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Recently, a novel degree concept has been defined in Graph Theory: 3 vertex degree of a vertex
in a graph. In this paper, the first, second, third, fourth, fifth and sixth delta Banhatti-Sombor
indices of a graph are defined by using & vertex degree concept. Furthermore, we compute
these newly defined delta Banhatti-Sombor indices for four families of networks.
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1. INTRODUCTION

In this paper, G denotes a finite, simple, connected graph,
V(G) and E(G) denote the vertex set and edge set of G. The
degree d(u) of a vertex u in G is the number of vertices
adjacent to u. For undefined notations and terminologies, we
refer the book [1].

Chemical Graph Theory is a branch of Mathematical
Chemistry which has an important effect on the
development of Chemical Sciences. A molecular graph is a
graph such that its vertices correspond to the atoms and the
edges to the bonds. Topological indices are useful for
establishing correlation between the structure of a molecular
compound and its physicochemical properties. Numerous
topological indices have been considered in Chemistry and
have found some applications, especially in QSPR/QSAR
research [2, 3].

The & vertex degree was introduced in [4] and it is defined
as

5, =du)-5(G)+1.

The delta Sombor index [4] of a graph G is defined as

550(G)= 3 [67 + 57

uveE(G)

_J@W-5G)+1 +([@W)-5G)+1).

Recently, some delta indices were studied, for
example, in [5, 6, 7, 8, 9, 10, 11].

We introduce the following delta Banhatti-Sombor indices
and they are defined as follow:

The first delta Banhatti-Sombor index of a graph G is
defined as

2 2
6BSO, (G)= >’ M.
uveE(G) 2

The second Banhatti-Sombor index of a graph G is defined
as

5% — 52
5BSO,(G)= > M
UVEE(G) 6u +6v

The third Banhatti-Sombor index of a graph G is defined as

52 +8%
5BSO; (G)= Y or v
uveE(G) 5u+5v

The fourth Banhatti-Sombor index of a graph G is defined
as

2, 22
5BSO,(G)= Y E(Mj.
uveE(G)z é‘u+§v

The fifth Banhatti-Sombor index of a graph G is defined as

sBSO; (G)= > 2 o8 -
= V4 .
’ WeEG) N2+ 252 + 52

The sixth Banhatti-Sombor index of a graph G is defined as
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2
52 - 52|
5BSOs(G)= > =« o -
uveE(G) \/E + 2\’55 + 5\,2
Recently, some Sombor indices were studied, for example,
in [12-31].

In this paper, we determine the delta Banhatti-Sombor
indices of some networks such as oxide networks, hexagonal
networks, honeycomb networks and silicate networks.

Il. RESULTS FOR OXIDE NETWORKS

The oxide networks are of vital importance in the study of
silicate networks. An oxide network of dimension n is
denoted by of OX,. An oxide network of dimension five is
shown in Figure 1.

Figure 1. Oxide network of dimension 5
Let G be the graph of an oxide network OX,. We obtain that
G has 9n? + 3n vertices and 18n%edges. In G, there are two

types of vertices as follows:

Vi={ue V(G)|ds(u) =2},  |Vi=6n.
V2 ={u € V(G) | de(u) = 4}, V2| = 9n2 — 3n.

Therefore, we have 6(G)=2 and hence & = dg(u) — AG) + 1
=dg(G) - 1.

In G, there are two types of edges based on degrees of end
vertices of each edge as follows:

Er={uv e E(G) | do(u) =2, do(v) =4},  |Ea| = 12n.
Ez={uv € E(G) | d(u) = dg(V) = 4},|E2| = 18n? — 12n.

Hence there are 2 types of 5-edges as given in Table 1.

Theorem 1.Let G be the graph of a nanotube OX, Then
(i)
0BSO, (G)=24n.

(i) sBso, (G)z%”.

() SBSO, (G) = 27+/27zn? + 6271,

(V) $BSO, (G)= %ﬂnz + %ﬂn.

96
— 7N
\J2 + 2410

(vi) OBSO, (G)= GHE(

(v) 6BSO,(G)=

8 2
J2+ 2412 +3 ] '
Proof: From definitions and by using Table 1, we deduce

2 o2
() oBSO,(G)= > M
ueE(G) 2

2 2 2 2
=6n—|1 3 |+(9n2—3n)|3 il

=24n.
52 - 52|
i) oBSO,(G)= 1o, -a1]
(i) (@)= 2 s
3% -3
3 +3

h? - 32

=6n +(9n? —3n)
12 +32

S5F +67
iii) 0BSO,(G)= 2r———
(iii) 3 uv%G)\/_ﬂ- 5 10,

2 2 2 2
V23 ren? —3n) S t3
1+3 3+3

= 27\/§7zn2 + 6\/§7m.

