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Multiset as a genelization of the classical set has triggered the definition and introduction of
some algebraic structures in classical set theory under multiset context such as multiset

topological spaces. In this paper we defined a root (support) set of a multiset topological space
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and established that multiset topological spaces are a generalizations classical topological
spaces Via their root sets respectively.
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1.0 INTRODUCTION

The notion of multiset (mset, for short) is well established
both in mathematics and in computer science. In
mathematics, a mset is considered to be the generalization of
a set. In classical set theory, a set is a well-defined collection
of distinct objects. If repeated occurrences of any object are
allowed in a set, then a mathematical structure, that is known
as mset is obtained.

Research on the theory of msets has been gaining ground. The
research carried out so far shows a strong analogy in the
behaviour of classical sets and msets. It is possible to extend
some of the main notion and results of sets to the setting of
msets ([11] [12], [13], [14], [15], etc).

Girish and John [2], introduced the concept of topological
spaces in the context of msets (called an M-topological
space).

Mahanta and Das [16], studied the Semi Compactness in mset
Topological space, by considering their properties. They
introduced the concepts of semi open and semi closed msets
in mset topological spaces.

Mahanta and Das [17], also introduced the concepts of
exterior and boundary in mset topological space. They further
established a few relationships between the concepts of
boundary, closure, exterior and interior of a mset.

Sobhy. A. EI-Sheikh et al [7] introduced the notion of
Hausdorff topological space (T2 space) in mset context.
Some related results were also studied. The notion of mset
bitopological spaces also introduced and studied ([7]). The
concepts of ij-pre-open msets, ij-a-open msets, ij-semi-open
msets, and ij--open msets were further presented.

In this paper, we introduced the concept of Hausdorff
bitopological space, root (support) set of mset topological
space and established that a mset topological space and its
submset space are generalizations of a classical topological
space and its subspace via root set respectively. Thus, we
presented some basic definitions, notations and some related
results in section two, while in section three, we defined the
submset space and root set of a mset topological space,
Hausdorff mset topological space, mset bitopological space
and Hausdorff mset bitopological space respectively and
established that these submset spaces of mset topological
spaces are generalizations of subspace of the classical
topological spaces via root set. In section four, we present the
summarized version of our findings.

2.0 BASIC DEFINITIONS AND NOTATIONS
Definition 2.1[1] (mset): A mset A drawn from the set X is
represented by a count function m, or C, defined as
C,: X — N, where N is the set of non-negative integers.
Here C,(x) is the number of occurrences of the element x in
the mset A. The number C,(x) is assumed unique from
known areas of application.

We present the mset A drawn from the se X =
{x(, x5, %3, .., X, } AS

A={my/x;,my/x;, m3/x5,...,m,/x,} Where m; is the
number of occurrences of the

Element x;, i = 1,2,3, ..., n in the mset A.
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One of the most natural and simplest examples is the mset of
prime factors of a positive integer n. The number 504 has the
factorization.

504 = 23327 which gives the mset:

X =1222337=1{3/2,2/3,1/7}

where Cy(2) =3,Cx(3) =2,Cx(7) = 1.

However, those elements which are not included in the mset
A have zero count. C,(x) =0 x ¢ A and Cy(x) >0 &
x€A

Definition 2.2. Let A be a mset drawn from the set X. The
root (support) set of A denoted A* is defined:

A*={x e X:C,(x) > 0}.

Note that x € A* & x € A for all x.

Definition 2.3[1] (Cardinality of an mset): The cardinality
of an mset A denoted |A| is the sum of the multiplicities of all
the elementsin A. i.e |[A] = Y, ex C4(x)

Definition 2.4[10] (Finite mset): A mset A is said to be finite
if it has a finite number of distinct elements, and each element
has a finite number of occurrences. i.e |A| < o

Definition 2.5[1] A domain X, is defined as a set of elements
from which msets are drawn. We denote the mset space
IM(X) as the set of all finite msets whose elements are in X.
ie IfX ={xy,x,,...,x,}, then

MX) = {{ml/xl My /Xy, M3 /X3, e, mn/xn}}

xi €X,i=123,..,nand m; < .

Note that M* € I (X) for which,

Cur(x) =n o n=1([3)).

Definition 2.6[1] (mset relations).

