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1. INTRODUCTION
The concept of accretive operator dates back to the study by
Browder in 1967, during an investigation into non-expansive
and accretive operators in Banach spaces (Sari 2015) [1].
After that, many authors flooded the field with a lot of
findings. For instance, Barbu (1976)[2], presented the basic
meaning of accretive operators and their uses in handling
problems involving nonlinear semi-group and differential
equations in Banach spaces. Also, Barbu [19], provded the
basic results of the theory of nonlinear operators of monotone
type as well as their equivalent dynamics generated in Banach
spaces. It can be recalled that the nonlinear maximal
monotone operators coincide with the m-accretive operative
operators.

Garcia-Falset and Reich (2006)[3], investigated the
necessary and sufficient condition for an accretive operator
and its asymptotic behavior. The properties of accretive
operators were studied by Sari (2015)[1] Jung (2016)[5]
presented some results of his findings on zeros of accretive
mappings, to mention but a few.

Studies have also been carried out on accretive operators
in association with the second-order difference equation of
accretive type in Banach spaces. Among many other authors,

Apreutesei(2003)[6] and Rouhani et al.(2019)[7],
investigated the homogeneous part of the equation. Findings
on the non-homogeneous aspect of the second-order
difference equation of accretive type in Banach spaces have
been done by Jamshinedhad and Saeidi(2018)[10], Rouhani
et al. (2019)[7], as well as Apreutesei and Apreutesei(2012),
Rouhani and Khatibzadeh(2011)[8]; and host of others.

In making more explorations in the field of accretive
operators, some authors have carried out their studies in 2-
dimensional normed spaces known as the 2-normed spaces
(2-Banach spaces)[15]. The concept of 2-Banach spaces was
introduced by S. Gahler in 1963[12]. In this regard Kir [11]
studied accretive operators arising from 2-Banach spaces, and
their links with the classes of non-expansive mappings.
Harikrishnan and Ravindran [12], investigated some
properties of resolvents of accretive operators in linear 2-
normed spaces and gave attention to contractive mappings
and the unique fixed points of contraction mappings in linear
2-normed spaces.

Our focus is on the non-homogeneous second order
difference equation of accretive type adopted from Rouhani
et al. (2019)[7]. This is an equation of the form:

{umﬂ -1+ 0 )up+ 06Uy, 1 €Ecrluy +fr, 1<mMEN 1.1
Uy =7, sup{ll up, Ihm =0} < o0 '
Where A is a nonlinear m-operative operator in real 2-Banach spaces (B, |.,.I), ¢, > 0, 6,, > 0. We explore the

existence and uniqueness of (1.1) in 2-Banach spaces using 2-Banach fixed point principle, otherwise known as 2-norm

contraction mapping, to obtain a fixed point of the mapping.
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2. PRELIMINARIES

In this section, we look at the basic terms which are relevant to our findings on the existence and uniqueness of the non-
homogeneous second-order difference of accretive type (1.1).

Definition (2.1): Linear 2-normed space [14]

By linear 2-normed space, we refer to a pair (B, II., . l) such that B is at least a two-dimensional real linear space and a
function |I.,. Il B X B — R having the following properties:

Q) Il w,v Il = 0 if and only if w and v are linearly dependent;

(i) Il w,v =l v,u ll forall u,v € B;

(iii) lw,v+yIlI<lwvi+lwylforu v,y € B(triangle inequality);

(iv) lawvi=|a|lwvl, a € Rand u,v € B.

Definition(2.2) Convergent sequence in 2-normed space [13]

A sequence {un} in a 2-normed space (B, Il.,. I is said to be a convergence sequence if there isa u € B such that
lim || w, — u,y lI=0,forall y € B.
m-—oo

Definition (2.3) Cauchy sequence in a 2-normed space [13]

A sequence {u,,} ina 2-normed space (B, II., .l is said to be if
lim |l u, —u,,yll= 0,forall y€B.
mmn—oo

If every Cauchy sequence in B converges to some u € B, then B is said to be compete with respect to the 2-norm. Any
complete 2-normed space is called a 2-Banach space.

