International Journal of Mathematics and Computer Research i emr

ISSN: 2320-7167

Volume 12 Issue 01 January 2024, Page no. 3941-3948

Index Copernicus ICV: 57.55, Impact Factor: 7.362
DOI: 10.47191/ijmcr/v12i1.03

IJMCR

International Journal Of
Mathematics & Computer Research

Volume 12

e ,?j

Initial Coefficient Bounds for a Class Functions Involving g-Sal” Agean”

Differential Operator

K. Amarender Reddy?, G. Murugusundaramoorthy?

!Computing and Informatics Department, Mazoon College, Muscat, Sultanate of Oman.
2Department of Mathematics, School of Advanced Sciences, VIT University, Vellore, Tamilnadu,India

ARTICLE INFO ABSTRACT

Published Online:
03 January 2024
Corresponding Author:

By making use of the g-analogue of famous S™al"agean differential operator, the authors define a new
subclass of analytic functions with respect to other points. Fekete-Szeg o inequality and initial
coefficient bounds of a certain bi-starlike functions are obtained. Further several examples, remarks

K.Amarender Reddy and applications of our results are enumerated.

KEYWORDS: Starlike functions, Spiralike Functions, Bi-Univalent functions, Coefficient inequalities, Fekete-Szeg o, g-

calculus, STal"agean differential operator, and Symmetric function.

1. INTRODUCTION,
PRELIMINARIES

Let A denote the class of all analytic functions f(z)
normalized by the condition f(0) = f%(0) — 1 = 0 and is of the
form

1Y) f(z) = +Za,,z (z €elU)

n=2
Let S denote the class of all function in A which are univalent
in U. The well-known example in this class is the Koebe
function, k (z) defined by

k(z) = 17:4+Zn~ :
( n=2
The Bieberbach conjecture about the coefficient of the

univalent functions in the unit disk was formulated by
Bieberbach [2] in the year 1916. The conjecture states that for
every function f €S, given by (1.1), we have | a, < n for every
n. Strict inequality holds for all n unless f is the Koebe
function or one of its rotation. For many years, this conjecture
remained as a challenge to mathematicians. After the proof of
| a3 [< 3 by L owner in 1923, Fekete-Szeg o surprised the
mathematicians with the complicated inequality

9 -2
‘(1.3 — ,ua2| <14 2exp ,

1—pn
Which holds good for all values 0 < p < 1. Note that this
inequality region was thoroughly investigated by Schaefer

and Spencer [16].For a class functions in A and a real (or

DEFINITIONS AND

more generally complex) number L, the Fekete-Szego™
problem is all about finding the best possible constant C(l)
sothat |az — pa3| < C'(y) forevery functionin A. Many
papers have been devoted to this

Problem see [3, 4, 5, 7, 8, 10]. In this paper, we obtain the
estimates of az, azand also the Fekete-Szego™ inequality for
a subclass of spiralike functions of complex order defined
using subordination.

It is well known that every function f €S has an interval f?,
defined by

F{f@}=z;zeV)andf { f~'(w)} = w
1
(| w |<ro(f);ro(f) > Z)'
In fact, the inverse function fis given by
1.2

f _1(%‘) =u- G-Q"IL-"2 + (2@gw2 - Gg)‘lﬁa - (5@3 — Syt3 +a 4)1“4 T

A function f €A is said to be biunivalent in U if both f(z) and
f(z) are univalent in U. Let f and g be analytic in the open
unit desk U. The function f is subordinate to g written as f <
g in U, if there exist a function w analytic in U with w(0) =0
and | w(z) |< 1; (z €U) such that f(z) = g(w(2)), (z €V).