LetM,N € M(X). Then

i. (Equality) M = N if C);(x) = Cy(x) Vx € X.
ii. (submset) M €« N

if Cy(x) < Cy(x)Vx €X

Definition 2.7[10] (mset operations):

i. (msetunion) P=MUWN

if Co(x) = Max{C,(x),Cy(x)}Vx € X.
ii. (msetintersection) P = M A N if
Cp(x) = Min{Cp;(x),Cy(x)}Vx € X

iii. (mset addition) P = M@®N if
Cp(x) = Cy(x) + Cy(x)Vx € X

iv. (mset Difference) P =M © N if
Cp(x) = Max{Cy(x) — Cy(x),0} Vx € X.
v. (mset arithmetic multiplication) P = MON iff

Cp(x) = Cy(x).Cy(x) Vx € X.

vi.  (mset raising to arithmetic power)

P = M™iff Cp(x) = Cpn(x) = (Cu(x))".

vii.  (mset scalar multiplication) P = kM  iff Cp(x) =
kCy(x) all x € X and

ke{12,..}.

Definition 2.8[1] (empty mset): Let M € M(X). If C,(x) =
0 Vx € X. Then, M is called empty mset and is denoted by ¢.
i.e, Cp(x) =0Vx EX.

Definition 2.9[2] (whole submset): Let M,N € M(X). A
submset N of M is a whole submset if
Cy(x) =Cy(x) Vx € X.

Definition 2.10[2] (partial whole submset):
Let M,N € M(X). A submset N of M is a partial whole
submset if there exists x € X such that Cy (x) < Cp,(x).

Definition 2.11[2] (full submset):
Let M,N € M(X). A submset N of M is a full submset of M
if M\* = N*

Definition2.12[3] (power whole mset):

Let M € M(X). The power whole mset of M denoted by
PW (M) is defined as the set of all whole submsets of M. The
cardinality of PW (M) is 2™ where n is the cardinality of the
support set (root set) of M.

Definition 2.13[2](power full mset): Let M € IM(X) be an
mset. The power full mset of M denoted by PF (M) is defined
as the set of all full submsets of M. The cardinality of PF (M)
is the product of the counts of the elements in M i.e
| PE(M)| = [liex Cu ()

Remark 2.14[2] PW (M) and PF (M) are ordinary sets whose
elements are msets.

Definition 2.15[2] (power mset):

Let M € M(X) be an mset. The power mset P(M) of M is
the mset of all submsets of M.

The power set of an mset is the support set of the power mset
and is denoted by P*(M).

Note that P*(M) # P(M™).

Definition2.16[8] (Topological space): A topological space

is an ordered pair (X,7), where X is a nonempty set, T a

collection of subsets of X satisfying the following:

e ¢p,XET

e Arbitrary union of elements of t is in t . that is
{Uqla € I} implies U, U, € T.

o Finite intersection of elements of T isin . Thatis U,V €
timpliesUNV €.

Note that the elements of 7 satisfying the above conditions

are called open sets.

Definition 2.17[8] (Subspace of a topological space): Let
(X,7) be a topological space, and A <€ X be an arbitrary
subset. Then the ordered pair (4, t,4) such that

T, ={UIU=ANV,V et}

is called subspace of the topological space (X,7)
Definition1.18[6]

(Hausdorff topological space): Let (X, ) be a topological
space, then (X, 7) is said to be Hausdorff topological space if
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for any x,y € X such that x # y, there exist U,V € T with
x € U,y € V such that
unv = ¢.

Definition 2.19 [5] (Bitopological Space):

Let 7, and 7, any two arbitrary topologies defined on a non-
empty set X. Then the ordered triple (X,7,,7,) is called a
bitopological space.

Definition2.20

(subspace of a bitopological space): Let (X,t,,7,) be
bitopological space, and Y <€ X, then the ordered triple
(Y, 4y, T2y) such that

T,y ={U:U=YnNnV,Ver}and

Ty ={W:W=YNZZ€e1,}is

called subspace of bitopological space (X, 74, 1,).

Definition2.21[5]

(Hausdorff bitopological space): A bitopological space
(X, 14, T,) is said to be Hausdorff if for each two points

x,y € X such that x # y, there exists.

7,-neighbourhood U of x and a 7,-neighbourhood V' of y
suchthatU NV = ¢.

Definition2.22[2]

(mset Topological space): Let M € IM(X) and t S P*(M).

Then  is called an mset topology on M if t satisfies the

following properties:

» The mset M and the empty mset ¢ are in 7.

» The mset union of the elements of any members of 7 is in
T.

