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The reverse elliptic Sombor index is a recently introduced topological index. In this paper, we
put forward the elliptic Revan index and its corresponding exponential of a graph and compute

exact formulas for some families of networks such as silicate networks, rhombus silicate
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networks, oxide networks, rhombus oxide networks, hexagonal networks and honeycomb
networks. Also we establish some properties of elliptic Revan index.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a finite, simple connected
graph. The degree dy is the number of vertices adjacent to u.
Let A(G) (8(G)) denote the maximum (minimum) degree
among the vertices of G. The Revan vertex degree of a
vertex u in G is defined as ry = A(G) +3(G)- dy. The Revan
edge connecting the Revan vertices u and v will be denoted
by uv. We refer [1] for undefined term and notation.

A molecular graph is a graph whose vertices correspond to
the atoms and the edges to the bonds. Chemical graph theory
has an important effect on the development of the Chemical
Sciences. A single number that can be used to characterize
some property of the graph of molecular is called a
topological index. Numerous topological indices have been
considered in Theoretical Chemistry see [2, 3].

The reverse elliptic Sombor index [4] of a graph G is
defined as
ESO(G)= > (d, +d,)d’ +d’.
uveE(G)
Recently, some Sombor indices were studied in [5-21].

The elliptic Revan index of a graph G is defined as

ER(G)= > (r, +1,)yr2+rl.

uveE(G)
Recently, some elliptic indices were studied in [22-25].

We define the elliptic Revan exponential of a graph G as

ER(G,x)= Y x®hew,

weE(G)

We mention below some topological indices which are
needed in this paper.

The second Revan Zagreb index [26] is defined as
RM,(G)= > rr,.
uweE(G)
The first and second Revan hyper Zagreb indices [27] are
defined as

HRM, (G)= > (r, +r,)’,

uveE(G)
HRM, (G)= > (rr,)"
uveE(G)
The F-Revan index [28] is defined as
FR(G)= > (rZ+r?)
uveE(G)
We put forward the alpha Revan Gourava index of a graph
G and it is defined as
aRGO(G)= > (rZ +r2)rr,.
uweE(G)
In this paper, we determine the elliptic Revan index and its
corresponding exponential of some important networks.
Also we establish some mathematical properties of elliptic
Revan index.

I1. MATHEMATICAL PROPERTIES
Proposionl. Let P be a path with »>3 vertices. Then

ER(P) =2/2n +6+5.— 6+/2.

Proof: Let P be a path with n(13 vertices. We obtain two
partitions of the edge set of P as follows:
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E:={uv e E(P) | dv=1, d,=2}, | E4| =
Es={uv € E(P) |du = dv=2}, | Eo]=n 3.

We have € (P)+ [1(P) =3, r,=3—d..

RE:= {uveE(P) | ru=2,r,= 1}, |RE1| =2
RE; = {uveE(P)|ru=ry =1}, |REj]=n-3.

2, (L +R)E -+

uveE(P)

—22+DV22 +22 + (n=3) 1+ D12 +12
=2J2n+6+/5.— 6+/2.

ER(P)=

Proposion2. Let G be an r-regular graph with n vertices, m
edges and r>2. Then

ER(G)=+/2nr.

Proof: Let G be an r-regular graph with n vertices, r(12 and
nr
m= > edges. Every edge of G is incident with r edges.

Also A=6= d,=r for each vertex u in G. Thus r,=r—r + r=r.
Thus

ER(G)= Z (r+r)NJr? +r?

uveE(G)

=22mr? =2nr3.

Corollary 2.1. Let C, be a cycle with n(J 3 vertices. Then
ER(Cn) = 8V2n.

Corollary 2.2. Let K, be a complete graph with n(J3
vertices. Then

ER(K,)=+2n(n-1).

Theorem 1. Let G be a simple connected graph. Then

ER(G)>—HRM (G)

N

with equality if G is regular.

Proof: By the Jensen inequality, for a concave function f(x),
f ? —aq f(x
ol X5 48 100

with equality for a strict concave function if x; =x; =...=
Xn. Choosing f(x) = Vx , we obtain

2, 2
/ru +1 2(ru'i_rV)
2 2

1

>
! '\/5 ung)

uweE(G)

Thus

ER(G)>—HRM (G)

N

with equality if G is regular.

