y + ) g, A m)lanl <1 -y

n=2
and the proof is complete.

Theorem 2: Let 0<u<1, 0<y<1land¢=>0 thena
function f of the form (1.3) to be in the class TS;"(w, v, ¢) if
and only if

0

D InA+6)—u(y+)p.amy<1-y

n=2
(2.2)
where ¢,, (1, m) are given by (1.5)

Proof: In view of Theorem 1, we need only to prove the
necessity. If f € TS]*(u,v,¢) and z is real then

n=2
1- Y ng,(4, m)a,z"?
Re P -Y
1- Z .uqbn(/lv m)anzn_l
n;Z
Y (n— Wdp(Ama,z"
n=2

1- Z ,Ud)n(}t, m)anzn_l

Letting z — 1 along the real axis, we obtain the desired
inequality

Yn=2[n(1+¢) —pu(y +9)] pn(Am)la,| <1 -,

where0<u<1 0<y<1¢=>0 and ¢,(4,m)
are given by (1.6).

Corollary 1. Iffz) € TS* (w7, ¢), then

1-y
n(1A+Q)—uy+9)]Pn(dm)
(2.3
where0 <pu <1, 0<y<1¢=0 and ¢,(4,m) are given
by (1.5). Equality holds for the function

Janl <

— 1-y n
F@) =2 - e oienam
(2.4)
Theorem 3. Let
fi(z) =zand
fu(2) =z — n > 2. 2.5)

T A+ -k +9)]dn@m)
Then f(z) e TS* (i, v, ¢), if and only if it can be expressed in
the form

f@) =Znaawnfn (@),

wy, = 0,Y0 w, =1

(2.6)
Proof. Suppose f(z) can be written as in (2.6).Then
L, _\® 1-y n
f&) =2 = e "n g agroiamam
Now,

o A-PRA+)-RGHDIGRAM) _ <o 4
Lni=2Wn (2 n(re)wrDlgnGmy . 2=z Wn = 1= Wi <
1.

Thus f(z) € TS*(u,v,¢). Conversely , let us have f(z) e

TS*(w,y,¢).Then by using (2.3), we get

- A
w, = [n(1+¢) #((1]/_1;1))]4511( m) a,,n =2

and w;=1->",w, Then we have f(z)=
Y1 Wnfrn (z) and hence this completes the proof of
Theorem.

Theorem 4. The class TS*(u,v,¢) is a convex set.
Proof. Let the function
fi(@)=z—-3¥30a,;2" ay; = 0,j=1,2 (2.7
be in the class TS;" (i, v.¢) . It sufficient to show that the
function h(z) defined by
h(z) =$fi(2)+ (1=$)fa(2), 0=¢ <1,
is in the class TSy (i, v, ¢). Since
h(z) = 2 = Bal€any + (1= Haya] 2",
An easy compution with the aid of of Theorem 2, gives
Ln=2[n(1+¢) —u(y + Ol §pp(Am)a,, +
Ln=2[n(1+¢) —u(y + 91 (1 = P4 m)ay ,
SsSA-+A-H1-y)
=A-»,
which implies that h € TS (i, v, ¢).
Hence TS7*(u,v,¢)is convex.

Next we obtain the radii of close -to-convexity
,starlikeness and convexity for the classTS;" (4, v, ¢) .
Theorem 5. Let the function f(z) defined by (1.3) belong to
the class TS (1, v, ). Then f(2)
is close-to-convex of order § (0 < § < 1) inthe disc |z| <
1y, Where

3859 | J. R. Wadkar?, IJMCR Volume 11 Issue 11 November 2023



“Subclass of Analytic Functions Associated with Linear Operator”

1
. (1=8) Tp=a[n(1+9)—p ¥ +)]pn@m) Jn-1
n=in ,n=>2. (2.8

! n>£ [ Tl(l—)/) ] ( )

The result is sharp, with the extremal function f(z) is given
by (2.5)
Proof. Given f € T, and f is close-to-convex of order &, we
have

If'(z)-1l<1-6 (2.9)
For the left hand side of (2.9) we have

If'(2) - 1| < 5=z nay, 12"
The last expression is less than 1 —§
Y2 TS anlz T < 1.

