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The main objective of this research is to solve the system of equations of dual complex fuzzy 

matrices 𝐴𝑋̃ + 𝑌̃ = 𝐵𝑋̃ + 𝑍 where 𝐴, 𝐵 are crisp coefficient matrices of size n× 𝑛, and 𝑌̃, 𝑍 are 

complex fuzzy number matrices. By transforming it into the form of a system of equations of 

complex fuzzy matrices 𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍 where 𝑆 ≥ 0 denotes the positive entries of matrix 

𝐴, 𝑆 ≤ 0 denotes the absolute values of the negative entries of matrix 𝐴, 𝑅 ≥ 0 denotes the 

positive entries of matrix 𝐵, 𝑅 ≤ 0 denotes the absolute values of the negative entries of matrix 

𝐵, and 𝑌̃, 𝑍 are matrices of complex fuzzy numbers. Based on the research, it is obtained that 

the solution of the system of equations of dual complex fuzzy matrices can be achieved by 

transforming the system of equations of 𝑛 × 𝑛 matrices into 2𝑛 × 2𝑛 matrices, where 𝑛 ≥ 2. 

KEYWORDS: Fuzzy Linear Systems, Dual Fuzzy Linear Systems, Complex Numbers 

I. INTRODUCTION 

One of the issues encountered in the field of mathematics is 

linear equation systems. Linear equation systems are widely 

used in various fields of science such as physics [1], 

optimization [2], economics [3], management and financial 

business [4], transportation planning [5], flow theory, and 

flow control [6]. In certain fields such as decision theory, 

control theory, and some areas of management science, the 

problems of linear equations involve not only real numbers 

but also fuzzy-based linear equations as their mathematical 

models [7]. 

The solution of fuzzy linear equation systems can be 

expressed as the matrix equation 𝐴𝑋̃ = 𝑌̃, where 𝐴 is a crisp-

valued matrix and 𝑌̃ is a vector-valued in fuzzy numbers,  as 

first proposed by Fridman et al. [8], [9]. Furthermore, several 

methods for solving such fuzzy linear equation systems can 

be found in [10], [11], [12], [13], [14]. In paper  [9], 𝑛 × 𝑛 

complex fuzzy matrix is transformed into a 2𝑛 × 2𝑛 form 

using the method provided in [15].  Subsequently, the 

complex form of  2𝑛 × 2𝑛 fuzzy linear equation systems is 

developed into a dual form. 

In recent years, the dual form of fuzzy linear equation systems 

has seen rapid development and has a broad application scope 

across various fields such as economics, finance, engineering, 

and physics [16]. In [17], the complex dual fuzzy linear 

equation systems are transformed into the form of complex 

dual fuzzy matrix equation systems written as 𝐴𝑋̃ + 𝑌̃ =

𝐵𝑋̃ + 𝑍 ̃, where 𝐴 and 𝐵 are standard complex matrices, 𝑌̃ 

and  𝑍 ̃ are complex vectors on the left-hand side and right-

hand side respectively, and  𝑋̃ is the unknown complex 

vector. Furthermore, in [18] the dual fuzzy linear systems are 

solved algebraically, with research findings indicating that 

the coefficient matrices are crisp-valued matrices and the left-

hand and right-hand vectors are valued in fuzzy numbers.  

Recent research on solving dual fuzzy matrix equation 

systems can be found in [19]. In  [20], fuzzy linear equation 

systems are solved using numerical methods. Furthermore, 

[21] discusses systems of linear equations with coefficients 

as complex numbers and constants as complex fuzzy numbers 

using the Doolittle decomposition method. Based on the 

previous research, there has been no discussion on complex 

dual fuzzy linear equation systems. Hence, we propose a 

study on solving complex dual fuzzy linear equation systems. 

 

II. PRELIMINARIES 

Solving the system of equations of dual complex fuzzy 

matrices in 2𝑛 × 2𝑛 form. The research method employed is 
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a literature review. The following are some supporting 

theories used in the research. 

Definition 2.1 [11]: A fuzzy set 𝑥̃  with membership function 

𝜇𝑥: ℝ → [0,1], is called a fuzzy number if 

i. There exists 𝑡0 ∈ ℝ such that 𝜇𝑥(𝑡0) = 1, i.e., x̃ 

normal. 

ii. For any 𝜆 ∈  [0, 1] and 𝑠, 𝑡 ∈ ℝ, we have 𝜇𝑥̃(𝜆𝑠 +

 (1 −  𝜆)𝑡) ≥ min {𝜇𝑥(𝑠), 𝜇𝑥(𝑡)}, i.e., 𝑥̃ is a convex 

fuzzy set. 

iii. For any 𝑠 ∈  ℝ, the set {𝑡 ∈ ℝ ∶  𝜇𝑥̃(𝑡) >  𝑠} is an 

open set in ℝ, i.e., μx̃   is upper semi-continuous on ℝ. 

iv. The set 𝑡 ∈ ℝ ∶  𝜇𝑥̃(𝑡)  >  0} is a compact set in ℝ, 

where 𝐴 denotes the closure of 𝐴. 

