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1. INTRODUCTION, DEFINITIONS AND 

PRELIMINARIES 

Let A denote the class of all analytic functions f(z) 

normalized by the condition f(0) = f0(0) − 1 = 0 and is of the 

form 

(1.1) . 

Let S denote the class of all function in A which are univalent 

in U. The well-known example in this class is the Koebe 

function,   k (z) defined by 

. 

The Bieberbach conjecture about the coefficient of the 

univalent functions in the unit disk was formulated by 

Bieberbach [2] in the year 1916. The conjecture states that for 

every function f ∈S, given by (1.1), we have | an |≤ n for every 

n. Strict inequality holds for all n unless f is the Koebe 

function or one of its rotation. For many years, this conjecture 

remained as a challenge to mathematicians. After the proof of 

| a3 |≤ 3 by L¨owner in 1923, Fekete-Szeg¨o surprised the 

mathematicians with the complicated inequality 

, 

Which holds good for all values 0 ≤ µ ≤ 1. Note that this 

inequality region was thoroughly investigated by Schaefer 

and Spencer [16].For a class functions in A and a real (or 

more generally complex) number µ, the Fekete-Szego¨ 

problem is all about finding the best possible constant C(µ) 

so that ) for every function in A. Many 

papers have been devoted to this 

Problem see [3, 4, 5, 7, 8, 10]. In this paper, we obtain the 

estimates of a2, a3 and also the Fekete-Szego¨ inequality for 

a subclass of spiralike functions of complex order defined 

using subordination. 

 
It is well known that every function f ∈S has an interval f−1, 

defined by 

f−1{f(z)}=z;(z∈U) and

 . 

In fact, the inverse function f−1 is given by 

(1.2

  . 

A function f ∈A is said to be biunivalent in U if both f(z) and 

f−1(z) are univalent in U. Let f and g be analytic in the open 

unit desk U. The function f is subordinate to g written as f ≺ 

g in U, if there exist a function w analytic in U with w(0) = 0 

and | w(z) |< 1; (z ∈U) such that f(z) = g(w(z)), (z ∈U). 

Let S∗(α) and C(α) denote the well-known subclasses of 

the univalent function class S which are respectively defined 

as follows. 
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And 

 

 

Using Alexander transform, it follows that f(z) ∈C(α) if and 

only if zf0(z) ∈S∗(α). 

One of the very interesting generalization of the function 

class S∗ is the so called starlike functions of complex order b 

which satisfies the condition 

, 

 

Where φ ∈P, the class of functions with positive real part and we denote it by Sb(φ). Similarly, let Cb(φ) denote the class of functions 

in A satisfying the condition 

. 

Note that Sb(1 + z/1 − z) = Sb and Cb(1 + z/1 − z) = Cb are the classes considered by Nasr and Aouf in [11] and by Wiatrowski in 

[18]. 

q - calculus has been studied by various authors due to the fact that applications of basic Gaussian hyper geometric function to the 

diverse subjects of combinatorics, quantum theory, number theory, statistical mechanics , are constantly being uncovered. The q-

difference operator denoted as Dqf(z) is defined by 

 

, 

and Dqf(0) = f0(0), where q ∈ (0,1). It can be easily seen that Dqf(z) → f0(z)asq → 1−. If f(z) is of the form (1.1), a simple computation 

yields 

(1.3) . 

The inverse function of (1.3) is given by 

 

. 

 

The q- analogue of Sa˘l˘agean differential operator ( see [14]) , form ∈ N, is formed as follows. 

 

. 

 

Motivated by the concept introduced by Sakaguchi in [13], recently several subclasses of analytic functions with respect to k-

symmetric points were introduced and studied by various authors. In this paper, we introduce a new subclass of spiralike biunivalent 

functions using subordination and we obtained the estimates of the | a2 | and | a3 | for the functions belonging to this new subclass. 

 

DEFINITION 1.1.  

Let h (z) be a convex univalent function with h (0) = 1. A function f ∈A is said to be in the class ) if and only if it 

satisfies the analytic condition, 

 

 
And 
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Where ( ). and s,t ∈Cwiths 6= t,| t |≤ 1. 

Remark 1.1. On specializing the parameters and the function h(z), we obtain several new and well known subclasses of analytic 

functions. Here we list a few of them. 

1. If we let β = 0and .then the class 

Sb
λ,m(β,s,t,h) reduces to the form 

 
Which is analogues to the class introduced by Kuroki and Owa in [6]. 

2. If we let m = 0, q → 1− andb = 1 in Sb
λ,m(β,s,t,h). then the class reduces to the class which is analogous to the class 

introduced and studied by Altınkaya and Yal¸cın in [1] 

3. If we set 1 in the class Sb
λ,0(β,s,t,h) we have 

Sb
λ,m(β,s,t,α) and defined as 

 
and 

 
 

Where g (w) = f−1(w), s,t ∈C with ) andλ ≥ 0. 

 

LEMMA 1.1. 

