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ABSTRACT

Some special classes of univalent functions play an important role in geometric function theory
because of their geometric properties. Many of such classes have been introduced and studied;
some became well known, for example, the classes of convex, starlike, close to convex, strongly
convex and strongly starlike functions. Previous studies by Awolere and Oladipupo (2018) now
served as motivation and background to investigate certain classes of analytic, univalent and bi-
univalent functions in terms of their coefficient bounds involving salagean and sigmoid
functions via Chebyshev poynomial. The classes H™(4, 8,y (s), ¢(z,t)) are newly established
classes for which coefficient bounds will be determined. The aim of the present work is to
investigate coefficient bound for class H™(4, 8,y (s), ¢(z,t)) of pseudo-starlikeness associated
Corresponding Author: with sigmoid functions defined by Salagean operator via Chebyshev polynomial, Fekete-szego
GBOLAGADE, A. M. problem will also be established and the Hankel of the function will be determined.
KEYWORDS: Bi-univalent, Sigmoid function, Salagean Operator, Chebyshev, polynomial

INTRODUCTION

The theory of a special function does not have a specific
definition but it is of incredibly important to scientist and
engineers who are concerned with Mathematical calculations
and have a wide application in physics, Computer, engineering
etc. Recently, the theory of special function has been outshining
by other fields like real analysis, functional analysis, algebra,
topology, differential equations. Bi-univalent function is a

complex function which its inverse exist and it arises from
univalent functions which is a branch of complex analysis. The
concept of univalence of an analytical function g(z) in a simply
connected domain refers to the fact that g(z) does not take the
same value twice (Pommerenke,1983). It has found its use in
solving a broad range of problems in hydrodynamic,
aerodynamics, thermodynamics, electrodynamics, natural
science and neural network.

Let function g(z) be regular in the unit disk U ={z : |Z|< 1}and the function g(z) has a Maclaurin series expansion

Normalizing
condition

(21

f(z)=z+a,2* +a,2° +a,2*...= 2+ ) az"

k=2

where

9(z) =b, +b,z+b,2% +b,z° +b,z* +.. = b, z*
k=2

the class of analytic function on D that satisfies the

f (O) =0and f '(0) =1, then we have

€]
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ak :b—,k = 2,3,4,...
1

In fact, with the univalence of g(z), the supposition that b1 # 0 consequently hold true, otherwise for sufficiently small value of z the

function f(z) takes the same value at least twice in the neighborhood of b0 (Hayman, 1958). A function f(z) is said to be bi-univalent if

its inverse exist. A function is analytic if and only if its Taylor series about x, converges to the function in some neighborhood for every
X, in its domain. It’s a function that is locally convergent power series. There exist both real analytic functions and complex analytic
functions, categories that are similar in some ways, but different in others. Functions of each type are infinitely differentiable, but
complex analytic function exhibit properties that do not hold generally for real analytic functions.

Chebyshev_polynomial

Chebyshev polynomials have become increasingly important in numerical analysis, from both theoretical and practical points of view;
there are four kinds of Chebyshev polynomials. The majority of books and research papers dealing with specific orthogonal polynomial
of Chebyshev family, contain mainly results of Chebyshev polynomial of first and second kinds T, (x) and U n (X) and their numerous

uses in different applications, see Atinkaya and Yacin (2016), Fadipe-Joseph, Kadir, Akinwumi, Adeniran (2018).
Fekete-Szego theorem
Fekete-Szego, (1933) proved that

4u-3,u>1
‘azz —,uag‘ <J1+ exp[%),o <pu<l @)
3-4u,u<0

Holds for the function f e S and the result is sharp. The problem of finding the sharp bounds for the non-linear functional ‘a3 - yag‘

of any compact family of function is popularly known as Fekete—Szego problem. Several authors at different time have applied the
classical Fekete — Szego to various classes of functions to obtain various sharp bounds the likes of Ravichandran (2004), Selvaraj &
Thirupathi (2014), Frastin & Darus (2003); Mohd & Darus (2012).