We refer to the set of all fuzzy numbers as  𝔽 in this study. In 

particular,  we can argue that ℝ ⊂ 𝔽 if we consider the real 

line ℝ as ℝ = {𝑋𝑡 ∶ 𝑡 } , which represents real numbers [22]. 

additionally, the fuzzy number 𝑥̃  is  α-level for 0 <  𝛼 ≤ 1 

 is defined as [ 𝑥̃]𝛼 = {𝑡 ∈  𝑅 ∶  𝜇𝑥̃(𝑡) ≥  𝛼} and for 𝛼 =  0 

it is defined as [ 𝑥̃]0 = {𝑡 ∈  𝑅 ∶  𝜇𝑥(𝑡) >  0} . With the 

support of the fuzzy set defined as 

𝑠𝑢𝑝𝑝(𝑥̃) = [ 𝑥̃]0 = {𝑡 ∈  𝑅 ∶  𝜇𝑥̃(𝑡) >  0}. 

Conditions (i) through (iv) suggest that for each 𝛼 ∈

[0,1], [𝑥̃]𝛼 is a bounded closed interval in ℝ [15], by 

Definition 2.1. Here, the α-level of the fuzzy number 𝑥̃  is 

denoted by [𝑥̃]𝛼 = [𝑥(𝛼), 𝑥(𝛼)],, for ever 𝛼 ∈ [0,1]. It is 

clear that if for every 𝛼 ∈ [0,1], 𝑥(𝛼) = 𝑥(𝛼),  then 𝑥̃   is a 

crisp real number. 

A necessary and sufficient condition for an interval member 

[𝑥(𝛼), 𝑥(𝛼)], 0 ≤ 𝛼 ≤ 1, to be the α-level of a fuzzy number 

in 𝔽 is stated by the following lemma. 

Lemma 2.1 [23]: Let {[𝑥(𝛼), 𝑥(𝛼)] ∶ 0 ≤ 𝛼 ≤ 1} be a certain 

non-empty set member in ℝ. If 

i. [𝑥(𝛼), 𝑥(𝛼)] is a bounded closed interval, for every  

𝛼 ∈ [0,1], 

ii. [𝑥(𝛼1), 𝑥(𝛼1)] ⊇ [𝑥(𝛼2), 𝑥(𝛼2)] for all 0 ≤ 𝛼1 ≤

𝛼2 ≤ 1, 

iii. [𝑙𝑖𝑚
𝑘→∞

𝑥(𝛼𝑘) , 𝑙𝑖𝑚
𝑘→∞

𝑥(𝛼𝑘)] = [𝑥(𝛼), 𝑥(𝛼)] whenever 

{𝛼𝑘} is a non-decreasing sequence in  [0,1] 

converging to 𝛼. 

Then the set [𝑥(𝛼), 𝑥(𝛼)] represents the α-level of the fuzzy 

number 𝑥̃ in 𝔽. Conversely, if [𝑥(𝛼), 𝑥(𝛼)], 0 ≤ 𝛼 ≤ 1, is the 

α-level of a fuzzy number 𝑥̃  ∈ 𝔽, then conditions (i) - (iii) are 

satisfied. 

Remark 2.1 [14] By Lemma 2.2 it is concluded that if the 

family 

{[𝑥(𝛼), 𝑥(𝛼)]: 0 ≤ 𝛼 ≤ 1}, 

presents the 𝛼-levels of a fuzzy number, then: 

1) The condition (i) implies the functions 𝑥 and 𝑥 are 

bounded over [0,1] and 𝑥(𝛼) ≤ 𝑥(𝛼) for each 𝛼 ∈

[0,1]. 

2) The condition (ii) implies the functions 𝑥 and 𝑥 are non-

decreasing over [0,1], respectively. 

3) The condition (iii) implies the functions 𝑥 and 𝑥 are left-

continuous over [0,1]. 

For 𝑥, 𝑦 ∈ 𝔽, and 𝜆 ∈ ℝ, based on the extension principle, 

arithmetic operations on the fuzzy number are presented 

using the concept of 𝛼-levels of fuzzy numbers and interval 

arithmetic. Then the 𝛼-levels of the sum 𝑥̃ + 𝑦̃ and the 

product 𝜆 ∙ 𝑥̃ are obtained as follows 

[𝑥̃ + 𝑦̃]𝛼 = [𝑥̃]𝛼 + [𝑦̃]𝛼 = {𝑠 + 𝑡: 𝑠 ∈ [𝑥̃]𝛼 , 𝑡 ∈ [𝑦̃]𝛼}

= [𝑥(𝛼) + 𝑦(𝛼), 𝑥(𝛼) + 𝑦(𝛼)], 

[𝜆 ∙ 𝑥̃]𝛼 = 𝜆 ∙ [𝑥̃]𝛼 = {𝜆𝑡: 𝑡 ∈ [𝑥̃]𝛼}

= {
[𝜆𝑥(𝛼), 𝜆𝑥(𝛼)], 𝜆 ≥ 0,

[𝜆𝑥(𝛼), 𝜆𝑥(𝛼)], 𝜆 < 0.
 

Definition 2.2  [24]: For any complex fuzzy number 

represented by 𝑧̃ = 𝑥̃ + 𝑖𝑦̃, with 𝑥̃ = [𝑥(𝑟), 𝑥(𝑟)] and 𝑦̃ =

[𝑦(𝑟), 𝑦(𝑟)] , 0 ≤ 𝑟 ≤ 1, it can be written as 𝑧̃ =

[𝑥(𝑟), 𝑥(𝑟)] +  𝑖 [𝑦(𝑟), 𝑦(𝑟)] = [(𝑥(𝑟) + 𝑖𝑦(𝑟)) , (𝑥(𝑟) +

𝑖𝑦(𝑟))].  

Further, arithmetic operations of complex fuzzy numbers are 

discussed in [25], [26], and [27] as stated in Definition 2.3. 