 [12] Let the function  be convex in U. If h(z) ≺ φ(z), (z ∈ U), then | hn |≤|B1 |, n ∈N = 

{1,2,3,...}. 

 

LEMMA 1.2.  

[9]If p (z) = 1 + c1z + c2z2 + ··· is a function with positive real part in U and µ is a complex number, then 

 

. 

 

The result is sharp for the functions given by 

and . 

2. MAIN RESULTS 

In this section, we obtain very interesting Fekete-Szego¨ inequalities for a certain subclass of analytic functions. 

Theorem 2.1. 

 Let φ(z) = 1 + B1z + B2z2 + ···withB1 6= 0. If f ∈ A satisfies the differential inequality 

(2.1)   

Then 

, 

 

Where κ1 = (1 + q + q2)m + (λ − 1)(s2 + st + t2)(1 + q + q2)m−1 
and 
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The result is sharp. 

Proof. Let f ∈A satisfies (2.1), then there exist Schwarz function w analytic in U with w(0) = 0 and | w(z) |< 1 in U such that 

(2.3)   

Define p (z) by 

(2.4)   . 

Since w (z) is a Schwarz function, it is clear that Rep(z) > 0 and p(0) = 1. Therefore 

(2.5)   

Now by substituting (2.5) in (2.3) 

 
 

From this equation, we obtain 

 

 
Or, equivalently 
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On simple computation, we have 

 
 

 

 

 

Therefore 

 
where 

. 

 

On rearranging the terms and taking modulus both sides, our result now follows by application of Lemma1.2. The result is sharp 

for the functions 

and   

 

This completes the proof of the theorem.  

Corollary 2.2.  

Let φ(z) = 1 + B1z + B2z2 + ··· . with B1 =6 0. If f ∈A satisfies the differential inequality 

(2.6)   

 

Then. The result is sharp. 

Proof. Let 

. 

Clearly, it can be seen that φ(z) maps U onto a convex domain conformally and is of the form 

 

Where  . From the equivalent subordination condition proved by Kuroki and 

Owa in [6], the inequality (2.6) can be rewritten in the form 
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. 

Following the steps as in Theorem 2.1, we get the desired result.  

Corollary 2.3. 

[17] Let φ (z) = 1 + B1z + B2z2 + ··· . With B1 6= 0. If f satisfies the following subordination condition 

 
then 

. 

 

The result is sharp. 

Proof. The result follows if we let m = β = 0, λ = 1, t → 0 and s → 1 in Theorem3.1. The result sharp for the function 

) and . 

Taking q → 1− in the corollary 2.3, we obtain the Fekete Szego¨ inequality for functions belonging to the class of starlike function 

of complex order b. 

Corollary 2.4.  

(See Ravichandran et al. [15]) Let φ (z) = 1 + B1z + B2z
2 + ··· . With B1 6= 0. If f (z) belongs to the class of starlike function of 

complex order b . Then 

. 

The result is sharp. 

 

3. INITIAL COEFFICIENT BOUNDS OF BISTARLIKE FUNCTIONS 

We begin this section with finding the coefficient estimates of).  

Theorem 3.1.  

Let f (z) be of the form (1.1) and suppose that f (z) is in the class 

Sb
λ,m(β,s,t,h), then 

and   

Where 

D1 =2(λ − 1)(s + t)(1 + q)m−1[(1 + q)m + (λ − 1)(s + t)(1 + q)m−1]+ 

2[(λ − 1)(s2 + st + t2)(1 + q + q2)m−1 + (1 + q + q2)m] − λ(λ − 1)(s + t)2(1 + q)2(m−1). 

Proof. Let f ∈Sb
λ,m(β,s,t,h) and g denote that inverse of f to U . It follows from the Definition 1.1 that there exist functions 

p(z), q(z) ∈P(the class of function with positive real part), such that 

(3.1)   

and 

(3.2)   

with  

Where p(z) ≺ h(z) and q(w) ≺ g(w) have the forms p(z) = 1 + p1z + p2z
2 + ··· 

And q(w) = 1 + q1w + q2w2 + ··· respectively. It follows from (3.1) and (3.2), we deduce 
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(3.3)   

 
and 

(3.5)   

 
From (3.3) and (3.5) we obtain 

p1 = −q1. 

By adding (3.4) and (3.6), we get 

 
Since p, q ∈ h(U), applying Lemma1.1, we have 

(3.8)   

and 

(3.9) . 

Applying (3.8) , (3.9) and Lemma1.1 for the coefficients p1, p2, q1 and q2, we readily get 

 
Subtracting (3.6) from (3.4) we have 

. 

Applying (3.8), (3.9)and Lemma1.1 once again for the coefficients p1, p2, q1 and q2, we readily get 

 
This completes the proof of Theroem3.1.  

Remark 3.1. We note that the results analogous to Altınkaya 

and Yal¸cın[1] can be obtained if we let m = 0, q → 1− andb 

= 1 in Theorem3.1. 
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