Corollary 1.1. Let G be a simple connected graph. Then
1
ER(G)>—=(FR(G) + 2RM, (G)
5 .(©))

with equality if G is regular.

Proof: We have
1

ro+r)Jr2+r >— r+r)
Z (LI V) u v \/Euvge)(u V)

ueE(G)

> 1 > (k2417 +2rr)
2 veE

Tu (G)
:%(FR(G)+2RM2(G)).

Theorem 2. Let G be a simple connected graph. Then
ER(G)

<2(HRM, (G) - JaRGO(G) + 2HRM, (G) ).

Proof: It is known that for 1<x <Yy,

f(xy)= (x+ y- Jxy)-
f(xy)= (x+ y- Jxy)-

is decreasing for each y. Thus f (X, y)3 f(y,y)=0.
Hence

x+y

X+ y- Jxy?

2 2
or JX J;y £X+ y- \/W

Putx=r, and y=r,, we get

2, 2
r, +r,
2

<(r, +1,) =4,

u v

1
E(rLI +1,) 2+ 12 <(r, +rv)2 —(r, +1,)Jrr,

which implies

s = 3 ()
(r, +0) i +r2 >=(r, +r,)". V2 uiéeto
2
Hence
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< > (ru+rv)2—\/ > (r+r,) L,

uveE(G) uweE(G)

ueE(G) ueE(G)
Thus

iER(G)

V2

<HRM, (G) —[aRGO(G) + 2HRM, (G).

<> (ru+rv)2—\/ > ((ru+rv)2 rurv+2ru2rf)

Theorem 3. Let G be a simple connected graph. Then
ER(G) <HRM, (G).
Proof: It is known that for 1<x <y,

X+ yP<x+y
(X+y)X* +y* <(x+ y)2

Setting x=r, and y=r,, we get

(r, +1,) 2 +r2 <(r, +1,)".

u

Thus
Do) ri+ri< D (n+ rv)z.
uveE(G) uveE(G)

Hence
ER(G) < HRM, (G).

Theorem 4. Let G be a simple connected graph with n
vertices. Then

ER(G) <,/HRM, (G)FR(G).

Proof: By the Cauchy-Schwarz inequality,

R

with equality holds if and only if & = gb,,i=1, 2,...,n, for
some real number ¢ .
Using this to RES, we obtain
2 o [ C
(ER(G)) = g;a (ru + rV) ru2 + rV2 £
vi E@G)

£€83 (r+rYY 3 (r2+1r2
gua (u v) a u v
O\

vi EG) vi E(G)

QH- IO,

=HRM, (G)FR(G)
gives the desired result.

I11. RESULTS FOR SILICATE NETWORKS

Silicates are obtained by fusing metal oxides or
metal carbonates with sand. A silicate network in
symbolized by SL, where n is the number of hexagons
between the center and boundary of SL.. A 2-dimensional
siliciate network is shown in Figure-1.

Figure 1. A 2-dimensional silicate network

Let G be the graph of silicate network SL, with 15n%+3n
vertices and 36n? edges. From Figure 1, it is easy to see that
the vertices of SL, are either of degree 3 or 6. In SL;, by
algebraic method, there are three types of edges based on the
degree of the vertices of each edge as follows:

Ei= {uveE(G) | dy = dy = 3}, [E4| = 6n.
Ez= {uveE(G)| du= 3, dy = 6}, |E2| = 18n2+6n.
Es= {uveE(G)|dy = dy =6}, [Es| = 18n? — 12n.

Thus there are three types of Revan edges as
follows:

We have A (G) +6 (G) =9, ry, =9 —d..

RE;= {uveE(G) | ry = r, = 6}, |RE4| = 6n.
RE; = {uveE(G)| ry = 6, r, = 3}, |RE2| = 18n2+6n.
RE; = {uveE(G)| ry = ry = 3}, |RE3| = 18n?— 12n.

Theorem 5. The elliptic Revan index of a silicate network
SL, is given by
ER(G)

= (3242 + 486/5)n* + (21642 + 1624/5)n.

