International Journal of Mathematics and Computer Research —p—

ISSN: 2320-7167

Volume 11 Issue 12 December 2023, Page no. — 3906-3913

Index Copernicus ICV: 57.55, Impact Factor: 7.362
DOI: 10.47191/ijmer/v11i12.05

IJMCR

B e R TR T
mareeratcs & Camaster Assanrncn

Vowume 11

A Family of 82q Exponential Hybrid Methods for Solving IVPs in Odes

Alex M.}, Bazuaye F.E.2

12 Department Of Mathematics and Statistics, University of Port Harcourt, Rivers state, Nigeria.

ARTICLE INFO ABSTRACT

Published Online:
19 December 2023

In a recent paper, a new class of exponential general linear methods of second stage seventh order
for the numerical solution of first order initial value problems in ordinary deferential equations was

derived. In this paper, we derive the new class of higher order extended exponential general linear
methods for the numerical solution of first order initial value problems in ordinary deferential
equations. The numerical results obtained by the new method for some problems show its
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superiority in efficiency and accuracy for solving problems for which the proposed general linear
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1 INTRODUCTION

In this paper, a family of two stage exponential general
linear methods for solving IVPs
in ordinary deferential equation (ODE) of the form

u'(t) —Wu(t) = N(u(t)), 0 <t<T,given u(O).
1)

is discussed .
General linear methods are multivalve-multistage methods

in which the input to a step ul" and the output from the

step ul™ are related to the stage values U and the stage
derivatives F = f (U) by the equations
U A M || hF

u [n] B D u [nfl]

2 MATHEMATICAL FORMULATION

We denote the internal values of step N by
u™,ul ulM L uln

.where we define S as the number of internal stages and n
as the step number and the derivatives evaluated at the steps

by T (uf™), f (W), f(UL?),.... f ")
as the start of step number N;r quantities denoted by

(-1 [ [0 Ini
u sy

Different types of General linear methods for the numerical
solution of (1) have been proposed in the past. See the
following references [1, 2, 3, 4, 5]. Many of these methods
require starting values.

The development of numerical integrators for this class of
problems (1) has attracted considerable interest and it is this
interest that inspires this research.

The aim of this paper is to develop a new approach to the development and numerical investigations of the Exponential General
Linear Methods for solving problems (1). The practical General Linear Methods was constructed by [2] with a considerable
advantages over [4]. However, the extension of the internal stages to the second level was carried out by [5]. This extension enables
for the derivation of methods of higher order. However, this present study is concerned with the construction of a step two order
eight via a new extension. This extension has not been seen anywhere in literature.

The theoretical approximation U, attime t ., ,

n < q-—1, is given by the recurrence relation or formula

s -1
U, = €™y, +h> B, (WIN(U,,) + hS D, (hWN(, ,) @
i=1 k=1
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The internal stagesU . ,1 <i < s, are defined through

ni ?

U, =e""u, + hii A (hW)N(Unj)+ th_iMik (hW)N’(un—k) (3)

Our interest is to extend (2) and (3) by a higher exponential and its related matrix functions. The extended methods becomes

S -1
Uys = €™u, +hS B(WIN(U,) + hS D (hWN(u, ,) +
i=1 k=1

1S D@, (hWN'(u, . 4

And the extended internal stages U .. ,1 < i <'S are defined through

ni !

i—1 q-1
U, =e"™u, + hz A (hW)N (U nj )+ hz M (hW)N '(un—k)
j=1 k=1

q-1
+h?> M P (hW)N'(u,, ) (5)
k=1

We assume in this paper that these conditions M ("W) =0 which implies ¢, =0 and thus U,, = U, are satisfied. The

coefficients can be represented in a tablau as seen above
Before constructing methods arising from this method class, we derive the order conditions.

The order conditions are very crucial in the construction of different order in general linear Methods. In the section that follows, we
introduce the order conditions of the propose scheme and thereafter show the construction of our two -stage eight order Exponential

general linear Methods.

3 THE ORDER CONDITIONS FOR THE PROPOSED SCHEME.

To achieve the derivation of the order conditions for the method (2), we require that the nonlinearity evaluated at the exact

solution f(t) = N(u(t)) is sufficiently often differentiable with respectto t ,for O <t <T

= e"™u +hZB (hw)f(t,) + hZD‘” (hW)f (t, —kh) +

I’II

hzi D@, (hW)F(t, — kh) (6)
k=1
with

i—1 q-1
U, =e™u, +h> A (W)F(t,)+h> MO (hw)f(t, —kh)
j=1 k=1

S M@ W)t - kn) %
[5, 6] ;;ived the order conditions of this class of method by Expanding the functions in (6) and (7) and obtained the order conditions
as ) Cﬂ,l o
¢y, (hw) = Z(ﬁ 1), W)+ ;(1 1)IM(” «(hW)
- i-2
+ :i % M @i (hw) 8)

3907 | Alex M.t, IIMCR Volume 11 Issue 12 December 2023



“A Family of 82q Exponential Hybrid Methods for Solving IVPs in Odes”

oAt a1 (—k )/1 -1 "
v, (W) = Z(l 5 ihvv)+;u 5y D7)
SN ) K,
+k_1 - 2)|D k (hW) 9)

4  Construction of Families of 2-stage method of order Eight
The new scheme (823) is given as

u_, =e™u +hB (hW)NU,,)+hB,(hW)NU ,)+hD® (hW)N(u, ,)

+hD®, (hW)N(U, ,) +h?D@1(hW)N'(u, ,) +h?2D@2 ("W)N'(u, ,) (10)
U,, =e="u_+hA, ("WW)N(u,)+hM P (h"W)N(u, ) +hM P (hW)N(u, _,)