Pseudo-starlikeness functions

More Recently Babalola (2013) defined a new subclass A—pseudo starlike function of order B (0<p <1) satisfying the analytic condition

z(f'(z))*

g 212" > (zeU,2121eR)
f(z)

and denoted by L, (,8 ) Further note that

If A== 1, we have the class of starlike functions of order B, satisfying the condition

(2900 e

denoted by S” ()

If B= 0, we simply write L instead of L(0). Babalola (2013) remarked that though for A >1, these classes of A—pseudo-starlike functions

clone the analytic representation of starlike functions, it is not yet known the possibility of any inclusion relations between them.
Thereafter numerous researchers have study pseudo-starlike functions in different direction. For further information see Laxmi and
Sharma (2017), Awolere and Ibrahim-Tiamiyu (2017),. Murugurusundaramoorthy and Janani (2015).

METHOD AND TOOLS

In this present work, several methods shall be employed such as Salagean derivative operator D" f (z) = D(d "™ f (z)) , Coefficient

bounds, Fekete-szego problems and differentiation, taylor series expansion will also be used to transform pseudo-starlike functions.
Salagean (1983) introduces the following differential operator:
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D°f(z) = f(2)
D'f(z) = D(D° f (2)) = zf *(2))’
D"f(z)=D(D""f(2)) =z(D""f (2)) 4)
Where (n eN, = {1,2,...})
Lemma 1: Ifafunction p e P isgivenby P(z) =1+ p,z+ p,z° + psz° +...,z€U

Then |pk| <2,k € N where P is the family of all functions analytic in U for which

P(0) = 1 and Re(p(z))>0 (Miller & Mocanu, 2000, Miller 1975)
For the purpose of this work the following lemma shall be recalled.

Lemma 2: If @(z)=b,z+b,z%+..., b #0,is analytic and satisfies |a)(2l <1 on unit disk E, then for each 0<r <1,
|a)'(Z] <1 and ‘a)(rew)<1‘unless a)(z) = '’z for some real number & Definition 1: A function f €Y. is said to be the class

T (2.4(z0)7(s) 221

2
7(8) = 1 —,520,te [— 1,1] If it satisfies the following conditions:
+€e

() (Zt) zekE.
a)[gy J< ) we
o) Y o<

Where g is an extension of f * € E.

Definition 2: A function f e is said to be the class H"(A4,,7(s) ¢(z,1) A>1, n>0,8=0,

7(8) = 1 2 —,520,te [—1,1], |Ci| <land |d1| <1. If it satisfies the following conditions
+e
ngr A n./ A
ERQM >ﬂ z7e E and ERQM >ﬂ wecE
D"f(z2) D"g(w)
where J is an extensionof T ~ € E

Remark 1: If ¢(Z,t) = (].Zt;z
—2tz+2

and satisfies the following conditions:
r A
@ |_pz
f (z) 2
where g is an extension of T € E

Remark 2: If §=0, then the class HT{ (4, ¢(z,t), 7(s)) reduces to the class ST{ (4, ¢(z,1)) and satisfies the following
conditions:

[t,(2)]
f,(2)
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arg ZeE and

arg

olg) (o)]

< ¢(Z,t), zecE and gy(w)

< d(wt) wek




“Coefficient Bounds of Bi-Univalent Function Involving Pseudo-Starlikeness Associated with Sigmoid Function Defined
by Salagean Operator via Chebyshev Polynomial”

where g is an extension of f TeE.

Chebyshev polynomial
The Chebyshev polynomial of the first and second kinds is well known. In the case of a real variable X in (-1, 1), they are defined by

T,(x) =cosnd,

n

sing
Where the subscript n denotes the polynomial degree and where X = C0S&,
1
H(zt)= ————
1-2tz+z
= sin(n+1
14y 200 (0+Da 0, py.
~  sina
Thus
H(z,t) =1+ 2cosaz + (3cos* a —sin’ a)z® + (4cos® o —4cosasin a)z® +.......... (z e D).
Following, we write
H(z,t) =1+U, ()2 +U, ()22 +U, ()% +........... (zeD,te(-1D),
sm(n arccost) _ . .
Where U , = ——=————= (n € N) are the Chebyshev polynomials of the second kind. Also it is known that

V1-t?