Let S*(a) and C(a) denote the well-known subclasses of
the univalent function class S which are respectively defined
as follows.
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21 (2
S*(a) = {f €A: Re ( ;(E))) > 0<a< 1} Using Alexander transform, it follows that f(z) €C() if and
And o only if 21°(z) €S*(a).
e . One of the very interesting generalization of the function
C((y) = {f cA: Re (1 + z]i (”)> >a:0<a<l class S*is the so called starlike functions of complex order b
f(2) . which satisfies the condition
L) — 1

g F(2)

Where ¢ €P, the class of functions with positive real part and we denote it by Sp(p). Similarly, let Cp(¢) denote the class of functions
in A satisfying the condition

) < o(2), (fe€.A),

1zf"(2) -
< ¢(2), (f €A

b f(z)

Note that Sy(1 + z/1 — z) = Spand Cy(1 + 2/1 — z) = Cy are the classes considered by Nasr and Aouf in [11] and by Wiatrowski in

[18].

q - calculus has been studied by various authors due to the fact that applications of basic Gaussian hyper geometric function to the

diverse subjects of combinatorics, quantum theory, number theory, statistical mechanics , are constantly being uncovered. The g-

difference operator denoted as Dqf(z) is defined by

1+ —

: f(z) — flgz .
D, f(z) = (721 — (E) ), (feA zeld—{0})
and Dqf(0) = f°(0), where g € (0,1). It can be easily seen that Dqf(z) — f°(z)asq — 1°. If f(z) is of the form (1.1), a simple computation
yields

oo e

Z 1 —q

13 D( = —_— ]_ T — T,,A,« —~ e z/{
( ) j.f( ) + “— 1 o (1 a ( )
The inverse function of (1.3) is given by

Dyg(w) =1~ (14 qagw — (1 + ¢ + ¢°)azw® + 2(1 + q)*azw® + - --
The g- analogue of Sal"agean differential operator (R’” f(z) : A — Asee[14]), form € N, is formed as follows.

ROf(=) — F(=).
1R f (=) — =(Dy f (=),

R'{rzrl,.f’(::,) J— Rl R:}r},fl ,f'(:'—:))'

(=3

Motivated by the concept introduced by Sakaguchi in [13], recently several subclasses of analytic functions with respect to k-
symmetric points were introduced and studied by various authors. In this paper, we introduce a new subclass of spiralike biunivalent
functions using subordination and we obtained the estimates of the | a;| and | as | for the functions belonging to this new subclass.

DEFINITION 1.1.
Let h (z) be a convex univalent function with h (0) = 1. A function f €A is said to be in the cIassS;\’”H , S, t, h) if and only if it
satisfies the analytic condition,

p [1+ {[[(s—f) AR f(2) 1}] < h(z)co8 +isif

Ry f(s2) = Ry f(t2)[
And

(ﬁ

1 [(5 _ t)w}l—)\Rm—Hg(,w) N
1+ - q 1 Hw) ¢ -
" {[Rg’,q(sw) — Rrg(tw)]=> < h(w)co8 + isif
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Where (z € U; A > 0; *QW “B < %; beC— {[J}). and s,t eCwiths 6=1t,|t|< 1.
Remark 1.1. On specializing the parameters and the function h(z), we obtain several new and well known subclasses of analytic
functions. Here we list a few of them.

. y—cx 176327”;(1 a)\(v— )=z
1. Ifweletp=0andh(z) = 1 + Tzlog( — ).thentheclass

Sv™™(B,s,1,h) reduces to the form

1 s =0 R
a<RC{1+b{[R[;*j(lsz)R;{'j(/ P 1}}<’\,

Which is analogues to the class introduced by Kuroki and Owa in [6].

2. Ifweletm=0,qg— 1"andb=11in Sb'l’m(ﬁ,S, f, h). then the class reduces to the class which is analogous to the class
introduced and studied by Altinkaya and Yal cin in [1]

3. Ifweseth(z) = ”%72” 0 < a <1 mtheclassSbAO(,Bsth) we have

Sb'l’m(ﬁ,s,t,a) and defined as
i [[(s =)' 2f'(2)
fie {é [f(s2z) — f(tz)]' =2

l )\A/
{ﬁ (s — t)w] zg (w)}} > vcoS

[g(sw) — g(tw)]—>

}} > wco8 ,zelU

and

Where g (w) = f*(w), s,t ECwiths £ ¢ | ¢[< 173 € (£, 55 andi > 0.

