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Abstract

This paper investigates an optimal energy problem for infinite dimensional dynamic
systems governed by partial differential equations. A new concept of an optimal energy
problem is proposed, and its existence and uniqueness in Banach space are studied and
obtained in terms of semigroup of linear operators and geometric properties of Banach
space. Finally, an application of the optimal control to a Euler-Bernoulli robot beam
is discussed, and it can be seen that the optimal energy control proposed in this paper

is viable to the robot system.
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1 Introduction

Optimal control theory is a branch of control theory that deals with finding a control for

a dynamical system over a period of time such that an objective function is optimized.
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It has numerous applications in science, engineering and operations research. In the past
of couple decades, the optimal control problems for infinite dimensional dynamic systems
appear to be very important and significant in both theory and practice. We have worked
on control theory for infinite dimensional dynamic systems!*) =/, and obtained a number of
quite meaningful results on stabilities and stabilizations. In the present paper, a new concept
of optimal energy control is proposed, and its existence and uniqueness in Banach space are
studied and obtained in terms of semigroup of linear operators and geometric properties
of Banach space. Finally, an application of the optimal control to a Euler-Bernoulli robot
beam is discussed, and it can be seen that the optimal energy control proposed in this paper
is viable to the robot system.and dealt with an approach of semigroup of linear operators
and in the frequency domain for infinite dimensional dynamic system governed by partial
differential equations. Finally, we apply the optimal control theorem proposed to an Euler-
Bernoulli robot system and show that the optimal energy control in this paper is viable to

the robot system.

2 An Optimal Energy Control

In this section, we shall propose a new concept of an optimal energy control for the infinite

dimensional system defined as follows:

B — Ay(t) + Bu((y(t),t) + f(y(s), s)
y(0) = yo

(2.1)

where both state space H and control space ) are Hilbert spaces, the state function y(t)
on [0,7T] is valued in H, A is the infinitesimal generator of a Cy-semigroup S(¢), t > 0. B is
a bounded linear operator from L2([0,7] : V) to L*([0,T] : H), u(y(t),t) is a control of the
system, and f(y(s), s) is a function in L2([0,T] : H).

Let us now investigate a specific optimal control, the minimum energy control of the
system (2.1). We know that the minimum energy control in an abstract Banach space
is just, in general, the minimum norm control. So, in an essential mathematics point of
view, the topic about existence and uniqueness of the minimum energy control should be

significant with a priority to be considered and studied.
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Since mathcal A is the infinitesimal generator of a Cp-semigroup S(t), t > 0, we see
from the semigroup theory of linear operators that for every control element u(y(:),:) €

L2([0,T] : Y), the system (2.1) has an unique mild solution
y(t) = St)yo + Jy S(t = 9)[Bluly(s), s)) + f(y(s), s)]ds (2:2)
let ¢(+) be an arbitrary element in C([0, 7], H), and
t
p=infucrzqomle(t) = S(t)yo — /O S(t = s)[Buly(s, s) + f(y(s), s)lds]|,

and define the admissible control set of the system (2.1) as follows

Uaa = {u € L2([0,T),Y) : [lp(t) — S(t)yo — Jy S(t — 5)[Buly(s),s) + f(y(s), s)]Il < p + €}
(2.3)

where € is any positive number.

It can be seen from (2.2) that U, is not empty and contains infinitely many elements
related to ¢ and €. The minimum energy control problem is actually to find the element wu,
satisfying

[uoll = minf|lul : u € Uaa} (2:4)

where g is said to be a minimum energy control element.

Lemma 2.1 The admissible control set Uyq defined by (2.2) is a closed convex set in Hilbert
space L*([0,T]: Y).

