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1. Introduction 

Here we consider recurrence relations with the following 

structure: 

 

𝑓𝑛+𝑘 = 𝑎𝑘−1𝑓𝑛+𝑘−1 + 𝑎𝑘−2𝑓𝑛+𝑘−2 +⋯+

𝑎0𝑓𝑛 ,             𝑛, 𝑘 ≥ 0,                                                        (1) 

 

and the initial values  𝑓0 , 𝑓1 , … , 𝑓𝑘−1 . In according with the 

Baldoni et al technique [1, 2], first we construct the 

companion matrix [3-5]: 

 

𝐴𝑘𝑥𝑘 =

(

  
 

0    0 0   0 ⋯ 0
0    0 1   0 ⋯ 0
0
⋮
0
𝑎0

0
⋮
0
𝑎1

0    1 ⋯ 0
⋮     ⋮ ⋱    ⋮
0   0 ⋯ 1

𝑎2 𝑎3 ⋯ 𝑎𝑘−1)

  
 
,                             (2) 

 

with characteristic equation [4-10]: 

 

𝜆𝑘 − 𝑎𝑘−1𝜆
𝑘−1 − 𝑎𝑘−2𝜆

𝑘−2 − ⋯− 𝑎1 𝜆 − 𝑎0 = 0,          (3) 

 

and we accept that it has distinct roots. Thus, the solution of 

(1) is given by: 

 

𝑓𝑛 = 𝑏1𝜆1
𝑛 + 𝑏2 𝜆2

𝑛 +⋯+ 𝑏𝑘 𝜆𝑘
𝑛 ,        𝑛 = 𝑘, 𝑘 + 1,… ,      (4) 

 

where the 𝑏𝑗 are determined by the initial values via the linear 

system: 

 

𝑏1𝜆1
𝑟 + 𝑏2𝜆2

𝑟 +⋯+ 𝑏𝑘𝜆𝑘
𝑟 = 𝑓𝑟 ,       𝑟 = 0, 1, … , 𝑘 − 1 .    (5) 

 

In Sec. 2 we employ the Z-transform [11, 12] to study (1) for 

the case 𝑘 = 2and thus to motivate this Baldoni et al 

algorithm. The Sec. 3 has applications of this algorithm to 

Chebyshev polynomials [13-15] and Fibonacci numbers [16-

19]. 

 

2 Solution of (1) via Z-transform 

Here we obtain the solution of (1) for the case  𝑘 = 2, that is: 

 

𝑓𝑛+2 = 𝑎1𝑓𝑛+1 + 𝑎0𝑓𝑛 ,         𝑛 ≥ 0,                                           (6) 

 

for given values of  𝑓0  and  𝑓1 , whose Z-transform [11, 12] 

is immediate: 

 

𝐹(𝑧) =
𝑧2𝑓0 + 𝑧 𝑓1− 𝑧 𝑎1 𝑓0

𝑧2 − 𝑎1 𝑧 − 𝑎0
=
𝑧 (𝑧 𝑓0 + 𝑓 1− 𝑎1 𝑓0)

(𝑧 − 𝑧1) (𝑧 − 𝑧2)
 ,       𝑎0 =

− 𝑧1 𝑧2 ,      𝑎1 = 𝑧1 + 𝑧2 .                      (7) 

 

Thus, we observe the presence of the characteristic 

polynomial  𝑧2 − 𝑎1 𝑧 − 𝑎0 in accordance with (3). The 

inverse Z-transform of (7) generates the sequence {𝑓𝑗}: 

 

𝑓𝑛 =
1

2𝜋𝑖
∮𝐹(𝑧) 𝑧𝑛−1 𝑑𝑧 =

1

2𝜋𝑖
∮
𝑧𝑛 (𝑧 𝑓0 + 𝑓1 − 𝑎1𝑓0)

(𝑧 − 𝑧1)(𝑧 − 𝑧2)
 𝑑𝑧 ,     (8) 

 

where the integration is realized for a contour that contains to 

𝑧1 and 𝑧2, then the Cauchy’s integral theorem [20] implies an 

expression with the structure (4): 
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𝑓𝑛 = 𝑏1𝑧1
𝑛 + 𝑏2𝑧2