+h*M @21 (hW)N'(U, ) +h*M @ (h"W)N'(u, ) (11)
With the order conditions (8) and (9) above, the coefficient matrix of the order eight step two stage order three scheme (known as
method 823) is given as

A, =(D'MY +(-2)'MY + (-D)°MP +(-2)°M 2 =0,

=M -2MQ + M2+ M =, 02)

C::L2 A21 — (_1)2 M éll) + (_2)2 M 2(12) + (_1)1 M (2) +( 2) M (2) 9
21 2l 2l 2

(1 (1
_ M;; + 4AM 5,

) 2 -M éi) —2M ég) = 93 (13)
GhAy _ (MY (2’ME (D°ME (D'ME
3 3 3 21 ol 4

(1 (1 (2) 2
M;i 8M My 4My

6 6 T2 2 ¢ 14
6 6 2 2 4 (14)
GAy _(CD'ME | (M (DM (Mg
4 4 4l 3l 3l 5
_Ma 1My My My (15)

24 24 6 6
Solving equations (12) to (15) gives
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21

M® = %(602 20, - 276, - 336,)

1
M) = (66, ~296; ~666, - 600)

M & = i(zse,_, — 320, +1260, +2166,)

22

M® = %(92 -100, - 420, —726,)

Similarly,
¢,B, +¢;B, —DY -2D{Y + D{? + D{? =0,

B, - D -2D{’ + D{? + D{ =0,
2 2 @ @

c/B, ¢iB, D 4D
11 + 22 + 1 + 2

_pP@ _op® _
2! 20 2 P 2D =0
i_'_ Dl(l) N 4D2(1) _ D1(2) _2D2(2) 0,
2 2 2
c/B,  ¢B, D 8D} . D? . 4D _ p
3l 3 3 3l 2! 2! !
B, DY s8Df . D? . 4D _ 0,
6 6 6 2 2
¢, B, . c,B, N DY 16 D’ D 8Dy _ ,
4 4 4 4 3l 3l
B, DM +16D§1> Db 8Df _ A,
24 24 24 6 6
B, N c:B, N DY . 32Dy D 16D _ A,

ol ol ol ol 41 4l

B, . DX . 32Dy D 8D _o,
120 120 120 24 24

Solving the systems of equations (16) to (20) we have

(16)

7)

(18)

(19)

(20)
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B, = 3(% 0, +40, +130, + 246, + 206;)

DO = %(_292 + 40, + 96, — 246, —600,)

~106, 196,
9 6

q”=%ﬁf4@+%@+ma+%%)

236
+

5 * +380, + 1706,

DY =

400,
6

0, 0, 4
DY =3(2-2+-6,+40, +
2 (6 3 34 5

)

The above method is represented in Extended Butcher Tableau.

The coefficients can be represented in a tablau as
Table 1: Extended Butcher Tableau

A

o O o @ ap®
1 21 2,q-1 21 2,0-1
() () @ @ (2) (2)
Asl ° As,s—l 1 M s,q-1 N M s,g-1
B,---B,;, B, DY ...DWy, D DDy,
The coefficients can be represented in a tablau as
Table 2: Coefficients Tableau of EEGLM with z=1
A A
0000 -555153 276269 -118997 -9331
0000 1000000 50000 200000 50000
0000 276269 -217287 - 78899 -3971 124327
0000 50000 100000 500000 31250 500000
Table 3: Coefficients‘]'ableau of EEGLM with z=2 A
0000 978522 - 231692 10382 -1794
0000 1000000 1000000 100000 10000
0000 730537 -52001 -131781 -103449 96961
0000 1000000 125000 100000 50000 250000
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5. DISCUSSIONS
In this section, we discuss by comparing the accuracies of step two order eight exponential general linear methods with other related
studies in literatures .

Problem1. Consider the initial value problem U’ =-2xu® with u(0) =1

The theoretical solution is given as

1
u(x) =
1+ x?
The accumulated errors of the proposed scheme (823), [1,2,3,5] for the above problem with their corresponding mesh sizes are

shown in the figure 1 below
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Figure 1:The relationship between the proposed method and other Methods

From the graph, step two order eight exhibits remarkable improvement in terms of accuracies over [1, 3, 4, 5].
Problem 2.Consider the initial value problem

y; =—20y, —0.25y, —19.75y,,

y, =20y, —20.25y, +0.25y,,

y, =20y, —19.75y, —0.25y,

y,(0)=1y,(0)=0,y,(0)=-1

The theoretical solution is given by
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yi = [exp(0.5t) + exp(20t)(cos(20t) + sin(20t)) ]
1 2 )

y, = [exp(0.5t) + exp(20t)(cos(20t) —sin(20t)) ]
2 = 2 )

. = [exp(0.5t) + exp(20t)(cos(20t) +sin(20t)) ]
s =

2
This is illustrated in table 4 below.

Table 4: Numerical Results of the different schemes

T H RKM, SHOKRI PROPOSED SCHEME
50 0.005 7.1e—26 | 1.38e—-20 4.42e -28
7.1e—-26 | 1.38e—-20 4.42e -28
7.1e—-26 | 1.38e—20 4.42e -28
100 | 0.01 43e-33 | 357e-31 6.3e-42
4.3e-33 | 357e-31 6.3e-42
43e-33 | 357e-31 6.3e-42

From Table 4 above, ,it can be seen that step two order eight
extended exponential general linear methods exhibits
remarkable improvement in terms of accuracies over the
other methods.

6. CONCLUSION
We have introduced a new method to the derivation of
exponential general linear methods. The numerical results

obtained through step two order eight scheme as indicated in
figure 1 and Table 4,exhibit a considerable improvement over
[6] -Numerical results presented also show that our scheme is
accurate and efficient in handling the given I\VP.
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