Proof. Convexity. For any uy, us € U,q and a real number A\, 0 < A\ < 1, it is easy to

see from (2.2) that

lo(t) — St)yo — [y S(t — 8)[Bus(y(s), s) + f(y(s),s))| < pte i=1,2 (2.5)
and hence

o) = S(t)yo = fy S(t = $)Bun (y(s), ) + (1 = Nua(y(s), ) + f(y(s), 5))ds|

< Alle(t) = Sty — Jo S(t = 5)[Bua(y(s), s) + f(y(s), s)))dsl|
(1= Nl(t) = S(t)yo =[5 S(t = 9)[Buz(y(s), s) + f(y(s). s)ldsl|
< M+(1-Ne=p+e

(2.6)
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Consequently, we see from Auj + (1 — Nug € L*([0,7];)) and inequality (3.6) that
Aup + (1 — XN)ug € Uug, Therefore, U,q is a convex subset of L2([0,77],)).
Closedness. Suppose {u,} C Ugq, and lim, o ||t — u*|| = 0. Let us now show that

u* € Ugq. In fact, from the definition of U,y we see that

le(t) = S(E)yo — /O S(t = s)(Bun(y(s), s) + f(y(s), s)ds| <p+e, n=1,2,-

It should be noted that S(t), ¢t > 0 is a Cp-semigroup in Hilbert space #, then there is a
constant M > 0 such that sup [|S(¢)|| < M. On the other hand, since y(s) is differentiable
on [0, 77, it is continuous or?g[(t),SZT“], and hence {y(s) : s € [0,T]} is a bounded set in L2([0, T :
Y). Therefore, there is a constant N > 0 such that ||Bu(y(s),s)]| < N (0 < s <T), and

furthermore,

lp(t) = S(thyo — Jo S(t = 8)(Bu*(y(s), s) + f(y(s0,5))ds]|
lp(t) = S(E)yo — [y S(t— ) (Bun (y(

HI o St — 5)Blun(y(s), s) — u* (y(s), )]

< p+e+ M|uy, —u*||-NT

IN

Letting n — oo leads to
t
Jilt) = Ste)n — | St = 9)Bu* (4(s).5) + F(u(s):slds] < p+ ¢
0
which implies that u* € U,q, and thus U,q is a closed set. The proof is complete.

Theorem 2.1 There exists an unique minimum energy control element in the admissible

control set Ugq of the system (1.1)

Proof. Since L2([0,T] : )) is a Hilbert space, it is naturally a strict convex Banach Space.
From the preceding Lemma, we have seen that U,q is a closed convex set in L2([0,T] : )),

it follows from [2] that there is an unique element uy € U,q such that

[uol| = min {[lul| : u € Uaa}

According to the definition (2.3), ug is just the desired minimum energy control element
of the system (2.1). The proof is complete.

Finally, we shall show that the minimum energy control element can be approached.
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Theorem 2.2 Suppose that ug is the minimum energy control element of the system (2.1),
then there exists a sequence {u,} C Uqq such that {u,} converges strongly to ug in L*([0,T] :

V), namely,

lim ||u, —ugl| =0
n—oo

Proof. Let {u,} be a minimized sequence in the admissible control set U,q, then it
follows that
Ftmsall < lunll, 7= 1,2, (2.8)
and
limy, o0 [lunl = inf{llull : u € Uaa} (2.9)
It is obvious that {u,} is a bounded sequence in L?([0,T];Y), and so there is a subse-
quence {uy, } of {u,} such that {u,, } weakly converges to an element @ in L?([0,T];)) (see
[8])-
Since Uyq is a closed convex set in L2([0,T];)) (see Lemma 2.1), we see from Mazur’s
Theorem that U,y is a weakly closed set in L2([0,7T] : V), thus @ € U,q. Combining (3.2)

and employing the properties of limits of weakly convergent sequence on norm yield

infillull : w € Usa} <llaf < limy o jun, | (2.10)
= T [ = T[] = inf{ )l € Ua:
Thus, we have
limny, o0 flun | = [l (2.11)
and
lall = inf{llull : u € Usa}- (2.12)

Since {uy, } is weakly convergent to @, it follows from (2.3) that {u,,} converges to .
Therefore, in view of Theorem 2.1 and (2.4) we see that 4 = ug, namely, @ is the minimum
energy control element. Thus, {u,,} strongly converges to the minimum energy control
element in L2([0,T] : V). Without loss of generality, we can rewrite {u,, } by {u,}, then

the conclusion of theorem is now obtained.
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The Theorem 2.2 points out that the minimum energy control element can be approached
by a weakly convergent sequence in the control space, which provides the theoretical basis

of approximate computation for finding the minimum energy control element.