U n (t) =2tU n-1 (t) -U n-2 (t),

and
U,(t)=2t
U,(t) =4t> -1

U, (t) =8t° -4t

U,(t) =16t* —12t* +1

U, (t) = 32t° - 32t* + 6t (5)
U, (t) = 64t° —80t* +24t> -1

The Chebyshev polynomials T, ), te [— 1,1], of the first kind have the generating function of the form

- 1—-tz
DO = g G e D)

However, the Chebyshev polynomials of the first kind Ty (t) and the second kind U, (t) are well connected by the following relationships
dT,(t)
—ar = Waa (0,
Tn(t) = Un(t) - tUn—l(t):
ZTn(t) = Un(t) - Un—z(t)-
Main Results

Theorem 1: Let f e H" (4, B, 7(s), #(z,t) then

3958 | GBOLAGADE, A. M., IIMCR Volume 12 Issue 01 January 2024



“Coefficient Bounds of Bi-Univalent Function Involving Pseudo-Starlikeness Associated with Sigmoid Function Defined
by Salagean Operator via Chebyshev Polynomial”

2t/2t(1- B)
Ja @z - a)a- gl — (22 -1 (ae® -1 (
42 (1- B) 2t(1- )
*l= o e, e
< 40-342-82 - pf 2000-p)  100°0-pF  20-p) 8 -201-p)
YT 322-1(42-14"y(s)  (24-114"y(s) (22-1)3A-14"p(s) (41-1)4"y(s) (44-14"y(s)
L8 4t(1-B)
(42-2)4"y(s)
Proof: Since H" (1, 3, 7(S), #(z,t) . There exist two Chebyshev polynomials

D[/

2. <

= 1-p)H(z,t 6
anr(z) p+(1-pH(z,t) (6)
2D"[g; (@)
—————=p+{1-pF)H(o,t @)
g (o) - pH (1)
Define the function u(z)and V(a)) by
u(z)=c,z+c,z% +... ®)
V(w)=d,0+d,0° +... )

which is analytic in D with u(O) =0 and|u(21 <1, |V(W)| <1 forall z € E. Itis well known that
u(z) =lc,z+c,2% +..|<1
v a)] = ‘dla)+ d,w? +‘ <1
and
e <1
ld;| <1
Using (6) and (7) in (4) and (5) respectively we have

DL o o) 0 AR, 07 10

Dn ’ A
el s L) V0 o
In the light of (5), (6), and (7) and from (10) and (11) we have,
1+(24-1)2"y(s)a,z +[(32 - 18" y(s)a, + (242 — 44 +1%" y2(s)aZ |2

+ {(4@ —1)4"y(s)a, + (642 114 + 22"3" % (s)a,a, + [4/1(1 - ;)(’1 -2), (4224 —1)}23n 73(s)a§}z3

+...:l+(1—ﬁ’)Jl('[)C12+[(l—ﬂ)czul(t)+(1—ﬂ)CfU2(t)]ZZ +
[(1_ﬂ 1(’[)C3 + 2(1—ﬂ)cchU2(t)+(1—ﬂ)ch3(t)]z3 toe
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1- (22 -1)2"y(s)a,w+ [242 + 24 -1 % (s)a2 — (34 —1)8" (s )a, 2

+ {— (42-1)4" y(s)a, + (642 +92 - 3)2"3” 7(s)a,a, - {4’1(’1 = ;Xﬂ“ ~2) 1022 4 24— 2}23‘n ya }w3 +

=1+ (1- AW, (t)d,w+ (1- B)d +(1- g)2u, ()W +
((1_:8)d3U1() (_ )d1d2 2() (1—ﬂ)d13U3(t))\N3+..., This

yields the following relations

(2}L _1)2n 7(5)3-2 = (1_ ﬂpl(t)cl (12)
(34 -18"y(s)a, + (242 —42+10*" % (s)a = (1- B)c,U, (t)+ (1— B)c2U, (t) (13)
(42—11"y(s)a, + (642 —112+22"3" ¥%(s)a,a, (14)

[ (422 1)l 08 = (- P00+ 20- PV )+ 6 AU )

_(21_1)2%/(3)3-2 :(1_:B)Jl(t)d1- (15)
(22 +24-1p7 y*(s)aZ - (32-18"¥(s)a, = (1— A)d,U, () + (- B)I7U, (1) (16)
and
—(44—10"y(s)a, + (647 +94—3R"3" ¥%(s)a,a, 17)