52+ 52 Y
iv) 6BSO, (G)= Tl o
W) . UVEZE;‘G)Z 5. 40,
(12432 Y (32432 Y
=6n= +(9n% —3n) =
2\ 143 2\ 343
=8—1nn2+2—17m.
2 4

2 o2
v) 0BSO,(G)= ) 2z % -4

uveE(G) \/§ + 2\’55 + 5\,2

Table 1:5edge partition of OXj |12 32| |32 32|
_ ) _

L0\ E(G Number of edges =627 ————=+(n" -3n)271 ———F——
dalu < E(G) J 2+ 217 + 3 2+ 2\F + 3
(1, 3) 6n 96

EN TN
(3,3 9n%—3n
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5BSO, (G)= Y CHaH
i = 7
v ’ weE(G) \/E + 21[55 + 5\,2

h? —3?

2 2 2 2
(_] Lo _3n>ﬁ{&}
J2 42412 +32 V2 42432 +32

2
=6nﬂ[;] .
V242412 +32

11l. RESULTS FOR HEXAGONAL NETWORKS

It is known that there exist three regular plane tilings with
composition of some kind of regular polygons such as
triangular, hexagonal and square. Triangular tiling is used in
the construction of hexagonal networks. This network is
denoted by HX,. A hexagonal network of dimension six is

shown in Figure 2.
v
K
<]
<

=6n

/

e

CRRRRER
< >
SRS

Figure 2. Hexagonal network of dimension six
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Let G be the graph of a hexagonal network HX,. By
calculation, we obtain that G has 3n? —3n+1 vertices and 9n?
-15n+6 edges. In G, there are three types of vertices as
follows:

Vi = {u € V(G) | do(u) = 3}, V4] = 6.
Vo = {u € V(G) | do(u) = 43, Vo = 6n — 12.
Vs ={u e V(G) | de(u) = 6}, Vs = 3n2—9n + 7.

Thus &G)=3 and hence & = dg(u) — &G) + 1 =dg(u) - 2.

In G, there are five types of edges based on degrees of end
vertices of each edge as follows:

E: = {uv € E(G) | dg(u) = 3, d(v) = 4},
|E1| = 12.

E> = {uv € E(G) | ds(u) = 3, dg(v) = 6},
|E2| = 6.

Ez = {uv € E(G) | dg(u) = da(V) = 4},
|E3| =6n-18.

Es={uv € E(G) | ds(u) = 4, ds(v) = 6},
|E4| =12n — 24,
Es = {uv € E(G) | de(u) = dg(v) = 6},
|Es|=9n2?-33n + 30.
Hence there are 5 types of 5-edges as given in Table 2.

&0\ uv € E(G) Number of edges

12 12

(1,4) 6

(2,2) 6n—18

(2, 4) 12n-24

(4, 4) 9n2 — 33n+30

Table 2:5-edge partition of HX,

Theorem 2.Let G be the graph of a nanotube HX, Then
0)
6BSO, (G)=72n-8L1.

(i) s5BSO, (G)=3en_162
5 85

(i) 5850, (G) = @z(sanz _gon+ %)

(V) 5830, (G) =%(144n2 JHiz, 23775°2j

(v) 6BSO,(G)= 2;{

%, 9 j
V2425 2+2\17
_2”( 288 144n j

J2+2420 2 +2420
108 1350 j
22+4J10 70+44/34
_7{ 3456 1728n )

82+8J/10 82+810)

(vi) 6BSO, (G)= 7[(

Proof: From definitions and by using Table 2, we deduce
52— 57
() 6BSO,(G)= > |”—
uveE(G) 2

2 2 2 2 2 2
h? 22| (1?4 |+(6n_18)|2 -27|
2 2 2

=12

|22_42| |42_42|

+(12n—24) +(9n? —33n+39)

=72n-81.