3 Application of Optimal Control to a Flexible Robot

System

We shall start this section with the following flexible robot system!*/[]

Gt @)+ 20EIp~ y"" (t,2) + EIp~ 'y (t,2) = —z6(t),
Pt ) = 20(GT/pk?)¢" (8, ) — (GJ/pk?)¢" (8, ) = 0,

m[(L+ )B(t) +ij(t, 1) + cif (t,1) + e@(t,1)] = EIy"(t,1) — 26 ELy" (t,1)

m[(L+c)B() +§(t,1) + e (t,1) + e(t, D] + Jo[0(t, )] = —ELij(t, 1) — 26 E1§" (¢, 1)

me[(l +¢)0 + §i(t, 1) + cif' (t,1) + e@(t, )] + Jr@(t, 1) = —GJI' (t,1) — 26G T p(t,1)

y(t,0) =0, gy(t,0)=0; (¢,0)=0.
(3.1)
where the meaning of the symbols used above in system (3.1) are the same as in [4] and [5].
We shall choose the space H' = L?(0,1) x L?(0,1) x R?® as the state space of system

(3.1), which is a Hilbert space equipped with inner product

1 L 5
(w,v) = p/o [wy (z)v1(x)we(x)ve(z)]dx + Zwﬁi
=3

where w = (w1, ,ws)T, v=(vy, -+ ,v5)T.

Define an operator A : H — H as follows

1 0 0 m me me
Aw=1|0 1 0 |w, M= |me Jy+mc? mce ,

0 0 M me mee Jr + me?

It is not difficult to verify that A is the positive definite linear operator on H'.
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Let By : D(Bl) — H:

EI d* GJ d? d? d d
Biw=diag( 224 _CL T _pr® prl arl
1 mg< p dz*’ pK?dx?’ dz3’ da:’Gde>w’

D(Bl) = {wlw = (w17 T ’w5)T’w/1l(') € HQ(O,Z),U)&() € f{(ovl)}

Q= —(z,0,m(l +¢), Jo + me(l + ¢),me(l + ¢))7T,

After defining the previous operators, we can now write again the system (3.1) as follows:

(1) + 20A10(t) + Ayw(t) = A1Qd() .
U)(O) = U)(),U)(O) = W10

here Ay = A™1By, D(A;y) = D(B1);w = (w1, ,ws)T, wo, w10 are the initial values of the
system (3.1).

Now, we set v = (vi,v2)7, v1 = w, vo = W

( 0 I ) (0 0)
A — R D(A) = D(Al) X l)(141)7 B = )
—A; —254, 0 C

Fi(t,v(t)) = (0,A7*4(t)T. (3.3)

then system (3.3) is equivalent to the following first order evolution equation in H = Hy x Hy

0(t) = Av(t) + Bu(v(t),t) + Fi(t, v(t)) (3.4
v(0) = g

where vg = (wo, w10)T.

We start a discussion with defining following operators
0 0% f(x)
Ai =p ! % )
F=r 3 <p (@)=

D(A;) = {f € HY0,0)|f, f', f", (pif") are absolutely continuous function on

0,10, (pif")" € L2[0,1], £(0) = £'(0) = 0, (pif") (1) = 0. (pif") (1.1) =0} (i =1,2)
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It should be noted that f in D(A;) can be written as f = u — @, and the function @ suits

following differential equation

2 (mm a) o 5.5)
By solving equation (3.5) we find
u(z) =[5 [} mgpzl_(zl) dzdy. (3.6)

Lemma 3.1 The operators Ay and Ay are positive self-adjoint operators in L?[0,1], more-
over, A;l and A;l exist, and they are compact operators.

Proof Apply integration by parts with the definition of A and the boundary conditions
included in D(A;) to find

l
<Aff> = / L1 (2) 1" (2)) F @) de

Since 0 < a1 < p1(z) < f1 < 00, we have

<Af f>= p el ) 2 0, (3.7)

and hence, A; is a symmetric operator.
In order to show that A; is self-adjoint, it suffices to show that there is a constant ¢ > 0
such that [|A1f]| > ¢ fll, [ € D(A1) (see [10]).

In fact, we can see from (3.7) that

IAFIIAN = < Af, f>2= p~laallF7|?