_[Mu—gu—zmof +2/1—2}23”y3(s)a§ = (1- B)dU, (t)+ 2(L— B)d,d,U, (t)+ (L- B)dU, (1)

from (12) and

(13)
c, =—d, (18)
(22—1)2n7’(3)a2 ( ﬂ)Jl(t)cl
~(22-12"y(s)a, = (1 A, (t)d,
a = (1_ﬂpl(t)cl :_(1_ﬁpl(t)dl (19)
o (22-12"p(s)  (24-1)2"y(s)
and
(22-1)° 2% y*(s)a; = (1 B) U7 (t)e!
(22-1)° 2% y*(s)ai = (1~ p)°U{ (t)d;
224 -1 27" y2(s)al = (1- BYU2 (t)c? +d? 20)
[6? +02]- 2,1 1)°2°" y%(s)a?

-BYui®)
Adding (13) and (16) and making use of equation (20)

(34 -18"y(s)a, + (242 —42+1P%" y%(s)aZ = (1- B)c,U, (t)+ (1— B)c2U, (t)
(222 +24—-1R%"y?(s)aZ — (32 —18"¥(s)a, = (L— B)d,U, (t)+(1— B)d2U, 1)
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[BA—108"y(s)a, + (242 —44+1R%"y2(s)aZ |+ [(24% + 22 -1 ?(s)aZ — (32 —1)8" (5 )as |
=222 —41+1)+ (2/12+2z )by 2(5)a§

= [442 —22p%" % (s)a2

Solving the R.H.S

(1—,B)c2U1(t)+(1—ﬂ)ch2(t)+(1—,B)d2U1(t)+(1—,B)de2(t)

[Cz +d2](1_,3)J1(t)+[012 +d12K1_IB)J2(t)

la27 =240 % (s)a? =[c, +d,J1- AW, (t)+[c? + d2[1- B, (1)

24(24-127 5% (s)a? = [[c, + d, U, (t)+[c? + d2 U, (®)[1- B) -

Upon S|mpI|f|cat|on of (21), we have

22(22 2% 2 (s)a? = (01— A, (t)lc, + d2]+(1—ﬁp2(t>{2(2é__ 2;zﬁn€;(s)}a§

24(2 2 (5)a2 = (- A, (O, + 0, ]+ L))[z@z—lfzwsﬂas

Ui (tN- B
2/1(22 —‘)iZHyZ(S)azz _Ulzz)zétz ﬂ) [2(2/1_1)222%/2(5)]%2 :(1_ﬁpl(t)[cz +d2]
2201 p22- 22"y (OUI0) -2, 0221 2 )] e g1, o
AR } ;= A0k, +a,]

[pA(- pX22 -1 y%(5)- 20, (N2 -1 2% 17 (s)2 = (1— AU (t)e, +d. ]

2 _ (1- ﬂ) ()[Cz+d]

2 22(1- B)24-122"y%(s)-2U, (t)24 —1)° 22" y5(s)
By making use of lemma 2, we have

S 16(1- p)'t’
© 240 B4 -1 U () (s)- 20, (t)22 - 1) 27" (s)
a? 8L-p)’t’
‘4/1t (24 -1)1- B)2>" — (42 —1) 24 -1)22%"|y(s)
_ @-p)t
\/\41(2/1—1)(1—@22”“ ~(a® ~1f2a-1f 2| (s)
o, < 2t/2t(1- B)

Jaa@a-0a- gt - (et ~1)22 -1 2% |*(5)
Subtracting (13) and (16), making use of (18) and (19) we observe that
(32 -18"¥(s)a, + (227 ~42+12 (52 = (- p)e,U, 1)+ (- AU, 1]
~[(222 +24-1p*y*(s)a2 - (32 - 18" r(s)a, = (1~ B),U, (t)+ (L- )7V, ()]
2(31-18"y(s)a, +|(24% - 44 +1)— (242 + 24 1)
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2(32-18" r(s)a, = (64 - 2)2%" %82 + (1~ A, (L), —d,]+U2(t)a- p)e? —d?
2(32-18"7(s)a, = 234 -122"y2(s)aZ + (L- A, (tfe, —d, ]+ UZ (- B) [c? —d?]
a; (1= M, (U)c, -d,]