Definition 2.3 [28]: For any two rectangular complex fuzzy 

numbers 𝑧̃1 = 𝑥̃1 + 𝑖𝑦̃1 and 𝑧̃2 = 𝑥̃2 + 𝑖𝑦̃2 and a complex 

number 𝑐 =  𝑎 +  𝑖𝑏, the 𝛼-cut of the sum 𝑧̃1 +

𝑧̃2 and the product  𝑐 ∙ 𝑧̃1 are determined based on interval 

arithmetic as follows: 

[𝑧̃1 + 𝑧̃2]𝛼  = ([𝑥̃1]𝛼 + [𝑥̃2]𝛼) + 𝑖([𝑦̃1]𝛼 + [𝑦̃2]𝛼) 

                         = [𝑥1(𝛼) + 𝑥2(𝛼), 𝑥1(𝛼) + 𝑥2(𝛼)]

+ 𝑖 [𝑦1(𝛼) + 𝑦2(𝛼), 𝑦1(𝛼) + 𝑦2(𝛼)] 

and 

[𝑐 ∙ 𝑧̃1]𝛼 = [(𝑎 + 𝑖𝑏) ∙ 𝑧̃1]𝛼 = (𝑎 + 𝑖𝑏) ∙ ([𝑥̃1]𝛼 + 𝑖[𝑦̃1]𝛼) 

= (𝑎[𝑥̃1]𝛼 − 𝑏[𝑦̃1]𝛼) + 𝑖(𝑎[𝑥̃1]𝛼 + 𝑏[𝑦̃1]𝛼). 

Also, two rectangular complex fuzzy numbers 𝑧̃1 = 𝑥̃1 + 𝑖𝑦̃1 

and 𝑧̃2 = 𝑥̃2 + 𝑖𝑦̃2 are said to be equal if and only if 𝑥̃1 =

𝑥̃2𝑎𝑛𝑑 𝑦̃1 = 𝑦̃2, i.e., [𝑥̃1]𝛼 = [𝑥̃2]𝛼 and [𝑦̃1]𝛼 = [𝑦2]𝛼, for 

every 𝛼 ∈  [0, 1]. 

Definition 2.4  [18]: We say that two fuzzy numbers 𝑥̃ and 𝑦̃ 

are equal if and only if for any 𝑡 ∈ ℝ, 𝜇𝑥̃(𝑡) = 𝜇𝑦̃(𝑡), [𝑥̃]𝛼 =

[𝑦̃]𝛼 for any 𝛼 ∈ [0,1]. Also  

𝑥̃ ⊆ 𝑦̃ ⇔ [𝑥̃]𝛼 ⊆ [𝑦̃]𝛼 , ∀𝛼 ∈ [0,1]. 

Furthermore, we define two concepts: "𝛼-radius" and "𝛼-

center"  of any rectangular complex fuzzy number. 

Definition 2.5 [25]: We define the 𝛼-center of a rectangular 

complex fuzzy number 𝑧̃ = 𝑥̃ + 𝑖𝑦̃ as follows: 

[𝑧̃]𝛼
𝑐 = (

𝑥(𝛼) + 𝑥(𝛼)

2
) + 𝑖 (

𝑦(𝛼) + 𝑦(𝛼)

2
) , 𝛼 ∈ [0,1]. 

Where [𝑥̃]𝛼 = [𝑥(𝛼), 𝑥(𝛼)] and [𝑦̃]𝛼 = [𝑦(𝛼), 𝑦(𝛼)] 

Definition 2.6 [25]: We define the 𝛼-radius of a rectangular 

complex fuzzy number 𝑧̃ = 𝑥̃ + 𝑖𝑦̃ as follows: 
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[𝑧̃]𝛼
𝑟 = (

𝑥(𝛼) − 𝑥(𝛼)

2
) + 𝑖 (

𝑦(𝛼) − 𝑦(𝛼)

2
) , 𝛼 ∈ [0,1]. 

Where [𝑥̃]𝛼 = [𝑥(𝛼), 𝑥(𝛼)] and [𝑦̃]𝛼 = [𝑦(𝛼), 𝑦(𝛼)] 

For any  𝛼 ∈  [0, 1], it is evident that the 𝛼-radius and 𝛼-

center of a rectangular complex fuzzy number are complex 

numbers In the section that follows, we define a system of 

complex fuzzy linear equations so that the 𝛼 square matrix 

with complex values represents its coefficient matrix. 

Remark 2.2  [18]: Clearly, the 𝛼-radius and 𝛼-center of any 

fuzzy number are definite real functions of 𝛼. 

Remark 2.3  [18]: For a fuzzy number 𝑥̃, if for every 𝛼 ∈

[0,1], 𝑥𝑅(𝛼) = 0 then it can be easily concluded that 𝑥̃ is a 

definite real number. 

Remark 2.4  [18]: For a fuzzy number 𝑥̃, if for every 𝛼 ∈

[0,1], 𝑥𝐶(𝛼) = 𝑥(𝛼) or 𝑥𝐶(𝛼) = 𝑥(𝛼), then according to 

Statement 2.3, it can be shown that  𝑥̃ is a definite real (crisp) 

number. 

Remark 2.5  [18]: Two fuzzy numbers 𝑥̃ and 𝑦̃ are equal if 

and only if 𝑥𝐶(𝛼) =  𝑦𝐶(𝛼) and 𝑥𝑅(𝛼) =  𝑦𝑅(𝛼), for every 

𝛼 ∈ [0,1]. 