Applying the boundary conditions of f in D(A4;), we can get the inequality!'!!

l l4 l
[1r@pds < 5 [ 157

and hence

l
A= o7 [ 5@ = el

3976| Gang Hou', LIMCR Volume 12 Issue 01 January 2024



“An Optimal Energy Control for Infinite Dimensional Systems with Applications’

-1
where ¢ = 12/)174(11 > 0. It follows that

[ALfII = el £, (3.8)

and so A is a positively defined self-adjoint operator.
It is easy to see from (3.7) that A]" exists. Now set A1 f = g, and f = A7 'g, then (3.7)

gives us
_ 1
1479l < ~lgl

this means that mapping A7' : H4(0,1) — H*(0,1) is bounded, and

1T <

ol

Thus, A1_1 is a compact operator by Sobolev embedding theorem!'®.

By similar manner, it can be shown that A, is a positively defined self-adjoint operator,
and A5 ! exists as a compact operator, and the proof is complete. B
We now choose Hilbert space H = L?[0,1] x L?[0,1] as a state space of equations (3.1),

on which inner product and norm are defined as follows:
(u,v)g = (u1,v1) + (u2,v2), wu,v € H,

here u = (uy,u2)T,v = (vi,v2)7, (+,-) is the inner product on L2[0,1]. Let

u(t) 0
W(t) = L F(t) =
u(t) Fu(t,v(t))
A 0
A= s D(A) = D(Al) X D(AQ)
0 As

Then the equations (3.1) with the initial-boundary conditions can be written as follows:

W (t) +nAW (t) + AW (t) = F(t)

(3.9)
W(0) = Wy, W(0) = Who

For the sake of establishing an evolution equation of the system (3.1), we introduce a

Hilbert space H = H x H, on which inner product is defined as follows:

(u,7) = <AU(1), AU(1)>H + <U(2), U(2)>H, u, v € H,
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where o = (U(l), U(g))T, U= (1)(1)7 ’U(Q))T.
Let 4 = (’U,(l), U(g))T, Uy = w, U(2) = dW/dt.

0 1

A= {—A —nA

}, D(A) = D(A) x D(A), f—[F?t)]

then (3.9) can be written as the following first-order evolution equation:

dlt) _ ai() + F (1)

@W(0) = iy = (W(0), W(0))~.

(3.10)

We shall discuss semigroup generation of operator A below. Let us start with inves-
tigation of spectrum of A.
Lemma 3.2 The operator A is a positive self-adjoint operator in Hilbert space H, and
A=Y is a compact operator. Therefore, the spectrum o(A) of A consists entirely of isolated

eigenvalues {\, 2, with finite multiplicities so that
D<M <d<- <A <. and Ay =00 (n— o),

and the set of all normalized eigenvectors {dg, , Pry, - s Pk, }92 | constitutes a orthonormal
basis of H.

Proof. Since A = [‘%1 /(1)2} and A, Ay are positive self-adjoint operators with compact
inverses, A is also positive self-adjoint operator with compact inverse.

In the light of [15], we can arrive at the result that the spectrum of operator A consists

entirely of isolated eigenvalues {\,}52; with finite multiplicities, and
O< M <Xd<- <Ay Ap— 400 (n— ).
If ¢p,(j = 1,2,---,jx) is the eigenvector for the eigenvalues \;, of A:
Adr, = MeOr; ok, Nl =1,

then {¢k,, Pr,, -+, Pr;, }goy constitutes a orthonormal basis of . W
Theorem 3.1 Let 0(A) and 0, (A) be the spectrum and the point spectrum of A respec-
tively, then

(i) o(A) = op(A) U{=1/n}, op(A) = {&k, 12
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where §, = (=g ++/ (nAk)? — 4X) /2 and p, = (=9 —/(MAk)? — 4Ak)/2 are eigenvalues
of A, and the eigenvectors of A for & and pj are

é’k:lw’% } w}:l[ P, ] 1601 = 1, | = 1

j:132a"'ajk; k:172a

respectively.

(ii) If @ € p(A), then

-1 _ (a®+naA+A)~ ! (atnA) (0> 4naA+A)~
(al =A™ = [—I+(a2fnaA+A)—1(a21naA) a(a2:nozA+A)—1j| (3.11)

Proof By verifying directly, we can see that {&x,ux}ee, C op(A), and qgkj, ka are
eigenvectors for & and py respectively.