Proof: We have

ER(G)= 3 (1, +1) 2 +r?

ueE(G)

—6n[(6+6)6% +6° |

+(18n? +6n)[(6+3) W]

+(18n2 —12n)[(3+3)VF + 3 |

=(32442 +486+/5) n? +(216v2 +1624/5)n.

Theorem 6. The elliptic Revan exponential of a silicate
network SL, is given by

ER(G, x)= 6nx">? + (18n? +6n )x7®

+(18n% - 12n)x2,
Proof: We have
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ERG,x)= § x& e
wi E@G)

— 6nx(e+e)«/62+62 T (18n2 T 6n) X(6+3)~/62+32

4 (18n2 _12n) X(3+3)\l32 +3?
= 6nx">2 1 (18n2+6n ) x7®

+(18n% —12n) x*2.

IV. RESULTS FOR RHOMBUS SILICATE
NETWORKS

We consider a family of rhombus silicate networks.

A rhombus silicate network is symbolized by RHSL, A 3-

dimensional rhombus silicate network is depicted in Figure

Figure 2. 3-dimensional rhombus silicate network

Let G be the graph of rhombus silicate network RHSL, with
5n%+2n vertices and 12n? edges. From Figure 2, it is easy to
see that the vertices of RHSL, are either of degree 3 or 6. In
RHSL,, there are three types of edges as follows:

Es= {uveE(G) | dv = dy = 3}, |Ee] = 4n+2.
Es= {uveE(G)| dy = 3, dv = 6 }, |E2| = 6n2+4n—4.
Es = {uveE(G)|du = dy =6}, |Es| = 6n2 — 8n+2.

We have A(G) +8(G) =9, r, =9 —d..

Thus there are three types of Revan edges based on
the degree of end Revan vertices of each Revan edge as
follows:

RE1= {uveE(G) | ru =1y = 6}, |REa| = 4n+2.
REz={uveE(G)| r. =6, r, =3}, |RE| = 6n*+4n-4.
RE; = {uveE(G)|ru=ry =3}, |RE3| = 6n? — 8n+2.

Theorem 7. The elliptic Revan index of a rhombus silicate
network RHSL,, is given by

ER(G)= (10842 + 162:/5)n? + (1442 + 108/5)n
+180+/2 —108+/5.

Proof: We have

ER(G)= 3 (1, +1,)JrZ+r2

uveE(G)

—(4n+2)[(6+6)V6? +6% |

+(6n% +4n —4)[(6+3)\/m]
+(6n28n+2)[(3+3)\/m]

=(108v2 +1624/5) n® +(1444/2 +1085) n
+180+/2 —108/5.

Theorem 8. The elliptic Revan exponential of a rhombus
silicate network RHSL, is given by

ER(G,X)= (dn+ 2)x>? + (6n? + 4n- 4)x¥¥5

+(6n? - 8n+ 2)x*7,
Proof: We have
ER(G,x)= § X(ru+rv)4r5+rf
wi E@G)

= (4n+2) X©NEE | (g2 4 4n—4) X6

+(6n2 —8n +2) X(3+3)\/32+32
=(4n+2)x?2 4 (6n? +4n—4) x7E
+(6n? —8n+2) x4

V. RESULTS FOR OXIDE NETWORKS

An oxide network of n is symbolized by OX.
These networks are of vital importance in the study of
silicate networks. An oxide network of dimension five is
shown in Figure 3.

Figure 3. 5-dimensional oxide network

Let G be the graph of oxide network OX, with 9n? + 3n
vertices and 18n? edges. From Figure 3, it is easy to see that

the vertices of OX, are either of degree 2 or 4. Thus A(G) =

4, 5(G) = 2. In G, there are two types of edges as follows:
Ei={uveE(G)| dy =2, dv =4}, |E1 =12n.
E>={uveE(G)| dy = d, = 4}, |E2| =18n% — 12n.

We have r, = A(G) + 8(G) — dy = 6 — d..

RE: = {uveE(G) | ru =4, r, =2}, |RE1| = 12n.
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RE, = {uveE(G) | ry = ry = 2}, |RE2| = 18n2 — 12n.

Theorem 9. The elliptic Revan index of an oxide network
OXn is given by

ER(G)= 144/2n? + (1445 - 96y/2)n.
Proof: We have

ER(G)= D (r, +1,)rZ+r’

uveE(G)

—12n[(4+2)VH 127 |
+(18n% —12n)[(2+ 2) 2% + 22 |
—144/2n2 + (1445 —96y2)n.