Using the fact, that f(z) € TS;*(u,v,¢) if and only if

i [ +¢) — kG + Olgu@m)
a-» n=

n=2

We can (2.9) is true if

n 2|1 M1+ ¢) —uly +9)]pn(4,m)
Z| <
1-6 1-v)

or, equivalently,

1
A=8)[nA+9)—pu¥+9)IPpnAm)n-1
<
|Z| - { n(1-y) }
which completes the proof.

Theorem 6. Let the function f(z) defined by (1.3) belong to
the class TS (i, v,¢).Then f(z)
is starlike of order of order § (0 < § < 1) inthe disc |z| <

15, Where
1
: (1-8) Tao[n(1+0)—p (¥ +6)pn(Am) [n-1
= 21
=it [ (n=5)(a-7) (2.10)
The result is sharp,with extremal function f(z) is given by

(2.5).

Proof. Given f € T,and f is starlike of order &, we have
—Zf(z’—1| <1-6
f(2)

(2.11)

For the left hand side of (2.11 ) we have

2f'(@) _ 1| < " _(n— Daylz|"?
f@ 1T Ll-E, e
The last expression is less than 1-3 if

n-4§ -
Y=z alz|" T < L.

Using the fact that f(z) € TS7*(u, v, ¢) ifand if
i [n(1+6) = k& + O$n (R m)

a, <1,
- 1-» "
n=2
We can say (2.11) is true if
=8 s [RAE 9 — G+ Olgm)
1-57 a-n
n=

or equilently

(1 -8)[nA+¢) —uly +9lpn(dm)
(n-6)(1-y)

which yields the starlikeness of the family.

|Z|n—1 <

Integral Means Inequalities
2
In [6], Silverman found that the function f,(z) = z — 27 is

often extremal over the family T. He applied this function to
resolve his integral means inequality conjuctured [5] and
settled in [6], that

e do < [ tre)| de,
forall fET,n>0and 0<r <1.In[5], he also proved
his conjucture for the subclasses
T*(a)and C(a)of T.

Now, we prove Silverman ‘s conjecture for the class of
functions TS (w,v,¢).

We need the concept of subordination between analytic
functions and a subordination

theorem of Littlewood [2].

Two functions f and g, which are analytic in E, the function
f is said to be

subordinate to g in E if there exists a function w analytic in
E with

w(0) =0, |w(z)| <1, (z € E) Such that f(2) = g(w(2)),
(z€E).

We denote this subordination by f(z) < g(z). ( <denotes
subordination).

Lemma 1. If the functions fand gare analytic in E with
f(2) < g(2),then forn > Oandz = re’® 0 < r < 1,
2 i n
Jy lg@re'®)|" do <
2 i n

LI e )| de
Now, we discuss the integral means inequalities for functions
finTS* (v, ¢)

21 i 21 i
L lg@e)|" dp < [[7|f re)|" do
Theorem 7. Let f € TS (1, v.6), 0<u<1,0<y<1,
and f,(z) be defined by

1-y 2
Z)=Z——/———Z
f2(2) P2(Lmu6Y)

(2.12)

Proof. For f(z) =z — Yy, a, z" (2.12) is equivalent to

3860 | J. R. Wadkar?, IJMCR Volume 11 Issue 11 November 2023



fzﬂ,'
0

“Subclass of Analytic Functions Associated with Linear Operator”

n
de

oo
1-— Z a,z" !
n=2
2m
S f
0

1-y n

1—-— 7
@2 (Am, 1,6,7)

de

By Lemma 1, it is enough to prove that

(oo}

1—Za P NS PR A
" 0, (4 m, 1, 6,y)

n=2

Assuming
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