BT 2(E1-18(5)
L _UI0a-prle +d?] -0, ~d,]
T 2(2/1 103"y%(s)  2(32-1B"x(s)

Applying Lemma 2 once again, we obtain
2 2
a) < 4t (1—,32) . 2t(1—nﬂ)
@i-17  BL-18/(6)

Now from (14) and (17), it is evident that
(42 —11"y(s)a, + (642 —112+22"3" % (s )a,a, —(42-10"y(s)a, + (64> +92—3R"3"5?(s)a,a,

_[4/1(1 ‘;)(ﬂ ~2) 1022 4 24— 2}23”73(3)83 = (1- )d U, (t)+ 20~ B)d,d,U, (1) + 2~ B)dU, ()

again by (13)
and (15) we observe that
2(44 14" y(s)a, +[64° ~114+2-64> —94+3R"3"y2(s)a,a,

+ [8’1(/1 _;’)(’1 =2) 4122 14107 4 24— 2}23” 7%(s)a;

2(41-1)4"y%(s)a, — (204 -5)2"3" y%(s)a,a, + {8’1(’1 _;)(’1 ~2) +6A+84% — 3}23“ y¥(s)al

2(41-1)4"y%(s)a, =5(41-1)2"3"y*(s)a,a, — BAlA-1)A -2 +81% +61— 3}23“ y(s)as
81
a —

)
3
(A-1)1-2)
3

R |
2(44-1)4"y*(s)a, =5(44 -1)2"3"»*(s)a, {

+20- AW, (e, - dy ]+ 20- AU, e, - dyd, ]+ 0- AU O - o]
2(44-14" 2 (s)a, = 5(44 ~1)2"3" 2(3)(1}b 1)J1(t)c1{ Zt)(l B) [C1 +d] @-p,(t)c, - e ]}

+81% +64— 3}23" y(s)as

(22-12"y(s)| 2(22-1)>(s)" 2(34-1)8"
B e on-a ) S 0 e, -0, 20 0, O o
(- A, fc? ;]
_ (82-342+9)(1- PV 50—l + ;] 50— BF U7 Mec, —c.d.]
) 6(24—1)° (44 —1)4"y(s) 422 -1)4"y(s) 422 - 1)(3/1 14" 5(s)
L =B Me; —ds] | 20— g, (tecc, - Cdz]+(1—ﬂ)U3(t)[Cf—dﬁ]
2(42-1)4" y(s) 2(42-1)4"y(s) 2(42-1)4"y(s)

on the application of Lemma 2, above yields
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< 4°(9-341 -84 f1- ) L 000-p)  10r@-pF  2AQ-p) 8 -201-p)
U7 3024-1P(aa-1a"y(s)  (24-1)4"y(s) (22-1)(32-14"y(s) (42-14"p(s) (42-1)4"y(s)

, 8¢ —4t(l-p) This
(42-114"y(s)

completes the proof.

Theorem 2: Let f e H3 (4,3, 7(S),#(z,t)) and £ € R. Then

‘a —fa‘< 4%(L-p) N 2t(1- ) ~ 41— pY
3 2 _(2/1—1)23n}/2(s) (22,—1)3”7/(5) (2/1—1)22%72(8)

Proof: we have

a. = (1_ﬂpl(t)cl
T (24-12"y(s)
IR (V0"
( A= 1) 22” 7*(s)
a_ [c+d] (1B, (t)c, -d,]
3 2(22 1) 3y%s)  232-1R"(s)
Upon substitution for values of a;and as, we have
a. —fa = (L-p)yu [C +d; ] (L- BN, (), - 2]_5(1_ﬁ)2U12(t)C12
R T M oo e
Applying lemma 2 for the coefficients of ¢1,d1, ¢z, and dz in (22), we have
oy - ta2] = arQ-py . 2AQ-p) _ 4Q-p)
T (2a-073(s) (22-1R(s) (222272 (s)
which completes the proof
Theorem 3: Let f e H" (4, B,7(5),4(z,t) Then
(-564° —1242 + 404 — 33)1— B)*t* .\ 4384 -3)1- )
322 -1)" (44 -1)2"4"y2(s) (22-1)(34-1)2"4" *(s)
t?(-682° +442-8J1- B A(L- B)?
324-1)32-17(44-1)2"4" y%(s) (24-1)4A-1)y*2"4"(s)