Theorem 10. The elliptic Revan exponential of an oxide
network OX is given by
ER(G, x)= 12nx*" + (18n? - 12n)x"?.
Proof: We have
ER(G,x)= é X("u”v)«/ff”vz
wi E@G)

_ :|_2|,D((4+2)«]42+22 + (18n2 —12n) X(2+2)«/22+22

—12nx'2% 1 (18n2 —12n) X372,

VI. RESULTS FOR RHOMBUS OXIDE NETWORKS

We consider a family of rhombus oxide networks.
A rhombus oxide network of dimension n is symbolized by
RHOX,. A 3- dimensional rhombus oxide network is
depicted in Figure 4.

Figure 4. 3-dimensional rhombus oxide network

Let G be the graph of rhombus oxide network RHOX, with
3n% + 2n vertices and 6n? edges. From Figure 4, it is easy to
see that the vertices of RHOX, are either of degree 2 or 4.

Thus A(G) = 4, 8(G) = 2. In G, there are three types of edges
as follows:

Er={uweE(G)| dy=dy =2}, [Ea = 2.
E»={uveE(G)| du =2, dy =4}, [Eo| =8n — 4.
Es={uveE(G)| dy = dy = 4}, |E2| =6n% — 8n+2.

We have r, = A(G) + 8(G) — dy, =6 — du.

RE; = {uveE(G) | ry =, =4}, |REq| = 2.
RE, = {uveE(G) | ru=4, r, = 2}, |RE2| =8n — 4.
RE2 = {uveE(G) | ru = rv = 2}, |RE2| =6n° — 8n+2.

Theorem 11. The elliptic Revan index of a rhombus oxide
network RHOX, is given by

ER(G) = 48/2n% +(96+/5 — 644/2)n
+80+/2 — 48./5.

Proof: We have

ER(G)= D (r, +r)yrZ+r}

ueE(G)

=2l (a+ o+ 4]
+(8n-4)[(4+2) V& + 22 |

+(6n? —8n+2)[(2+2)22 + 22

= 48421 +(96+/5 —644/2) n+80+/2 — 48./5.

Theorem 12. The elliptic Revan exponential of a rhombus
oxide network RHOX, is given by

ER(G,X)= 2x*2 + (8n- 4)x*"®

+(6n?- 8n+ 2)x*2,
Proof: We have
ER (G, X) — é X(ru+ r\,)\/ruz+ r2
wi E@G)

_ 2X(4+4)«/4Z+42 T (8n _ 4) X(4+2)J42+22

+ (6n2 —8n+ 2) X(2+2)\/22+22
= 2x%2%2 4 (8n—4) x2% 1 (6n2 —8n+2) x32.

VIIl. RESULTS FOR HEXAGONAL NETWORKS
Hexagonal network is symbolized by HX, where n

is the number of vertices in each side of hexagon. A

hexagonal network of dimension six is shown in Figure 5.

Figure 5. 6-dimensional hexagonal network

Let H be te graph of hexagonal network HX, with 3n2— 3n
+ 1 vertices and 9n? — 15n + 6 edges. From Figure 5, it is
easy to see that the vertices of HX, are either of degree 3, 4
or 6. Thus A (H) = 6, 6(H) = 3. In H, by algebraic method,
there are five types of edges as follows:

E;={uveE(H)|d, =3, dy =4}, |E4| = 12.
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E,={uveE(H)| d, =3, d, =6}, |Es| = 6.
Es={uveE(H)| du = d, = 4}, |Es| = 6n — 18.

Es= {uveE(H)| dy =4, d, = 6}, |E4| = 12n — 24.
Es= {uveE(H)| du = d, = 6}, |Es| = 9n? — 33n + 30

We have ry= A H) + 8(H) —dy =9 — du.

RE; = {uveE(H) | ry = 6, ry = 5}, |REes| = 12.
REz = {uveE(H) | ry = 6, ry = 3}, |REs3| = 6.

RE3 = {uveE(H) | ry = ry = 5}, |REss| = 6n — 18.