Definition (2.4) Accretive operator[11]

Let (B, .,.1l) be a 2-normed space. If A is a non-linear operator mapping a subset of B. An operator A: D(A) € B — B) is said to
be accretive if foreveryy e D(A) isllu — v,y Il (u —v) + a(Au — Av),y |l for all u,v € A(D) and a > 0.

An operator A: D(A) c B — B is said to be m-accretive if R(I + a4) = B, forall a« > 0.

Definition (2.5 )Uniformly convex 2-normed space (B, II.,. 1) [16]

A 2-normed space (B, II., . II) if for every € € (0,2) and y # 0 € B, there exists @ < 0 such that || u — v,y < 2a1-a).
Remark (2.6)
For a linear 2-normed space (B, II., . II) we keep in mind the following: (1) The space B is strictly convex, (2) For every non-zero

element u, the associated normed space is strictly convex in the usual sense, (3) The mapping (A: B — B) is non-expansive and
the set of fixed points of B is a convex set; and (4)The dual of B, that is, B* is also convex[17, 18].

In this study, we refer to linear 2-Banach spaces as 2-normed spaces and vice-versa as done by some authors
one of which is [15].

3. RESULTS
3.1 Contraction mapping in (B, |l.,.1) [9]
Let (B, Il.,. ) be a linear 2-normed space, then the mapping T: B — B is said to be a contraction mapping if there exists

some k € (0,1) suchthat || Tu — Tv,y I< |kl l wu—wv,y I, forall u,v,y € B.

Theorem (3.1)
Let (B, Il.,.II) be a uniformly convex linear 2-normed space, and let A : B — B be accretive such that A=1(0) = @. Then (1.1) has
a unique solution.
Proof: We first show that (1.1) has a contraction mapping T. Let the mapping T: B — B, where B is a 2-Banach space. We define
(1.1) by
T(um) = Umer — (140U + Opum—1 — Culum — - (3.1)

We know from [7] that the sequences 6,,, c,, and f,, are bounded. We need to show that for any u, v € B, there exists a

constant k with 0 < k < 1 such that

I Tu—Tv,ylI<kllu—v,ylforall u,v,y €B (3.2)
From algebraic processes and properties of 2-norm, we show that the operator T is a contraction mapping with
k =max{|1],16], |c[} (3.3)

Considering the difference between T (u,,) and T (v,;,), from (3.1) we have
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T(um) - T(vm) = (um+1 - vm+1) - (1 + Hm)(um - Un) + em(um—l - vm—l) + CmA(um - vm) + (fm
= fm) B4
Simplifying (3.4), we have
T(um) = TWn) = (Uims1 = Vme1) = (1 + ) (Ui — V) + 03 (U1 — V1)
+ AUy — V) (3.5)
Taking the norm of both sides of (3.5) and applying 2-norm principle, we have || T(u,,) = T(v), Y 1= 1l s — Vg, ¥ I +1I
(1 + Gm)(um - vn)'y I+l Gm(um—l - vm—l)'y I+l CmA(um - vm)'y I, forallu,v,y €
B 3.6)
Thus, let u,, = {um,um_1 } YV = {Vim, Vm_1 - } fOr all u, v € B. Applying the triangular inequality on (3.6), we have
NTW) — T,y l<lup =V, Yy Il + 11+ 0] | uy — vy, y | + 0] I gy — U, v | + Al Il tyy — U, v I, for all w, v,y
€B 3.7
Applying the sub-additivity of (3.7) we have | Tu —Tv,y I< [14+68]|llu—v, y I+ 0|l lu—v,yll +]c| lu—wv,yl, for
allu,v,y €B (3.8)