The following statements can be deduced from [29]. 

Remark 2.6  [18]: Let 𝑥̃1, 𝑥̃2, … , 𝑥̃𝑛 ∈ 𝔽, 𝜆1, 𝜆2, … , 𝜆𝑛 ∈

ℝ 𝑎𝑛𝑑  𝑢̃ = ∑ 𝜆𝑖𝑥̃𝑖
𝑛
𝑖=1  then 

𝑢𝐶(𝛼) = ∑ 𝜆𝑖𝑥𝑖
𝐶(𝛼),

𝑛

𝑖=1

𝑢𝑅(𝛼) = ∑|𝜆𝑖|𝑥𝑖
𝑅(𝛼).  

𝑛

𝑖=1

 

Definition 2.7  [18]: We define a vector-valued fuzzy number 

as 𝑋̃ = (𝑥̃1, 𝑥̃2, … , 𝑥̃𝑛)𝑇, where, 𝑖 =  1,2, . . . , 𝑛, is a fuzzy 

number. Also, we denote [𝑋̃]𝛼 with [𝑋̃]𝛼 =

([𝑥̃1]𝛼 , [𝑥̃2]𝛼 , … , [𝑥̃𝑛]𝛼)𝑇and consequently 𝑥𝐶(𝛼) =

 (𝑥1
𝐶(𝛼), 𝑥2

𝐶(𝛼), … , 𝑥𝑁
𝐶(𝛼))

𝑇
 and 𝑥𝑅(𝛼) =

 (𝑥1
𝑅(𝛼), 𝑥2

𝑅(𝛼), … , 𝑥𝑛
𝑅(𝛼))

𝑇
. 

Furthermore, for two vector-valued fuzzy numbers 𝑋̃ and 𝑌̃, 

we define 

𝑋̃ ⊆ 𝑌̃ ⇔ [𝑋̃]𝛼 ⊆ [𝑌̃]𝛼, ∀𝛼 ∈ [0,1] 

      ⇔ [𝑥̃𝑖]𝛼 ⊆ [𝑦̃𝑖]𝛼, 𝑖 = 1,2, … , 𝑛, ∀𝛼 ∈ [0,1]. 

Theorem 2.1  [18]: Let 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛
 be an arbitrary crisp-

valued matrix and also 𝑋̃ = (𝑥̃1, 𝑥̃2, … , 𝑥̃𝑛)𝑇 be an arbitrary 

vector-valued fuzzy number. Then 

(𝐴 ∙ 𝑋̃)
𝐶
(𝛼) = 𝐴 ∙ 𝑋𝐶(𝛼), 

and 

(𝐴 ∙ 𝑋̃)
𝑅
(𝛼) = |𝐴| ∙ 𝑋𝑅(𝛼), 

where |𝐴| = (|𝑎𝑖𝑗|)𝑛×𝑛
 

Proof. The proof follows from Statement 2.6 and Definition 

2.7. ∎ 

One intriguing topic in fuzzy mathematics with numerous 

applications across various branches of science is the dual 

fuzzy linear equation system. These systems are defined as 

follows. 

Definition 2.8  [9]: A fuzzy equation system 

 𝑎11𝑥̃1 + 𝑎12𝑥̃2 + ⋯+ 𝑎1𝑛𝑥̃𝑛 = 𝑦̃1, (1) 

𝑎21𝑥̃1 + 𝑎22𝑥̃2 + ⋯+ 𝑎2𝑛𝑥̃𝑛 = 𝑦̃2,  

⋮ 

𝑎𝑛1𝑥̃1 + 𝑎𝑛2𝑥̃2 + ⋯+ 𝑎𝑛𝑛𝑥̃𝑛 = 𝑦̃𝑛. 

Is called a fuzzy linear equation system with 𝐴 = [𝑎𝑖𝑗]𝑖,𝑗=1

𝑛
 

being a crisp coefficient matrix and 𝑦̃𝑖 being a fuzzy number. 

Definition 2.9  [9]: A vector of fuzzy numbers 

(𝑥1, 𝑥2, … , 𝑥𝑛)𝑇is given by 

𝑥𝑖 = (𝑥𝑖(𝑟), 𝑥𝑖(𝑟)) ,    1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑟 ≤ 1, 

it is called a solution to the fuzzy linear system if 

 
∑ 𝑎𝑖𝑗𝑥𝑗

𝑛

𝑗=1

= ∑ 𝑎𝑖𝑗𝑥𝑗 = 𝑦𝑖

𝑛

𝑗=1

, 

∑ 𝑎𝑖𝑗𝑥𝑗

𝑛

𝑗=1

= ∑ 𝑎𝑖𝑗𝑥𝑗

𝑛

𝑗=1

= 𝑦𝑖 , 

(2) 

If, for a specific 𝑖, 𝑎𝑖𝑗 > 0,1 ≤ 𝑗 ≤ 𝑛, we only obtain 

 
∑ 𝑎𝑖𝑗𝑥𝑗 = 𝑦𝑖 ,             ∑𝑎𝑖𝑗𝑥𝑗 = 𝑦𝑖

𝑛

𝑗=1

𝑛

𝑗=1

. (3) 

Considering the fuzzy linear equation system in Equation (1). 