i) oBSO, (G)= —_
( ) 2 uv;(:e) 52 +52
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2 52 2 2 52 2
P 18)|2 -2 B |22 - 42|
12 +22 12 +4 +22 +7Z'(12n 24) —2 >
|22 42| |42 2 V242422 +4
+@2n - 24) +(9n% —33n+ 30) |42 _ 42| 2
42 4 47 +7(9n? —33n+30) {—}
_36n 162 N2+ 247 + 47
5 g5 2 2
5 8 o _”12( h2 - 22| ] r [ 12 — 42| J
o, +0, B
(iiiy oBSO, (G)= Z Jore T J2+ 2417 + 22 N2+ 2412 + 42
uveE(G) 5 +5 | 2 2| 2
2° -4
+22 +r2n-24)| — = S
=\2r 12 +J_ 6 +J’ (6n— 18) 21222 1 42
2 +42 _7[( 108 . 1350 3456 . 1728n j
+27(12n-24) o +J_ (9n? —33n+30) 224410 70+4/34 82+8/10 82+8/10)
222
—\/_7r 36n% —80n+—=|. IV. RESULTS FOR HONEYCOMB NETWORKS
5 If we recursively use hexagonal tiling in particular pattern,
52 + 652 2 honeycomb networks are formed. These networks are very
(iv) 6BSO,(G)= Z 205 1o useful in Chemistry and also in Computer Graphics. A
weE(©) v honeycomb network of dimension n is denoted by HC,. A
honeycomb network of dimension four is shown in Figure 3.
2, 52\ 2 2\ 2, 52\
=£12[ﬂ} +16(i] +£(6n—18)(2 +2 j
2 1+2 2 1+4 2 2+2
2, 122 2, 122
+Z (12n 24)(2 4 j Jrf(gnz—e::a,mezo{4 4 j
2+4 2 4+4

(144n 1112 N4 23702)
T2 3 75

2 o2
v) 0BSO,(G)= ) 2z % -4

uveE(G) \/E + 2«’55 + 5\,2

Figure 3. Honeycomb network of dimension four

2 52 242
=2712 |1 22| 2+2726 |1 A;l -
V242417 +2 V24201 + 4 Let G be the graph of a honeycomb network HC,. By
calculation, we obtain that G has 6n? vertices and 9n? — 3n
+22(6n-18) |22 - 27| + 22(120 - 24) 22 42| edges. In G, there are two types of vertices as follows:
V2 +24/2% 4+ 22 V2 +24/2% + 42
V1={u e V(G) | de(u) = 2}, V1| = 6n
42 _ 22| Vo ={u € V(G) | ds(u) = 3}, [V2| = 6n% —6n.
+27(9n% —33n+30) —
V2 +2V4% +4 Thus &G)=2 and hence & = ds(u) — {G) + 1 = dg(u) — 1.
36 90 288 144n
J—+2f J—+2J— \/—+2\/— J2+2420 ) By calculation, in G, there are three types of edges based on
degrees of end vertices of each edge as follows:
6BSO, (G)= ) CHaliH
v 6 = 4 _ _ _
) W'y | N2 +257 407 B CEOIk0=k0 =2, s
12( h2 27| ]2 [ a2 Y E> = {uv € E(G) | do(u) = 2, do(v) =3},
= TT. _—
Eo=12n-12.
2+ 212 4+ 22 2 +241% + 42 |
V2 ) 2 Es = {uv € E(G) | de(u) = do(v) = 3},
+7r(6n—18)[ 22 - 27| J |Es| = 9n? — 15n+6.
J2+232% 42

Hence there are 3 types of 5-edges as given in Table 3.
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Table 3:5-edge partition of HC,
oo\ uv € E(G)

Number of edges

(1,1 6
1,2 12n-12
(2,2) 9n2— 15n+6

Theorem 3.Let G be the graph of a nanotube OX, Then
(i)
oBSO, (G)=18n-18.

(i) 5BsO, (G) =3%”+%.

(i) 5BSO, (G):ﬁn@nz +%n—11j.

(iv) 5BSO, (G) 22(9 n? + @ n _@)
2\4 12 6
) s8so,(G)=12Z =D
J2+25
(viy 6BSO, (G) =M.
22+ 4410
Proof: From definitions and by using Table 3, we deduce
|62 -7
(i) 6BSO,(G)= > ———
uveE(G) 2
2 2 2 2 2 2
-t |+(12n—12)¥+(9n2 150+ 6)22 =2
=18n-18.

o - o]
ii) o0BSO, (G)=
(ll) ) ( ) uv;(}) §u2 n 6\[2

h? —1| W2-221 ., |22 — 22|
=6 +(12n-12 +(9n? —15n+6
12 +12 ( )12+22 ( )22+22
36n 36
=4 —
5 5
62+ 62
(iiiy 6BSO,(G)= > 2zt
ueE(G) u +5v
2 2 2 2
V2t L Braon-12) 2
1+1 1
) 22 422
+27(9n% —15n +6)
2+2

9 25
=27 =n? +—n—11j.
\/_”(2 2

524 52Y
iv) 0BSO,(G)= ¥ I[N
W) ¢ UVEZE(:G) 2 ( 5 10, J

P 6(12 +12

2 U 1+1

12 422 jz
2

2
j +Z@2n —12)(
2 142

T 22427\
+—=(9n“ —15n+6)
2 2+2

7[(9 , 355 155)
== Inf +=n-="|
2la 12 6

2 _ o2
v) 0BSO,(G)= ) 2z % -

WiEG) 2 +25 +65°

2 2 2 2
= 27[6&+ 27(12n—-12) &
V2 + 2412 +12 J2 + 2412 + 2
2 2
+27(9n? —15n+6)£
V2 + 2422 + 22
_727z(n—1)
J2+245