Choosing k such that 0 < k < 1 to ensure our contradiction property, we consider the following conditions
6] + lc| + k < |1]
k<|1]+ 18] + |c| 3.9)
k = max{|1], 6], [c[}
From (3.8) and (3.9) we conclude that | Tu — Tv,y IS k | u — v,y |l for all u, v,y € B which shows that T is a
contraction mapping. Assuming that T = A(A being the accretive operator in (1.1), then me have || Au — Av,y IS k ||

u—v,yllforallu,v,y €B (3.10)
Definition (3.2): Sequentially continuous 2-normed space[12]

Let (B, Il.,. 1) be a linear 2-normed space and A: B — B a contraction mapping. Then A is said to be sequentially continuous if
there exists a constant k € (0,1) such that forall u,v,y € B, Il Au,, —Au,y ISkl u,, —u,y |l— 0as m — oo = Au,, —
Au 3.11)

Then , is sequentially continuous.
Lemma (3.2)
Let (B, Il.,.1) be a linear uniformly and strictly convex 2-Banach space. Let the mapping A: B — B be a contraction in (1.1), then

(1.1) has a unique solution in B.
Proof: We recall that A is a contraction in (1.1). Hence, there exists some constant k € (0,1) such that for all u,v,y € B, k € R,
I Au — Av,y IS k Il u—v,y Il, we have
| A3u— A3,y =1l A%2(Au) — A2(Av),y ISkl Au— Av,y IS k3 lu—wv,y |l forall y € B.
In the same vein, | A™u — A™v,y IS k™ lu—wv,y |l for all y € B. Letting u, € B, we construct a sequence on u,. Let
U = Aug, Uy = Aug, Uz = Ay, Uy = Als, ..., Uy = Ally,_q, then uy, = Aug, u, = A%ug, uz = A3u,, ..., u,, = A™u,.
We first prove that {u,,} is Cauchy in B. Let g,m > 0 with g > m. Taking g = m +w, thenforany y € B, Il u,,, —ug, v |l
=l Uy — Upgws YV I
=1 (Um = Ums1) T Wingr = Uma2) + Uiz = o+ Umgw—1 = Umaw ), Y |l
Shum — U, Y 1 Fl Uy = U2 Y Il U1 — U Y I
S” Amuo _ Amul'y ” +” Am+1u0 _ Am+1u1'y " + .- +" Am+w—1u0 _ Am+w—1u1’y ”
<E™lug—u,y Il +k™ lug —u, y L+ + K™Y lug—ug,y |l
<k™lug—u,y I (L+k+k*+k3+)

km
= (7=5) 1o~y
. k™

That is, Il Uy, — uy, ¥ I (E) Il ug —uy,y Il forall y € B.

We know that every linear 2-Banach space is bounded. Hence, B is bounded . Thus, there exists an M > 0 such that || u, —
u,,y I< M for all y € B. It follows that Il u,,, —ug, ¥y II< (k%':) forall y € B. This implies that || u,, — ug,y l— 0 asm — oo.
That is to say, since k € (0,1) implies that {u,,} is Cauchy in B, {u,,} — u € B.
3.1.1 The fixed point of the accretive operator A

We have to show that A has a fixed point u € B. From Definition 3.3, we recall that A4 is sequentially continuous, meaning that
Au = limAu,, = limAu,,,; = uasm — oo. Thus, A has a fixed point u € B
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3.1.2 Uniqueness of the fixed point
To prove the uniqueness, we assume that for all w,v,y € Band k € (1,0), l Au —Av,y ISk lu—v,y I= k < 1, which is a
contradicts k € (0,1). It follows that for every y € B, || Au — Av,y Il= 0 which implies that || Au — Av, y ll= 0 which implies that
Au = Av, meaning that u = v. Hence, the fixed point of A is unique, meaning tha the solution exists and is unique.

CONCLUSION

Solution to the non-homogeneous second order difference
equation of accretive type (1.1) exists in 2-Banach spaces, and
the solution is unique.
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