International Journal of Mathematics and Computer Research

ISSN: 2320-7167

Volume 11 Issue 11 November 2023, Page no. — 3882-3884

Index Copernicus ICV: 57.55, Impact Factor: 7.362
DOI: 10.47191/ijmcr/v11i11.08

IJMCR

B e R TR T
mareeratcs & Camaster Assanrncn

Vowume 11

On homogeneous Linear Recurrence Relations

R. Sivaraman?, P. Lam-Estrada?, J. Lépez-Bonilla®

! Department of Mathematics, Dwaraka Doss Goverdhan Doss Vaishnav College, Chennai 600 106, Tamil Nadu, India
2 ESFM, Instituto Politécnico Nacional, Depto.de Matematicas, Edif. 9, Col. Lindavista CP 07738, CDMX, México
3 ESIME-Zacatenco, Instituto Politécnico Nacional, Edif. 4, ler. Piso, Col. Lindavista CP 07738, CDMX, México

INFO ARTICLE ABSTRACT

Published Online :

29 November 2023
Corresponding author:
R. Sivaraman

We use the Z-transform to motivate the Baldoni et al algorithm to solve homogeneous linear
recurrence relations, with applications to Fibonacci numbers and Chebyshev polynomials.

KEYWORDS: Recurrence relations, Chebyshev polynomials, Fibonacci numbers, Baldoni et al method, Z-transform, Companion

matrix, Characteristic equation, Lucas humbers

1. Introduction
Here we consider recurrence relations with the following
structure:

frrk = Qe fnrk-1 + Qe fnk—2 + o0 F
aofy nk >0, @

and the initial values fy, fi, ..., fx—1 - In according with the
Baldoni et al technique [1, 2], first we construct the
companion matrix [3-5]:

0 0 0 0 0
/ 0 0 1 0 0 \
00 0 1 - 0
B I | @)
00 0 0 - 1
a, a a az " Qg1

with characteristic equation [4-10]:
Ak - ak_ll’{k_l - ak_zlk_z — e q /1 - ao = O, (3)

and we accept that it has distinct roots. Thus, the solution of
(1) is given by:
fo=b A +b, 5 ++b, Ay, n=k k+1,.., (4

where the b; are determined by the initial values via the linear
system:

b AT+ b5+ -+ b A, =f, r=01.,k—1. (5

In Sec. 2 we employ the Z-transform [11, 12] to study (1) for
the case k = 2and thus to motivate this Baldoni et al
algorithm. The Sec. 3 has applications of this algorithm to
Chebyshev polynomials [13-15] and Fibonacci numbers [16-
19].

2 Solution of (1) via Z-transform
Here we obtain the solution of (1) for the case k = 2, that is:

frniz = Qifnsr + aofns n =0, (6)

for given values of f;, and f;, whose Z-transform [11, 12]
is immediate:

_Z’fo+zfi—zaifo _ z(zfo+ f1— a1 fo) _
F2) = T w0 T

—Z1 Zy, a1=21+22. (7)

z2-ayz—-aqag

Thus, we observe the presence of the characteristic
polynomial z2 —a, z—a, in accordance with (3). The
inverse Z-transform of (7) generates the sequence {f;}:

fa =$§F(Z)Zn_1 dzzi.ﬁln(zfo*'fi—bhfo) dz, (8)

2mi (z-21)(z—-23)

where the integration is realized for a contour that contains to
z, and z,, then the Cauchy’s integral theorem [20] implies an
expression with the structure (4):

3882 ] R. Sivaraman?, IJIMCR Volume 11 Issue 11 November 2023


https://doi.org/10.47191/ijmcr/v11i11.08

“On homogeneous Linear Recurrence Relations”

)

fa=bizl +byzy, by =—2Rhtah oy,
Z2—-71

Zzfotfi—aifo 9)
Zy — 274 ’

then are immediate the following relations verifying (5):

by + by = fo,b1z1 + bz, = fy . (10)
3. Applications of the Baldoni et al process

The Chebyshev-Lanczos polynomials T, (x) are defined by

[14, 15, 21]:

Thy2 =2xThy — Ty, Ty =1, T, =x, -
1<x<1, 11

then (1) gives k =2, ag = —1, a; = 2x, hence from (2),
(3) and (5):

a=(° L) #-zasi=o 1
=x++x2-1, A, =x—+x%2-1,
(12)
by+b,=1, b A +bd,=x - b =h,
1
=

and from (4) we obtain the solution of (11) [x = cos 8]:

Tn=%(/1’1‘+/1’21) =3[(x+i\/1—x2)n+(x—

2

iv1-— xz)n] = %(e"ne +e %) = cos(nf),  (13)

which are important in problems of interpolation [22] and for
the tau method of Lanczos-Ortiz [14, 22-24].

The Fibonacci numbers F, [16] satisfy the recurrence
relation [17-19]:

Fpio =Fpy + Fy, =0, =1, (14)

Then (1) and (3) give k=2, ap=a; =1 and 1> —1—
1 =0, thus:

2=3(1+V8), 4 =3(1-V5), by+b,=0b A+
byA, =1, (15)

therefore b, = —b, = \/ig and (4) implies the Binet formula:

1-+5
2

_ 1, 1445
F”_\/E[( 2

- (5], n=012,. (16)

It is possible to write (16) in terms of the hypergeometric
function [25]:

1- 2 - 3
Fo=om R (50505 355), (17)

Finally, the Lucas numbers L, [18, 26] verify the
recurrence relation (14) with the initial values L, = 2,
L, = 1, then this Baldoni et al algorithm leads to the formula:

L= (R84 (28, (18)
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