5 =687

uv%e)ﬂ.{\/i+ 21’55 + 5\,2 J

2 2 2 2 2 2
J2 42412 +12 J2 + 217 + 22
|22 - 22| ]2

J2 +24/2% + 22

(Vi) 58806 (G) =

+7(9n? —=15n +6) (

B 1087 (n-1)
224410

V. RESULTS FOR SILICATE NETWORKS

Silicate networks are obtained by fusing metal oxide or
metal carbonates with sand. A silicate network is
symbolized by SL,, where n is the number of hexagons
between the center and boundary of SL,. A 2-D silicate
network is presented in Figure 4.

Figure 4. A 2-D silicate network

3879 |

V. R. Kulli, IJIMCR Volume 11 Issue 11 November 2023



“Delta Banhatti-Sombor Indices of Certain Networks”

Let G be the graph of a silicate network SL,. By calculation,
we obtain that G has 15n%+3n vertices and 36n? edges. In G,
there are two types of vertices as follows:

Vi={ueV(@G)|ds(u)=3},  [Vi|=6n2+6n.
Vo={ueV(G)|ds(u) =6}, [V =9n2—3n.

Therefore, we have 6(G)=3 and hence & = dg(u) — &G) + 1
=dg(u) - 2.

By calculation, in SL, there are 3 types of edges based on
degrees of end vertices of each edge as follows:

E:1 = {uv € E(G) | ds(u) = ds(v) = 3}, |E1] =6n

Ez = {uv € E(G) | dg(u) = 3, dg(v) =6}, |Ez|=18n? + 6n.
Es = {uv € E(G) | ds(u) = ds(v) = 6}, |Es| = 18n2 — 12n.
Hence there are 3 types of 5-edges as given in Table 4.

Table 4: 5-edge partition of SL,

A\ uv € E(G) Number of edges
11 6n

(1,4) 18n% + 6n

(4,4) 18n2 - 12n

Theorem 4.Let G be the graph of a nanotube SL, Then
(i)
5BSO, (G)=18n-18.
(i) sBso, (G)=21, 3,
5 5

(i) 5BSO, (G) = J’;{zn +%n 11)

(iv) 5BSO, (G)——[9 2+355n—@).
2\4 12 6
) s8so,(G)=12Zn-D
J2 + 245
. 1087(n—-1)
(vi) 6BSO. (G)=—""T"—_—",
° 22 + 419

Proof: From definitions and by using Table 4, we deduce

52 — 52
i) 6BSO, (G)= 12, - o]
) 2 ZE;‘ 52 + 62
2 2 2 2
|12 -1 |+(18n +6n)|l —4 |+(18 2 12)
1 +l +4 +4

42 — 42|
2

=6n

S+ 067
iiiy 0BSO,(G)= 2r ———
(iii) , uv;@fﬁ 5 10,

12 +4?

=2z 6n

) +\/_7z(18n +6n)

4% 1 42

+27(18n2 —12n)

_ zﬂ(@nz_@ )
5 5

52452 Y
iv) SBSO, (G)= 1% O
W) 4 UVEZE(:G)z(a ) j

2,12\ 2, 12 \?
:z6n[ij —(18n +6)(1 4 j
1+4

2 1+1
42482 Y
4+4 j
_z (12402 2 — 2916 nj.
2\ 25 25

+% (18n? 12n)(

oBSO, (G)= > 2 o - ]
= T
V) i weEe) 2+ 2,87 +67

2 2 2 2
=276n——— 4+ 27(18n% +6N) —— —

h? —12| (18 + 6n) h2 — 42|
V2 + 2412 +12 J2 + 2417 + 62

2 2

+27(18n° —12n)&
2+244° +4
\/_ 2 2

~ 1807(3n? +n)

V2425

5 =687

uv%e)ﬂ.[\/i+ 21’55 + 5\,2 J

viy  9BSO;(G)=

|62 - &7 2 2
. BSO G — u v 2 42 2 42
o sesoc)- 3 B0 DL o =
V2 + 2417 +12 V2 + 2417 + 42
h? - 22| h? — 42 2 |42 — 42| 2
= 6n———+(18n% +6n) +(18n° —12n) |42 _42|
2 2 +z(18n? —12n)| ————~
=135n? + 45n. J2 424?142
13507r(3n +n)
704438
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