LEMMA 1.1.
[12] Let the functiong(z) given by ¢(z) = Zio:l B,,z" be convex in U. If h(z) < ¢(2), (z € U), then | hy|<[B1]|, n eN =
{123..}.

LEMMA 1.2.
[9]1f p (z) = 1 + c1z + coz%+ -+ is a function with positive real part in U and i is a complex number, then

| co — ,UL'? |<2max{1l;|2u—1|}
The result is sharp for the functions given by

14 22 1+ 2
- 2andp(z): -

&2

p(z) =

«©

[

2. MAIN RESULTS

In this section, we obtain very interesting Fekete-Szego™ inequalities for a certain subclass of analytic functions.
Theorem 2.1.

Let p(z) = 1 + Biz + Boz? + ---withB, 6= 0. If f € A satisfies the differential inequality

@y & 142 (s — O R (2) — 13| <p(2)co8 +isif
| b | [Ryf(s2) - Rg'f( 2)= B o
Then
(2.2) |
|b|co8 | B | By k1 keB1bco§ e
‘fl-:a - ,ML2| maxs 1, |[— + - ’
i Bi ' [(1+q)+(A—1)(s+0)] (1+¢)2mD

were k1= (1 +q + G+ (1 — 1)(s2+ st + B)(L + g + )™ and
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(1 + @)™+ A= D(s+ DA+ @™ (1= N+ )1+ ™"
K1
,\(12—)\) (S + t)2(1 + q)Z(anl)

K1

Ko =

— [t

The result is sharp.
Proof. Let f €A satisfies (2.1), then there exist Schwarz function w analytic in U with w(0) = 0 and | w(z) |< 1 in U such that

L {[ (s = DRI (2) _1}

A
R Ry J(s2) — By [(E)]

d(w(z))co8 +isig .

Define p (z) by
1 )z
4 plz)= 1j_L—z)Ez; =1l+4+cz+c2®+---

Since w (2) is a Schwarz function, it is clear that Rep(z) > 0 and p(0) = 1. Therefore
p(z) — 1)
Nz) =@ | ———
B(z) = ¢ (p(z) =

2 3
(2.5) = ¢ (% {0124- ((32— %) 2+ ((’,_(1(2+2) 23—0—---})

Bic B 2 B (:2_
1 12+ [ 1 2C7 2

:1+ 2 7((2* l)

Now by substituting (2.5) in (2.3)

A |:1 42 1 {[ [(s — t)7]1_’\Rm+lf(~) B }
_|_

PTG~ R

(1+B1(1~+[ ((2_ ) BQC]

5 . ) co8 + ¢siE

From this equation, we obtain

A ; (A —=D(s+t)+ (1 +q)](1+q)" tag = B';‘ co8
(ﬂ %{ [()\ - 1)("2 +Sf—|—t2)(1 +q+q2)'m,—1 + (1 +q+q2)m] a

AA—1
. ( 5 )(S—|-t)2(1+(])2(m_1)612

FA=Ds+)1+g)" (L +a)™ + (A =1 (s +)(1+ q)’”‘l]a%}

(%(cg_ 4 BZ‘)cog

e Bieibeo8
2[14+q) +A—1)(s+t)] (1 +g)ymt"