» The mset intersection of the elements of any finite
subcollection of T isin .

The ordered pair (M, 7) is called a

M-topological space. Each element in 7 is called open mset.

Example2.23: Let X be a nonempty set and M € M(X).
Then (M, 1) isa
M-topological space where t = P*(M)

Example 2.24:

LetM ={3/a,4/b,2/c,1/d} be an mset,
7, ={M, $,{3/a},{2/b},{3/a,2/b}} and
T2 = {M, ¢1 {Z/a}, {Z/C}' {Z/a' Z/C}}

Definition 2.25[4]

(Submulti space of an M-topology space): Let (M, T) be a
M-topological space such that

M € M(X) and N = M. Then the ordered pair (N, Ty) such
that

twy={UeEMX):U=NnV,Vert} is called the
submulti space (submspace, for short) of the M- topological
space (M, 7).

Definition 2.26[7]

(Hausdorff M-topological Space): Let (M, ) be an M-
topological space where M € M(X). If for every two simple
msets

{ki/x1},{k,/x,} € M such that x; # x,, then there exist
G,H € tsuchthat {k,/x,} € G,{k,/x,} c HandG N H =
¢. Then (M, 1) is said to be a Hausdorff M- topological
space.

3.0 DEFINITIONS AND SOME RESULTS

Definition 3.1: The root (support) set of a

M- topological space (M, 1) where M € M(X) denoted by
(M, t)" is defined by:

(M, t)" = (M*,t*) where t* = {B*|B € t}..

Proposition 3.2: The root set of a

M-topological space (M, 7) is a topological space.

Proof:

Let (M, 1) be an M-topological space and let(M,7)* be its
root set. We show that (M, 7)* is a topological space.

By definition,

(M, 7)* = (M*,7*) where t* = {B*|B € 1} then;
e Since (M, 7) is an M-topological space
we have ¢, M € 1.(by definition)

In particular, ¢ = ¢, M™ € T".
¢ Note that for forany B € T, wehaveB€ M andB & M -

B* < M* [3].

Taking any collection of root setsin ©* say {B,},¢;- Then

foreacha €1

Uger Be = (Waer Ba)™ ([9)).
But W,¢; B, € T (by hypothesis)
Thus (Weep Be)* € T°

In particular, Uye; By € T°
o For the finite intersection, supposed

{43, ..., A3} be a finite collection of sets
in7*. Then NI A7 = (A1, 4)" [9]

But A, A; € 7 (by hypothesis).
Thus (N}, 4))* € T°
In particular, N}, 4] € t*
Hence, (M, )" is a topological Space.
Proposition 3.3: The root set of a submspace of a M-
topological space is a subspace of the root set of the M-
topological space.
Proof:

Let (M, 1) be a M-topological space where M € M(X) and
N & M such that (N, Ty) a submspace of the M-topological
space (M, 7).

We show that (N, )" is subspace of (M, 7)*

i.e we show that (N*, t3) is a subspace of (M*, 7*)

note that N € M - N* < M* and ( M*, t*) is a topological
space ([3]) and proposition 3.2 respectively).

Now 7y = {B*|B € Ty} and B = N n V such that V € t (by
definition)

ButB*=(NAV) =N*"nV*([9)])

NotethatV € T — V* € t*(by definition)and N AV € N —
(NAV)* =N*NnV*C N*

Thus, B*=N*nV* €1y and (N*,ty) is a subspace of
(M, t*)(by definition)
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Proposition 3.4: The root set of a Hausdorff M- topological
space is a Hausdorff

topological space.

Proof:
Let (M,t) be a Hausdorff M-topological space, and let
(M, 7)" be it root set. Then we show that (M, )" is Hausdorff
topological space.
Now (M, 1)* = (M~, ") is a topological space

where t* = {B*|B € 1}(by definition) is a topological space

(Proposition3.2).

We show that (M, t)* is Hausdorff topological space.

Let {k,/x} and {k,/y} be two simple msets such that

{ki/x} {ky/y} € Mand x # y.

We have U,V € t such that

{ki/x}c U, {ky/y}cVand UnV =¢.