Since

_ 2 _
lim & = lim Ak + V(;W) Rl

k— o0 k—o0
g CPE Y (k)% = 4Me) (=0 e — v/ (nAk)? — 4Xp)
ko0 2(=n Ak — v/ (nAk)? — 4Ar)
) 4N
= lim
k—oo —2(nAp + v/ (NAk)? — 4Xk)
1
— lim(-2)—
k—o0 n + /nz _ i
1 1
= (-2)—— =—--<0,
n+n n

and similarly,

— _ 2 _ - 3
lim g = lim (1M — vV (0A)? = 4X) (=nAk + / (nAk)? — 4X\k)
o ke 2(=1k + /()7 — k)
. ANy
= lim

k—o0 2(—7})% + 4/ (77>\k)2 — 4)\k)
1

= lim (2)

k—oo 2 4
77"’\/77 ;s

== —0Q,

we have

—%ea(A) and {sk,uk}zilu{—%}gam).
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On the other hand, let a # &, g, —=, and f(A) = a?A~! + na + 1, then f(A) =

57
a?A~1 4+ na + I by functional calculus. Since the extended spectrum, o.(A) of A is equal

to o(A) U{oo} = {Ae}72, U{oo}, and a # &, p, and f%, we have

fw) = 042)\,;1 +na+1+#0, otherwise o= & or ug;
1

f(oo) = lim f(Ax) =na+1#0, otherwise = —-.
k—o0 n

It follows from the spectral mapping theorem* that 0 ¢ f(o.(A)) = o(f(A)), namely
0 € p(f(A)). This implies that the inverse of o +nad + A exists, and

(@ +nad+ A~ = A" PA fpa+ 1) = ATH (AT

is a bounded linear operator on H. Therefore, the operator defined by

(0 +nad + A)~a+nA) (a® +naA+ A)~L

T =
—I+ (o +naA+ A)~Ha? +nad) ofa?+naAd+ A)~L

is a bounded linear operator on H. A simple computation shows that
(aI—A)T:IH, T(aI—A) :ID(A)a

and o € p(A). This implies that o/(A) C {&, e}y U {—5}. Thus, o(A) = {&, )72, U
{—%}, and (ol — A)~1 = T. The proof of the theorem is complete. B

Corollary 3.1. A is a closed linear operator.

Proof From Theorem 1, we know that p(A) # 0. Since for any o € p(A), (ol — A)~1is
a bounded linear operator, it is closed. It follows that A\I — A = [(A] — A)~1]7! is closed,
and hence A is a closed operator.

Corollary 3.2 sup{Re A\|JA € g(A)} = —w < 0.

Proof It can be seen from the expressions of £ and u that Re & < 0 and Re up, <0 (k=

1,2,--+), and
1
lim =&, =—— and lim pu;y = -0
k—o0 n k—o0
and therefore,
1
lim Re &, =—— and lim Re puy = —oo.
k— o0 n k— o0

It follows that sup{Reo,|o, € o,(A)} e <o Thus, we conclude from (i) of Theorem
3.1 that sup{Re u|p € 0(A)} = max{—ws, —%} <0 m
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Lemma 3.3 The family of the following vectors
b1\ (O PN
{e e} 3.12)
constitute an orthonormal basis of H.
Proof  Since {¢x,, -, dk,, }72, is an orthonormal basis of H, we see from Lemma 3.2

that form any (5)) eH, v,we H,

o0 Jk

V= szki ¢r;, where v, =<wv, ¢; >pn
k=1 j=1
oo Jk
w = Zzw’w@ﬂf’ where wg, =< w, ¢r; >H
k=1j=1
Hence,
0 Jk oo Jk
L) =22 () =22 o () s ()]
= = Vk ; + W ,
<w o= \ Wk, Ok el AR "\ Gk,
and )
v 2 o0 Jk
_ 2 2 2
() -8 (o)
k=1j=1

Thus, the family (3.8) of vectors is complete, and therefore it constitutes an orthonormal
basisof H. W
Lemma 3.4 (i) Let n # 2)\,:%, (k=1,2,---) then the set of the pairs eigenvectors of A,
{CEklﬂ;ku e ,d_;kjk , zj_fkjk }72 |, constitutes a Riesz basis of #.

(ii) If n = 2)\,;% for some k* (there exist at most one k*), then the set of eigenvectors of
A,
oo e Ve O g+, togher it (). (52 ), con
stitute a basis of H.