Transform the 𝑛 × 𝑛 coefficient matrix 𝐴 into a 2𝑛 × 2𝑛 

matrix as follows: 

 𝑠11𝑥1 + ⋯+ 𝑠1𝑛𝑥𝑛 + 𝑠1,𝑛+1(−𝑥1)

+ 𝑠1,𝑛+2(−𝑥2) + ⋯

+ 𝑠1,2𝑛(−𝑥𝑛) = 𝑦1 , 

⋮ 

𝑠𝑛1𝑥1 + ⋯+ 𝑠𝑛𝑛𝑥𝑛 + 𝑠𝑛,𝑛+1(−𝑥1)

+ 𝑠𝑛,𝑛+2(−𝑥2) + ⋯

+ 𝑠𝑛,2𝑛(−𝑥𝑛) = 𝑦𝑛 , 

𝑠𝑛+1,1𝑥1 + ⋯ + 𝑠𝑛+1,𝑛𝑥𝑛 + 𝑠𝑛+1,𝑛+1(−𝑥1)

+ ⋯+ 𝑠𝑛+1,2𝑛(−𝑥𝑛) = −𝑦1, 

⋮ 

𝑠2𝑛,1𝑥1 + ⋯+ 𝑠2𝑛,𝑛𝑥𝑛 + 𝑠2𝑛,𝑛+1(−𝑥1) + ⋯

+ 𝑠2𝑛,2𝑛(−𝑥𝑛) = −𝑦
𝑛
, 

(4) 

where 

 𝑠𝑖𝑗 = 𝑠𝑖+𝑛,𝑗+𝑛 = 𝑎𝑖𝑗 , if 𝑎𝑖𝑗 ≥ 0, 

𝑠𝑖,𝑗+𝑛 = 𝑠𝑖+𝑛,𝑗 = 𝑎𝑖𝑗 , if 𝑎𝑖𝑗 < 0. 
(5) 

And any 𝑠𝑖𝑗  not determined by Equation (5) is zero. Using 

matrix notation. 

 𝑆𝑋̃ = 𝑌̃, (6) 

where 

𝑋̃ = (𝑥1, … , 𝑥𝑛 , −𝑥1, … , −𝑥𝑛)
𝑇

, 

𝑌̃ = (𝑦1, … , 𝑦𝑛, −𝑦, … ,−𝑦𝑛)
𝑇

. 

The structure of 𝑆 expresses 𝑠𝑖𝑗 , 1 ≤ 𝑖, 𝑗 ≤ 𝑛, and 

 𝑆 = [
𝐵 𝐶
𝐶 𝐵

], (7) 

with 𝐵 being the positive entries in matrix 𝐴 and 𝐶 the 

absolute values of the negative entries in matrix 𝐴, and 𝐴 =

𝐵 − 𝐶. Now we need to compute 𝑆−1 (if it exists) and then 

obtain 
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 𝑋 = 𝑆−1𝑌. (8) 

Theorem 2.2 [9]: If 𝑆−1  exists, it must have the same 

structure as 𝑆, namely 

 𝑆−1 = [
𝐷 𝐸
𝐸 𝐷

]. (9) 

Theorem 2.3  [9]: The unique solution 𝑋 of Equation (6) is a 

fuzzy vector for any arbitrary 𝑌 if and only if  is 𝑆−1 non-

negative, that is, 

 (𝑆−1)𝑖𝑗 ≥ 0,         1 ≤ 𝑖, 𝑗 ≥ 2𝑛. (10) 

Further explanations for the proofs of Theorem 2.2 and 

Theorem 2.3 are discussed in [[9] pages 204-205]. 

Definition 2.10  [18]: A linear system of 𝑛 × 𝑛 

 𝑎11𝑥̃1 + 𝑎12𝑥̃2 + ⋯+ 𝑎1𝑛𝑥̃𝑛 + 𝑦̃1

= 𝑏11𝑥̃1 + 𝑏12𝑥̃2 + ⋯

+ 𝑏1𝑛𝑥̃𝑛 + 𝑧̃1 

𝑎21𝑥̃1 + 𝑎22𝑥̃2 + ⋯+ 𝑎2𝑛𝑥̃𝑛 + 𝑦̃2

= 𝑏21𝑥̃1 + 𝑏22𝑥̃2 + ⋯

+ 𝑏2𝑛𝑥̃𝑛 + 𝑧̃1 

⋮ 

𝑎𝑛1𝑥̃1 + 𝑎𝑛2𝑥̃2 + ⋯+ 𝑎𝑛𝑛𝑥̃𝑛 + 𝑦̃𝑛

= 𝑏𝑛1𝑥̃1 + 𝑏𝑛2𝑥̃2 + ⋯

+ 𝑏𝑛𝑛𝑥̃𝑛 + 𝑧̃𝑛 

(11) 

Where the coefficient matrices 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛
, 𝐵 = (𝑏𝑖𝑗)𝑛×𝑛

 

are two real crisp 𝑛 𝑥 𝑛 matrices, and vectors 𝑌̃ =

(𝑦̃1, 𝑦̃2, … , 𝑦̃𝑛)𝑇 , 𝑍 = (𝑧̃1, 𝑧̃2, … , 𝑧̃𝑛)𝑇 are complex fuzzy 

vectors with the form 𝑦̃ = 𝑔̃ + 𝑖ℎ̃ and 𝑧̃ = 𝑝 + 𝑖𝑞̃  which are 

unknown 𝑋̃ = (𝑥̃1, 𝑥̃2, … , 𝑥̃𝑛)𝑇 is a complex fuzzy number 

vector with the form 𝑥̃ =  𝑒̃ + 𝑖𝑓. Also, it is referred to as a 

complex dual fuzzy linear system. 