Proof: we have

_-pulk,
i (22 1)2” 7(s)
_ 2(t)[c? +d ] (1- g, (t)c, -d,]
2 2(2/1 1) 3"52(s) (31 1)3 7(s)
2 POl o] - pruilel +d2fe, -] @- gV, - d,T
424 - 1) 32 4(s) 2(21—1)2(3/1—1)32“y3(s) 434 182" y(s)

‘a2a4 —ag‘ <
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_ (82-342+9(1- BPUI (M) 5~ A (Mfet +df] 5 A U7 (e, —c.d,]
’ 6(22—1)*(42-1)4" 4(s) 422 -1)4"y(s) 424 - 1)(3/1 14" ¥(s)
e, - d.] 2= AL, (eic, —cd,] |, @- A0 - o]
2(42~1)4"y(s) 2(42-1)4"y(s) 2(42~1)4" (S)

Upon substitution for values of azas and a4, we have

a3 _azz(—82—34/1+9)(1—,5) r(te ‘()2 +d: ]C *(t)e.c, —c,d, e,
R (24 -1)' (41 -1)2"4" 2(s) 4(2/1 1) 2 4"y (s) 4(2/1 1) (3/1 12"4"5(s)

1- YUl —do k|, 20-APUU, (e, —cds |y 0= BPUUL e ik,

-
T oan - 1)(2/1 124"y 2() (4/1 1)(24-1)2" 4n 7%(s) (4/1 1)(2/1 —1)2"4" (s)
(1 IB [C +d ] + 1 [Cl+dlZIC2_ 2 +(1_13)2U12(t)[cz_d2]2

424 - 1) 32" y4(s) 2(2/1—1)2(31—1)32”73(8) 4(34-1B%*(s) 23)

Applying lemma 2 for the coefficients of c1,ds, ¢, and d yields
(-564° ~122° +402-33)1- B)*t"  4°(82-3)1- BY
324 -1)" (42 -1)2"4" y*(s) (22 -1)*(34 —-1)2"4" »*(s)
t2(-684% + 444 -8)L- B 41— p)?
324-1)31-1Y (42 -1)2"4"y2(s) (2A-1)4A-1)y°2"4"(s)
which completes the proof.
Corollary 1: Let f e H°(1,0,7(s), #(z,t) from theorem1, we have

a3, —a3| <

< 2tJ/2t

2 \/‘4t2(2/12 —2)- (22 -1F (4t* ~1]y*(s)
a,|< 4t? 2t

|| <

(22-1)y(s) " (34 -1)(s)

2t 8t* -2 8t° — 4t
4t°(9-341-87°) 20t 10t2 + +
a,| < — — —
| 32217 (aa-1)(s) @A-1 /() @A-DBA-Dyls) (42-1J7(s) (42-2p(s) (42-2p(s)
Corollary 2: Letf € H% (4, B, 7(8),¢(z,1))
and £ € R in theorem 2, we have

arQ-p)y | 2AQ-p) 40— p)
(24-1Fy%(s) (22-1p(s) (24-2)°7*(s)

2
‘as —éaz‘s

Corollary 3: Let f e H°(A4, 5, 7(S), #(z,1) in theorem 3, we have
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(-564° —124% + 404 —33)(1— B)"t*

4384 -3)1-B)

a,a, —a;| <
2. -2 324 -1)* (42 -1)%(s)

t2(- 684° + 441 —8)1- BY

CONCLUSION
This work is focused on defining a bi-univalent function of

order [ and establishing coefficient bounds of bi-univalent
function involving pseudo-starlikeness associated with sigmoid
functions defined by Salagean operator via Chebyshev
polynomials. The results gave birth to new subclasses of bi-

classH" (4, B,7(s), #(z,t)
Coefficient bounds for classH" (4, 3, 7(s),#(z,t) and

relevant connection to Fekete-szego problem for the class

H3 (4, B,7(s).4(2.1)

bounds of bi-univalent function involving pseudo-starlikeness
associated with sigmoid functions defined by Salagean operator
via  Chebyshev polynomials were established. The
consequences of the results with respects to the choices of the
parameters involved made establishment of corollaries
possible.

univalent  function  for

with respect to the coefficient
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