But {k,/x},{k./y} €M > x,y e M* (1)

uvert-U,V et 2
{ki/x}cU—->xeU ®3)
tka/y}eV->yevr (4)
ButUnv=¢p->UnV) =0"=¢ (5

And UnV)Y =U"nV*([9]) (6)
From (5) & (6) we have

urnv* =9 )

Hence, (M, 7)* is a Hausdorff
topological space. (from (2-7))

Definition 3.5[6] (M-Bitopological Space): A M-
bitopological space is a triple (M, 7;,7,) where M € I (X)
and t,, T, are arbitrary M-topologies on M.

Definition 3.6

(Root set of a M-bitopological space): The root (support)
set of a M-bitopological space (M,t;,t,) denoted by
(M.tq,1,)" is defined by:

(M.74,75)* = (M*, 75, 73), where

11 ={B*|B € 7y} and t5 = {C*|C € 1,}.

Proposition 3.7: The root set of a

M-bitopological space is a bitopological space.

Proof:

Let (M,7,,7,) be an M-bitopological space, and
let(M, t,,t,)* be its root set. We show that (M, ,,7,)" is a
bitopological space.

Now (M, 1,,7,)* = (M*,1,%,7,*) where

7,  ={A*|A e t;}and 1," = {B*|B € 1,}

(by definition).

Since t,,7, are M- topologies on M, then 7,%,7,* are
topologies on M*

(Proposition 3.2)

Hence, (M, t,,7,)* = (M*,7,%,7,%)

is a bitopological Space(definition 2.19).

Definition3.8: Let (M, 74, 7,) be
M-Bitopological Space where M € IM(X)
and N € M. Then (N, 7.y, T2n)

where 7,y = {AlIA=NAU,U € 1.}

and 7,y = {B|B=NNAV,V € 1,} is called a submspace of
the M-Bitopological Space.

Proposition 3.9. The root set of a submspace of a M-
bitopological space is a subspace of the root set of the M-
bitopological space
Proof:
Let (M,t,,7,) be M-Bitopological Space where M €
MX)and N € M.
Then we show that (N, t,y, Tx)" is a subspace of
M, 74, 75)".
But (M, t,,7,)" = (M*, 1,%,75%)
where 7,* = {U*|U € 17,} and
T," = {V*|V € 1,} (by definition)
Also, (N, Ty, Ton)" = (N, 71y, T5y) Where
Tiv = {A"|A € Typ}and T3y = {B"|B € Ty}
Notethat N M - N* € M* (8]
Aet;y >A=NnUwhereU €1, (2)
Bet,y»>B=NnVwhereVer, (3
But A=NAU—->A*=(NnU)" and

(NAU) =N*"nU"SN* @)
B=NnV->B*"=(NAV)" and
(NAV)*=N*NV*C N* (5)

The result is clear from (1)-(5)
i.e(N, 1y, Toy)" is asubspace of (M, 1, 1,)".

Definition 3.10: A M-bitopological space (M, 74, t,) Where
M € M(X) is said to be

a Hausdorff M-bitopological space if for any simple msets
{k1/x},{ky/y} € M with

x # y, there exist U € 7, and V € t, such that {k,/x} € U,
{ky/y}evVandUnV = ¢,

Proposition 3,11: Let (M,t,,7,) be Hausdorff M-
bitopological space. Then the root set of (M,1,,7,) is a
Hausdorff bitopological space.

Proof:

Let (M, t,,7,) be Hausdorff
M-bitopological space.

The root set of (M, 7,, t,) denoted

by (M, t,,7,)* is given by

M, 14,75)* = (M*, t5,75) where

T, ={A*|A € 1,},7," = {B*|B € 1,}
(Definition 3.6).

Clearly (M, 74, 7,)" is

bitopological space (Proposition 3.7)

We show that (M, t,,7,)* isa

Hausdorff bitopological space.

Letx,y € M*suchtha x # y

Butx,y € M* - Cy(x),Cy(y) >0

Thus, for Cy (x) = ky and Cp (y) = k5,
we have {k,/x},{k,/y} € M with x = v,
Thus there exists U € 7; and V € 7,

such that {k,/x} € U, {k,/y} =V

and U NV = ¢ (by hypothesis)
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Note that U € t; —» U™ € 77 and
Ver,-V"et;

{ki/x}csU->x€eU",

{ko/y} €V >y eV”
Butu*nv*=UnV)*=0*=0

Hence, (M, t,,7,)" = (M*, 7, T5) is a
bitopological space.

Hausdorff

4.0 SUMMARY

Here it’s been shown that the M-topological spaces and their
submspaces are indeed the generalizations of the classical
topological spaces and subspaces via their defined root sets
respectively.
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