Based on Definition 2.10, the matrix form of the complex 

dual fuzzy linear system in Equation (11) is as follows: 

 𝐴𝑋̃ + 𝑌̃ = 𝐵𝑋̃ + 𝑍, (12) 

where matrices 𝐴, 𝐵 and vectors 𝑋̃, 𝑌̃ and 𝑍 ̃ are defined in 

Definition 2.10. Additionally, it is important to note that for 

any complex fuzzy number 𝑥̃ ∈ 𝔽ℂ there is no element   𝑦̃ ∈

𝔽ℂ such that 𝑥̃ + 𝑦̃ = 0. In other words, for any 𝑥̃ ∈ 𝔽ℂ − ℝ, 

we have 𝑥̃ + (−𝑥̃) ≠ 0 and consequently, we cannot 

equivalently replace the complex dual fuzzy linear system in 

Equation (12) with the complex fuzzy linear system 

(𝐴 − 𝐵)𝑋̃ = 𝑍 − 𝑌̃.   

From Equation (12), we transform it into the matrix form of 

the complex dual fuzzy linear system of 2𝑛 × 2𝑛 as follows: 

 𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍, (13) 

Thus, 

 𝑠11𝑥1 + ⋯+ 𝑠1𝑛𝑥𝑛 + 𝑠1,𝑛+1(−𝑥1) + ⋯

+ 𝑠1,2𝑛(−𝑥𝑛) + 𝑦1

= 𝑟11𝑥1 + ⋯+ 𝑟1𝑛𝑥𝑛

+ 𝑟1,𝑛+1(−𝑥1) + ⋯

+ 𝑟1,2𝑛(−𝑥𝑛) + 𝑧1, 

⋮ 

(14) 

𝑠𝑛1𝑥1 + ⋯+ 𝑠𝑛𝑛𝑥𝑛 + 𝑠𝑛,𝑛+1(−𝑥1) + ⋯ +

𝑠𝑛,2𝑛(−𝑥𝑛) + 𝑦𝑛 = 𝑟𝑛1𝑥1 + ⋯+ 𝑟𝑛𝑛𝑥𝑛 +

𝑟𝑛,𝑛+1(−𝑥1) + ⋯ + 𝑟𝑛,2𝑛(−𝑥𝑛) + 𝑧𝑛,  

𝑠𝑛+1,1𝑥1 + ⋯+ 𝑠𝑛+1,𝑛𝑥𝑛 + 𝑠𝑛+1,𝑛+1(−𝑥1)

+ ⋯+ 𝑠𝑛+1,2𝑛(−𝑥𝑛)

+ (−𝑦1)

= 𝑟𝑛+1,1𝑥1 + ⋯ + 𝑟𝑛+1,𝑛𝑥𝑛

+ 𝑟𝑛+1,𝑛+1(−𝑥1) + ⋯

+ 𝑟𝑛+1,2𝑛(−𝑥𝑛) + (−𝑧1), 

⋮ 

𝑠2𝑛,1𝑥1 + ⋯+ 𝑠2𝑛,𝑛𝑥𝑛 + 𝑠2𝑛,𝑛+1(−𝑥1) + ⋯

+ 𝑠2𝑛,2𝑛(−𝑥𝑛) + (−𝑦𝑛)

= 𝑟2𝑛,1𝑥1 + ⋯+ 𝑟2𝑛,𝑛𝑥𝑛

+ 𝑟2𝑛,𝑛+1(−𝑥1) + ⋯

+ 𝑟2𝑛,2𝑛(−𝑥𝑛) + (−𝑧𝑛), 

where 

 𝑆 = 𝑠𝑖𝑗 = 𝑠𝑖+𝑛,𝑗+𝑛 = 𝑎𝑖𝑗 , if 𝑎𝑖𝑗 ≥ 0,       

𝑆 = 𝑠𝑖,𝑗+𝑛 = 𝑠𝑖+𝑛,𝑗 = 𝑎𝑖𝑗 , if 𝑎𝑖𝑗 < 0,       

𝑅 = 𝑟𝑖𝑗 = 𝑟𝑖+𝑛,𝑗+𝑛 = 𝑏𝑖𝑗 , if 𝑏𝑖𝑗 ≥ 0, 

𝑅 = 𝑟𝑖,𝑗+𝑛 = 𝑟𝑖+𝑛,𝑗 = 𝑏𝑖𝑗 , if 𝑏𝑖𝑗 < 0, 

𝑋̃ = (𝑥1, … , 𝑥𝑛, −𝑥1, … , −𝑥𝑛)
𝑇

= (𝑒1 + 𝑖𝑓,… , 𝑒𝑛 + 𝑖𝑓𝑛, −𝑒1

+ (−𝑖𝑓1), … , −𝑒𝑛

+ (−𝑖𝑓𝑛))
𝑇

, 

𝑌̃ = (𝑦1, … , 𝑦𝑛 , −𝑦, … ,−𝑦𝑛)
𝑇

= (𝑔1 + 𝑖ℎ,… , 𝑔𝑛

+ 𝑖ℎ𝑛, −𝑔1

+ (−𝑖ℎ1), … , −𝑔𝑛

+ (−𝑖ℎ𝑛))
𝑇

, 

𝑍 = (𝑧1, … , 𝑧𝑛 , −𝑧, … , −𝑧𝑛)
𝑇

= (𝑝1 + 𝑖𝑞,… , 𝑝𝑛

+ 𝑖𝑞𝑛 , −𝑝1

+ (−𝑖𝑞1), … , −𝑝𝑛

+ (−𝑖𝑞𝑛))
𝑇

. 