Or, equivalently

as =

: . 2 (12
e b (312(/2 — Bl,lcl -+ Bzf‘ ) co8
(L+aq+¢)™ + A= 1)(s* + st +12)(1 + g+ ¢*)"!
{{A+a)"+ A =D +)A+¢)" 'L = N(s+ (1 +q)™ 'Jai
(1+qg+aq)™+ (AN—1)(s2+ st +12)(1 + g+ ¢2)m!
)\(12*)‘) (S + t)Q(l + q)Z(Tnfl)ag
(1 —+ q -+ q2)'m + ()\ _ 1)(-52 + st + tZ)(l + q —+ q2)7n—1 :

a3 =
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On simple computation, we have

e b( BIQCZ — B‘ff + Bsz) coB B
(1 + q + q2)7n + ()\ _ 1)(52 + st + t2)(1 + q + q2)7n71
A+ +A=Ds+H)A+ ™ A =N+ +¢)™ "
(1 + q + q2)'m + ()\ _ 1)(82 + st + tZ)(]_ + q + q2)'m—1
AU (5 + £)2(1 + g) 2D A
(I+g+a)m+ A= 1)(s* +st+t3)(1+q+qg*)m!
e Bicibco8 -

{2 [(1+q) + (A= 1D(s+ )] (1 + Q’)m_l} '

as — ,uag =

Therefore
. Bie™ bco8 )
2 1€ : 5
s - 5 — Ve
as — pas Sres {es 21
where
9 1 {1 Ba ki1koBibco8 ¢ }
9 — = b2 ‘ |
2 Bl [1+q)+O—D(s+ 0P+ q2mD

On rearranging the terms and taking modulus both sides, our result now follows by application of Lemmal.2. The result is sharp
for the functions

[R””’~f(sz) I R??Lf(t;z)]l—)\

o o

& — = ]—)\R'n’?.—l—'l (= .
[ ) =] AR ACD }_¢(22)

and

(s —oy=]" Arpty e L
(72 f(s=) — LRy f(e=)]1—~ =

This completes the proof of the theorem.

Corollary 2.2.
Let (z) =1+ Byz + Boz? + -+ . with B1 =6 0. If f €A satisfies the differential inequality
1 [zf'(z
(2.6) agRe{l+—[f()—1]}<'}f.
b f(z)

| az — pai | < \/-%(;) 1 — cos (;(i%f) max {1; g—f + (1 - 2,u)bB1}

Then. The result is sharp.
Proof. Let

T 1—=z
Clearly, it can be seen that ¢(z) maps U onto a convex domain conformally and is of the form

h(z) =1+ i B, z"

n=1
Where 3,, = a1 — e2nmi((l-a) /8 *"‘))) . From the equivalent subordination condition proved by Kuroki and

T

Owa in [6], the inequality (2.6) can be rewritten in the form

3 —o | — 2mi(1-a) /A —a))
p(z) =1 £ (t?llog ( ¢ z).
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L [zf'(z
L+ { r12) 1} o(2)
b | f(2)
Following the steps as in Theorem 2.1, we get the desired result.
Corollary 2.3.

[17] Let ¢ (z) =1 + Bz + Boz?+ --- . With B1 6= 0. If f satisfies the following subordination condition

1+l {M —1} < ¢(z) (beC—{0})

bl fl2)

then

2o I Bib| Bl =1

| a3 — pas | < ma, 1— | e
([S]q [2]0' -1 [Q}q -1
The result is sharp.
Proof. The result follows if we letm==0,2=1,t— 0 and s — 1 in Theorem3.1. The result sharp for the function
D, f(z : 2D, f(z
f(2) f(z2)

Taking g — 17 in the corollary 2.3, we obtain the Fekete Szego™ inequality for functions belonging to the class of starlike function
of complex order b.

Corollary 2.4.

(See Ravichandran et al. [15]) Let ¢ (z) = 1 + B1z + B2z?+ -+ . With B, 6= 0. If f (z) belongs to the class of starlike function of
complex order b . Then

B.
=24 (1 —2u)Byb

| as — pa3 | < [Bib] max ¢ 1;
' - 2 B,

The result is sharp.