Proof (i) Since for arbitrary (U> € H, we have from Lemma 3 and the definitions of q_ﬁ'k
w
and Jk that
v X b, 0 X & )z 27
(1) =S (%) # () 1= S Sl + )
w — < ¢kj Pt : :
where

VAL + 162 4@

(Me)2 —4x,

VAL [l

Sk =) A — 1

a,’ = (—prvr; — Wg;)
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and thus it is an Riesz basis of H!5) .
_1 1
(i) If n = 2X..2, we can obtain from Theorem 1 that &« = pur= = A2, and the

eigenvectors corresponding to i« and ug« are as follows

. . 1 b , .
¢k;:¢k;:7 (J:1a27"'7]k*)

1
\/m —)\Ij*(zﬁk;
Then
V) (a) = s (1) e (L, )
vs | ) wge = (Afvrr + wpr + Uk, 1
’(0 7 \Px; (i ;) Prx T\ O
0 - . .
b,i?( )+b;’i>¢m G=1,2- k)
J ¢k;‘ J J
where

(1) _ 3 (2) _ /
bk; = )\E*vk; + wk;, bk;‘ = ’Uk; )\i* + A=

v> € H, we have

w

(0) = = () em()

Jr* oo Jk
nf 0 2) 7 1) 7 2) 7
= 20 (o) #8213 S, )

k=1 j=1
k#k*

Thus, for every (

and so the conclusion of (ii) of Lemma 3.4 is obtained. H
The semigroup generation of A is stated and proved in next theorem.
Theorem 3.2 The operator A is an infinitesimal generator of a Cy-semigroup T'(t) on H,

and there are constants M > 0 such that

IT(t)] < Me™* (3.13)

where —w = sup{Re p|p € 0(A)} < 0.

Proof We shall prove Theorem 3.2 in two different cases,

Case 1. n # 2/\;%(/€ =1,2,---). For the sake of simplicity, we denote the eigenpairs of A
by {on,€,},n = 1,2,---. For every real \, A > —w = sup{Re p|p € o(A)}, we see that
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X € p(A). For any @ € H, since {€,} constitutes a Riesz basis of H (see (i) of Lemma 4),

4= " p€n. A simple computation shows that
(A — A)ra= Zan ——én
and
A=A = 1Y
”; "(9—+ w)) (A +1w) o

It should be noted that |(A 4+ w)™ /(A — 0,)™| < 1 because —w = sup{Re u|p € 0(A)} and
A > —w. Therefore,

1A = A) )i < ——— Hw \\Zanenn ) ]|

We thus arrive at the following result:

1

AL =471 < o

A>—w, m=12---

It follows from [14] that A is the infinitesimal generator of a Cy-Semigroup T'(¢) on H, and
IT(t)|| < Me“t, where M > 1.

1
Case 2. 7 = 2)\..2 for some positive integer k*. We see from (ii) of Lemma 3.4 that for any

U EH,
o0 N Npe*
- 1) 7 2 1) 2
U= Z (aéj)d)kj—l—a() Zb( < ) ()Zbk]
k=1 j=1
#k~
Since
Aq;k?; :Mk*Jk;; .7:172’ 7jk*
and

Qbk;.‘ 41 )741 ¢k; ,’7‘ 1¢k;‘ —2)\13* A(bk]*
( k; ) ( : )

3983 | Gang Hou', LIMCR Volume 12 Issue 01 January 2024



“An Optimal Energy Control for Infinite Dimensional Systems with Applications’

Since n = 2)\,;%, we refer to (i) of Theorem 3.1 to find

e = (e — VI )E — )2 = (228 — @A A )? — AAe)/2 = (—20F — VAN — AApe)/2
= 2AL /2= -\l

and so

0 Pr= 1 0
= J — A2,
A<¢k;) (M;%;) TN )<¢k;>
= /A% 4 g QZk;‘ + (—)\%)< 0 >

: P

J

Hence, the space spanned by {zﬁk;7~-~ ,z/_fk;,k* } U {(‘b(’)ﬁ ) T <¢k0 )} is an invariant