(15) 

Definition 2.11 [18]: If for the system in Equation (12), 

𝑑𝑒𝑡 (𝐴 − 𝐵) ≠ 0, then we define the extended solution of the 

system in Equation (12) as follows: 

 𝑋̃𝐸 = (𝐴 − 𝐵)−1(𝑍 − 𝑌̃). (16) 

Also, if 𝑑𝑒𝑡(𝐴 − 𝐵) = 0, then we say that the extended 

solution does not exist. 

Definition 2.12  [18]: A vector-valued fuzzy number 𝑋̃𝐴 =

(𝑥̃1𝐴
, 𝑥̃2𝐴

, … , 𝑥̃𝑛𝐴
)
𝑇
 is called an algebraic solution of the dual 

fuzzy linear system in Equation (12) if 

𝐴𝑋̃𝐴 + 𝑌̃ = 𝐵𝑋̃𝐴 + 𝑍, 
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or in other words, 

∑𝐴𝑖𝑗𝑋̃𝑗𝐴 + 𝑌̃𝑖 = ∑ 𝐵𝑖𝑗𝑋̃𝑗𝐴 + 𝑍𝑖,

𝑛

𝑗=1

𝑛

𝑗=1

  ∀𝑖 = 1,2, … , 𝑛. 

Remark 2.7 [18]: Based on Definition 2.4 and Definition 

2.12, it is clear that X̃A = (x̃1A
, x̃2A

, … , x̃nA
)
T

 is an algebraic 

solution of the system in Equation (12) if 

∑Aij[X̃jA]
α

+ [Ỹi]α = ∑Bij[X̃jA]
α

+ [Z̃i]α,

n

j=1

n

j=1

   

for every α ∈ [0,1] and i =  1,2, . . . , n. also, if det (A −

 B) ≠  0, according to Definitions 2.4 and 2.11, we have 

[X̃E]α = (A − B)−1 ([Z̃]α − [Ỹ]
α
), 

 

III. DISCUSSION RESULTS 

Since the research objective is to solve the system of equation 

complex dual fuzzy matrices, here we present the algebraic 

steps involved: 

1. Given the system of equations dual complex fuzzy 

matrices in the form  𝐴𝑋̃ + 𝑌̃ = 𝐵𝑋̃ + 𝑍  where 𝐴, 𝐵 are 

crisp coefficient matrices, and 𝑌̃, 𝑍 are complex fuzzy 

numbers. 

2. Next, the first step is to transform it into a system of 

equations dual complex fuzzy matrices in the form  

𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍 where 𝑆 ≥ 0 denotes the positive 

entries of matrix 𝐴, 𝑆 ≤ 0 denotes the absolute values 

of the negative entries of matrix 𝐴, 𝑅 ≥ 0 denotes the 

positive entries of matrix 𝐵, 𝑅 ≤ 0  denotes the absolute 

values of the negative entries of matrix 𝐵, and 𝑌̃, 𝑍 are 

complex fuzzy numbers. 

3. Then, determine 𝑑𝑒𝑡(𝑆 − 𝑅) ≠ 0 so that the inverse of 

(𝑆 − 𝑅) exists, and the system of equations of dual 

complex fuzzy matrices has a solution. 

4. Determining the algebraic solution of the complex dual 

fuzzy linear equation based on Theorem 3.1 using  𝑋̃ =

(𝑆 − 𝑅)−1(𝑍 − 𝑌̃). 

 

Example 3.1 Given the system of equations of a complex 

dual fuzzy matrix as follows: 

[
6 2
1 7

] [
𝑥̃1

𝑥̃2
]

+ [
(𝛼 + 𝑖(−2 + 2𝛼), (2 − 𝛼) + 𝑖(2 − 2𝛼))

(𝛼 + 𝑖(−4 + 𝛼), (2.5 − 1.5𝛼) + 𝑖(−1 − 2𝛼))
]

= [
2 4
4 2

] [
𝑥̃1

𝑥̃2
]

+ [
((4 + 𝛼) + 𝑖(1 − 𝛼), (6 − 𝛼) + 𝑖(−1 + 𝛼))

((−2 + 𝛼) + 𝑖(−3 + 𝛼), (−𝛼) + 𝑖(−1 − 𝛼))
], 

Determine the solution of the system of equations of a 

complex dual fuzzy matrix. 

Solution: 

Given  

𝐴 = [
6 2
1 7

]      and     𝐵 = [
2 4
4 2

], 

if it is transformed into a 2𝑛 × 2𝑛 matrix equation, then it is 

obtained as: 

[
6 2
1 7

] → [

6 2 0 0
1 7 0 0
0 0 6 2
0 0 1 7

], 

and 

[
2 4
4 2

] → [

2 4 0 0
4 2 0 0
0 0 2 4
0 0 4 2

], 

so the system of equations is 

[

6 2 0 0
1 7 0 0
0 0 6 2
0 0 1 7

]

[
 
 
 

𝑥1

𝑥2

−𝑥1

−𝑥2]
 
 
 

+

[
 
 
 
 

𝛼 + 𝑖(−2 + 2𝛼)

𝛼 + 𝑖(−4 + 𝛼)

−((2 − 𝛼) + 𝑖(2 − 2𝛼))

−((2.5 − 1.5𝛼) + 𝑖(−1 − 2𝛼))]
 
 
 
 

= [

2 4 0 0
4 2 0 0
0 0 2 4
0 0 4 2

]

[
 
 
 

𝑥1

𝑥2

−𝑥1

−𝑥2]
 
 
 

+

[
 
 
 
 

(4 + 𝛼) + 𝑖(1 − 𝛼)

(−2 + 𝛼) + 𝑖(−3 + 𝛼)

−((6 − 𝛼) + 𝑖(−1 + 𝛼))

−(−𝛼 + 𝑖(−1 − 𝛼)) ]
 
 
 
 

, 

since 𝑑𝑒𝑡(𝑆 − 𝑅) = 196 then (𝑆 − 𝑅)−1 exists and has the 

algebraic solution as follows. 