3. INITIAL COEFFICIENT BOUNDS OF BISTARLIKE FUNCTIONS
We begin this section with finding the coefficient estimates of). (S';‘ "t L s, t, h

Theorem 3.1.
Let f (2) be of the form (1.1) and suppose that f (2) is in the class
Sb'l’m(ﬂ,S, f, h), then
26 | B | cos
-
and = | \/ | 724 |
| = 2015 ] cos

Where
Di=2(A -1+ )A+q™ @A +g)"+ (1 - 1)(s+t)(L + )" ]+
20— 1)(st+ st+ )L+ q+ )"+ (L4 Q4 @)~ 4L~ D6 + DL + 6D,

Proof. Let f eSb’l’m(ﬂ,S, Z, h) and g denote that inverse of f to U . It follows from the Definition 1.1 that there exist functions
p(z), q(z) €P(the class of function with positive real part), such that

1t { [ (s — )] PRI (2)

@y A

Ry F(s2) — By )]

— 1}] = p(z)co8 +isip

and

1 [(S _— t)/w]l—AR'rn,_}_lq(u)
32 & |1 B
(32) e |: + 7 b {[R'glg(sw) qu(fw) J1=2 (w) co8 —+ isip
iy
2

[stCths%ffKIbE(C {0}; A =08 E( g

Where p(z) < h(z) and g(w) < g(w) have the forms p(z) =1+ P1Z + p222 +
And q(w) =1 + quwW + gaw?+ - respectively. It follows from (3.1) and (3.2), we deduce
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g 1
33 & B[(A —D(s+t)+ 1+ (L +q)™ 'ag = p1coS ,

(3.4)
1
¢ 5{[(* —1)(* + st + )L+ g+ )"+ (1+ g+ ¢*)"]as—
-1 .
)\(/\2 )(S—I-f)z(]. + q)2(mfl)aé

A=D1+ (L4 + (A= 1)(s+ )1+ q)’“—waii} = prco

and
1 ,
B35 4 B[(A — 1)(s+t)+ (1 +q)(1 + (])rrhl(J,g = ¢, cO8
(3.6)
& %{2[(/\ —(s* + st + )1+ g+ )" + (L4 g +¢*)"az—
AA=1)

s s+ 1+ )" g+ A= D(s +)(1+@)" (1 +9)™ + (A= 1)(s +£)(1+¢)" az—

(A=D(*+st+)(L4+qg+¢)" '+ (1+q+ qz)”"]as} = ¢y co8 .

From (3.3) and (3.5) we obtain

P1=—01.
By adding (3.4) and (3.6), we get
(3.7)

5 1 . .
¢ 5{2(/\ D+ 01+ (1 +g" + A= D(s + 01+ )"+
/A=) (*+st+t) (1 +q+ @)™ '+ (1 +q+¢*)"] = AXX—1)(s+)*(1 + q)‘Z(m—‘)}ag

= (p2 + q2) co8 .
Since p, g € h(U), applying Lemmal.1, we have

O (0
B8 | P |=]| p—(‘) |<<| B1 |, m € N
1!
and
B | g, =1 LED = By | e = A
Frrel

Applying (3.8) , (3.9) and Lemmal.1 for the coefficients p1, p2, i and gz, we readily get

2b | B Cc
| an |< h | By | co8
| Dy |
Subtracting (3.6) from (3.4) we have

e b(py + q2) co8 e b(py — qa) co
D AN =D st + 2)(L+ g+ @)™+ (1 q+ )]
Applying (3.8), (3.9)and Lemmal.1 once again for the coefficients p1, p2, q: and gz, we readily get
2b | By | cos

| as |< Dy |
This completes the proof of Theroem3.1.
Remark 3.1. We note that the results analogous to Altinkaya REFERENCES
and Yal,cin[1] can be obtained if we let m =0, g — 1-andb 1. S,. Altinkaya and S. Yalc 1n, Initial coefficient bounds
=1in Theorem3.1. for a comprehensive subclass of Sakaguchi type
functions, Acta Univ. M. Belii, ser. Math. 23 (2015),
27-33.
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