RE; = {uveE(H) | r, =5, r,= 3}, |REss| = 12n — 24,
REs = {uveE(H) | ry = ry = 3},|REss| = 9n? — 33n + 30

Theorem 13. The elliptic Revan index of a hexagonal
network HX, is given by

ER(H)=162v/2n% + (9634 - 2942)n + 120./61
+162+/5 —360~/2 —1924/34.

Proof: We have

ER(H)= D> (r, +r,)r2+r?

uveE(H)

~12[(6+5)/6? +5 ]

+6((6+3)\/67 +37 |

+(6n—18)[(5+5)\/m:|

+(12n—24)[(5+3)V57 3

+(9n? —33n+30)[(3+3)VF + 3 |
=1622n2 +(96+/34 — 2944/2) n +1204/61
+162+/5 —360+/2 —1924/34.

Theorem 14. The elliptic Revan exponential of a hexagonal
network HX, is given by

ER(H, X)= 12X + 6x?¥® 4+ (6n- 18)x™?
+(12n—24) x*¥3 1(9n? —33n+30) X',
Proof: We have
ER(H,x)= § x& e
uwi E(H)

_ 12X(6+5)«/62+52 + 6X(e+3>m
+ (6n _18) X(5+5)'\/52 452 +(12n . 24) X(5+3) 52,32

+(9n? —33n+30) X3+
—12x9% | 6x25 4 (Bn—18) X2
+(12n—24) x*® 1 (9n? —33n+30) X8V

VIIl. RESULTS FOR HONEYCOMB NETWORK
Honeycomb networks are very useful in Chemistry
and Computer Graphics. A honeycomb network of

dimension n is symbolized by HC, A honeycomb network
of dimension four is shown in Figure 6.

Figure 6. 4-dimensional honeycomb network

Let H be the graph of honeycomb network HC, with 6n?
vertices and 9n? — 3n edges. From Figure 6, it is easy to see
that the vertices of HX, are either of degree 2 or 3. Thus

A(H) =3, 0 (H) = 2. In H, there are three types of edges as
follows:
Ei={uveE(H)| dy = dv =2}, |E4| = 6.
E>={uveE(H)|du =2, dv = 3}, |[E2| = 12n — 12.
Es={uveE(H)| du = dy = 3}, |Es| =9n? — 15n+ 6.
We have r, = A(H) + 8(H) — dy, =5 — d..
RE; = {uveE(H) | ru=ry= 3}, |RE4| = 6.
RE; = {uveE(H) | ry =3, =2}, |REy| = 12n - 12.
REs = {uveE(H) | r,=r, =2}, |REs| = 9n? - 15n + 6.

Theorem 15. The elliptic Revan index of a honeycomb
network HC, is given by

ER(H)
—722n% +(60y13-1204/2) n + 1562 — 60V/13.

Proof: We have

ER(H)= 3 (1, +1,)Jr2+1?

uveE(H)

—6[(3+3)V/32 +3 |
+(12n-12)[(3+2)VF + 22 |

+(9n? ~15n+6)[(2+2)2* + 22 ]

= 72/2n% + (60413 -12072) n +1564/2 — 604/13.

Theorem 16. The elliptic Revan exponential of a
honeycomb network HC, is given by

ER(H,x)= 6x32 + (12n- 12)x*>B
+(9n2 —15n+6) X372,
Proof: We have
ER(H,x)= § x& o
ui E(H)

_ 6X(3+3)\/32+32 +(12n-12) X(3+2)\132 +2?

+(9n2 —15n+ 6) X(2+2)«/22+22
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—6x82 4 (12n—12) x>
+(9n% —15n+6) x®2,

Mathematics Trends and Technology, 68(4) (2022)
1-6.

16. V.R.Kulli, Delta F, modified delta Sombor and

delta sigma indices of certain nanotubes and

VI. CONCLUSION networks, International Journal of Mathematics and

In this study, we have determined the elliptic Computer Research, 11(10) (2023) 3813-3820.

Revan index and its corresponding exponential of some 17. V.R.Kulli, F-Sombor and modified Sombor indices

networks which are appeared in chemical science. of certain nanotubes, Annals of Pure and Applied
Mathematics, 27(1) (2023) 13-17.
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