𝑛 ,         𝑏1 =
− 𝑧1 𝑓0 − 𝑓1 + 𝑎1 𝑓0

𝑧2 − 𝑧1
 ,         𝑏2 =

𝑧2 𝑓0 + 𝑓1 − 𝑎1 𝑓0

𝑧2 − 𝑧1
 ,                            (9) 

 

then are immediate the following relations verifying (5): 

 

𝑏1 + 𝑏2 = 𝑓0 , 𝑏1𝑧1 + 𝑏2𝑧2 = 𝑓1 .                                               (10) 

 

3. Applications of the Baldoni et al process 

The Chebyshev-Lanczos polynomials 𝑇𝑛(𝑥) are defined by 

[14, 15, 21]: 

 

𝑇𝑛+2 = 2𝑥 𝑇𝑛+1 − 𝑇𝑛 ,           𝑇0 = 1,            𝑇1 = 𝑥,        −

1 ≤ 𝑥 ≤ 1,                                         (11) 

 

then (1) gives  𝑘 = 2, 𝑎0 = −1, 𝑎1 = 2𝑥, hence from (2), 

(3) and (5): 

 

𝐴 = (
0 1
−1 2𝑥

),        𝜆2 − 2𝑥 𝜆 + 1 = 0,         𝜆1

= 𝑥 + √𝑥2 − 1 ,          𝜆2 = 𝑥 − √𝑥
2 − 1 , 

                                                                                                                                                                       

(12) 

𝑏1 + 𝑏2 = 1,       𝑏1 𝜆1 + 𝑏2𝜆2 = 𝑥          ∴           𝑏1 = 𝑏2

=
1

2
 , 

 

and from (4) we obtain the solution of (11) [𝑥 = cos 𝜃]: 

 

𝑇𝑛 =
1

2
(𝜆1
𝑛 + 𝜆2

𝑛) =
1

2
[(𝑥 + 𝑖 √1 − 𝑥2)

𝑛
+ (𝑥 −

𝑖 √1 − 𝑥2)
𝑛
] =

1

2
(𝑒𝑖𝑛𝜃 + 𝑒−𝑖𝑛𝜃) = cos(𝑛𝜃),        (13) 

 

which are important in problems of interpolation [22] and for 

the tau method of Lanczos-Ortiz [14, 22-24]. 

 

   The Fibonacci numbers  𝐹𝑛 [16] satisfy the recurrence 

relation [17-19]: 

 

𝐹𝑛+2 = 𝐹𝑛+1 + 𝐹𝑛 ,              𝐹0 = 0,               𝐹1 = 1 ,       (14) 

 

Then (1) and (3) give  𝑘 = 2, 𝑎0 = 𝑎1 = 1  and  𝜆2 − 𝜆 −

1 = 0,  thus: 

 

𝜆1 =
1

2
(1 + √5),   𝜆2 =

1

2
(1 − √5),    𝑏1 + 𝑏2 = 0, 𝑏1 𝜆1 +

𝑏2𝜆2 = 1,                 (15) 

 

therefore  𝑏1 = −𝑏2 =
1

√5
  and  (4) implies the Binet formula: 

 

𝐹𝑛 =
1

√5
[( 
1 + √5

2
 )𝑛 − ( 

1 − √5

2
 )𝑛] ,     𝑛 = 0, 1, 2, …             (16) 

 

It is possible to write (16) in terms of the hypergeometric 

function [25]: 

 

𝐹𝑛 =
𝑛

2𝑛−1
𝐹12 (

1 − 𝑛

2
 ,
2 − 𝑛

2
 ;  
3

2
 ; 5).                                             (17) 

 

   Finally, the Lucas numbers  𝐿𝑛 [18, 26] verify the 

recurrence relation (14) with the initial values  𝐿0 = 2,  

𝐿1 = 1, then this Baldoni et al algorithm leads to the formula: 

 

𝐿𝑛 = ( 
1 + √5

2
 )𝑛 + ( 

1 − √5

2
 )𝑛 .                                                   (18) 
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