Jh*
subspace of 2j5+ dimensions of A, denoted by x+. From theory of finite dimensional space,

we assert that

o (A[My-) = op(A[M-) € 0p(A) € o(A),

and therefore —w* = sup{Re plu € o(A|Mi+)} < sup{Re plp € 0(A)} = —w. Actually, we
can arrange the vectors spanning M« as follows
0 - 0 - 0 -
ﬂﬁkﬂ( )71/)k*7"'7( )awk* .
(@q > Y\ Prs 2 ¢k;k* Tk

Set

Ao (—A,i* VAL +/\k*>

0 )\k*
then A9~ has the form

A. 0

Ay = [0 . A] (there areji-A’s in the diagonal)

Applying the Theorem 1.5.3 of [13], we can conclude that A generates a Cyp-semigroup T (¢)
satisfying ||T1(t)|| < Mie=*"t, and so

IT1(2)]] < Mye=** (3.14)

On the other hand, since the family {$k1 , Jku cee ,03,% , z;kjk }rk+ consists of the eigen-

vectors of A, the subspace 9 spanned by them is an invariant subspace of A, and this family
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is just a Riesz basis of 9 (see Lemma 4). Thus, form case 1, it is aware of the fast that A
generates a Cop-Semigroup Th(t), (¢ > 0) in M. For M € p(A), we have

1 ind —1 = 1 - . *
M_£k¢kj’ (/’LI*A) gokj:u/_ukwkj (]:172a7nkak#k)
and (uI—A)~19y, C My, it follows from [16] that o (A|9N) C o(A) and —ws = sup{Re p|p €
o(AMy)} < sup{Re u|p € 0(A)} = —w. Thus, there is My such that

(I — A) "', =

[T2(t)]] < Moe™! (3.15)

Since M~ is finite dimensional, it is a closed subspace of H, and so H = M & My,
where @ expresses orthogonal sum in Hilbert space . Now, we define T'(¢) Lof Ty (t) ®Ta(t)
(obviously, T4 (t)T(t) = To(t)T1(t) = 0). We shall next prove an interesting result that T'(t)
is exactly a Cy-semigroup on H generated by A. The semigroup properties of T'(t) can be
easily presented as follows:

(i) T(0) =T1(0) ® T2(0) = Iy ® Iom,, = Iy

(if) T(t+s) =Ti(t+s) ©Ta(t+s) = [T1(H)Ta(s) ® [Ta(t)Ta(s)]

=[N(t) @ To(D][T1(s) @ Ta(s)] = T(H)T(s)  (t,s=0)

(iii) For every z € H, © = xp+ ® zk, where xp- € M-, x € My,

lim T(He = lim [T1(t) ® To(t)) (xx-
Jim T(t)z Jim [T3(8) @ To ()] (2 @ )

= tlilgl+ T(t)x tlirél+ [T1(t) ® To(t)|zs- @ [T (t) @ To(t)]zk

= lim [Ty (O)ae- @ To(t)ar]

t—0t

= (lim T1(t)ap-) @ (lim Tp(t)zr)
frd Q’jk* @ :L‘k

= z
(iv) For any « € D(A), we have & = xp« @ xp, T+ € Mp« and z, € My, and

Az = Az @ m1) = Azpe @ Ay

t—0+ t t—0+ t
Tx —x

= lim
t—0+ t
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Thus, T'(t) defined by the orthogonal sum of T3 (t) and T(t) is exactly Cy-Semigroup on H
generated by A. Taking M = maz{M;, Mz} from (3.10) and (3.11), leads to the following

result

IT@)] < Me™" (£ >0)

The Theorem 3.2 is established now. W//

We have now seen from the discussion above that the robot system (3.1) satisfies all
conditions for the system (2.1), and hence we can apply the optimal control theorem 2.1 to
the the robot system (3.1) and obtain a result as be stated as follows:

Theorem 3.3 An optimal energy control to the robot system (3.1) defined by means of the

() exists uniquely.

4 Conclusion

In this paper, we have investigated a kind of optimal energy control for infinite dimensional
dynamic system. We proposed and proved the significant and important results that the
minimum energy control of infinite dimensional space exists uniquely in terms of semigroup
approach of linear operators and geometric method of Banach space. As a byproduct, we
find that the minimum energy control element can be obtained by finding a weak limit
of the admissible control set. In the last part of the paper, we studied a Euler-Bernoulli
robot beam system by means of spectral analysis and semigroup theory, and showed that
the optimal control theorem and procedure proposed in this paper are viable to the robot

system.
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