𝑋̃ = (𝑆 − 𝑅)−1(𝑍 − 𝑌̃) 

= ([

4 −2 0 0
−3 5 0 0
0 0 4 −2
0 0 −3 5

])

−1

(

 
 

[
 
 
 
 

(4 + 𝛼) + 𝑖(1 − 𝛼)

(−2 + 𝛼) + 𝑖(−3 + 𝛼)

−((6 − 𝛼) + 𝑖(−1 + 𝛼))

−(−𝛼 + 𝑖(−1 − 𝛼)) ]
 
 
 
 

−

[
 
 
 
 

𝛼 + 𝑖(−2 + 2𝛼)

𝛼 + 𝑖(−4 + 𝛼)

−((2 − 𝛼) + 𝑖(2 − 2𝛼))

−((2.5 − 1.5𝛼) + 𝑖(−1 − 2𝛼))]
 
 
 
 

)

 
 

 

= [

5/14 1/7 0 0
3/14 2/7 0 0

0 0 5/14 1/7
0 0 3/14 2/7

] [

4 + 𝑖(3 − 3𝛼)
−2 + 𝑖

−4 + 𝑖(3 − 3𝛼)

(2.5 + 0.5𝛼) + 𝑖(−𝛼)

] 

=

[
 
 
 
 
 
 
 
 

8

7
+ 𝑖 (

17

14
−

15

14
𝛼)

2

7
+ 𝑖 (

13

14
−

9

14
𝛼)

(−
1

14
𝛼 −

15

14
) + 𝑖 (

15

14
−

17

14
𝛼)

(−
1

7
𝛼 −

1

7
) + 𝑖 (

9

14
−

13

14
𝛼) ]

 
 
 
 
 
 
 
 

, 

so, the solution of the system of equations of a complex dual 

fuzzy matrix is: 

𝑥1 = [
8

7
,
15

14
+

1

14
𝛼] + 𝑖 ([

17

14
−

15

14
𝛼,−

15

14
+

17

14
𝛼]), 

𝑥2 = [
2

7
,
1

7
+

1

7
𝛼] + 𝑖 ([

13

14
−

9

14
𝛼,−

9

14
+

13

14
𝛼]). 

 

Example 3.2 Given the system of equations of a complex 

dual fuzzy matrix as follows: 
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[
2 2 0
3 1 −1
1 −2 3

] [

𝑥̃1

𝑥̃2

𝑥̃3

]

+ [

(𝛼 + 𝑖(−2 + 2𝛼), (2 − 𝛼) + 𝑖(2 − 2𝛼))

((2 + 𝛼) + 𝑖(2𝛼 + 2), 3 + 𝑖(6 − 2𝛼))

(−2 + 𝑖(2𝛼 + 4), (−1 − 𝛼) + 𝑖(8 − 2𝛼))

]

= [
1 1 1
2 3 −2
1 −3 0

] [
𝑥̃1

𝑥̃2

3
]

+ [

((4𝛼 − 1) + 𝑖(1 + 8𝛼), (4 − 𝛼) + 𝑖(6 + 5𝛼))

((4𝛼 − 2) + 𝑖(4𝛼 − 2), (3 − 𝛼) + 𝑖(8 + 2𝛼))

((4𝛼 + 1) + 𝑖(−5𝛼 + 3), (6 − 𝛼) + 𝑖(−4 + 3𝛼))

], 

Determine the solution of the system of equations of a 

complex dual fuzzy matrix. 

Solution: 

Given  

𝐴 = [
2 2 0
3 1 −1
1 −2 3

]   and      𝐵 = [
1 1 1
2 3 −2
1 −3 0

], 

if it is transformed into a 2𝑛 × 2𝑛 matrix equation, then it is 

obtained as: 

[
2 2 0
3 1 −1
1 −2 3

] →

[
 
 
 
 
 
2 2 0 0 0 0
3 1 0 0 0 1
1 0 3 0 2 0
0 0 0 2 2 0
0 0 1 3 1 0
0 2 0 1 0 3]

 
 
 
 
 

 

and 

[
1 1 1
2 3 −2
1 −3 0

] →

[
 
 
 
 
 
1 1 1 0 0 0
2 3 0 0 0 2
1 0 0 0 3 0
0 0 0 1 1 1
0 0 2 2 3 0
0 3 0 1 0 0]

 
 
 
 
 

, 

so the system of equation is  

[
 
 
 
 
 
2 2 0 0 0 0
3 1 0 0 0 1
1 0 3 0 2 0
0 0 0 2 2 0
0 0 1 3 1 0
0 2 0 1 0 3]

 
 
 
 
 

[
 
 
 
 
 
 

𝑥1

𝑥2

𝑥3

−𝑥1

−𝑥2

−𝑥3]
 
 
 
 
 
 

+

[
 
 
 
 
 
 

𝛼 + 𝑖(−2 + 2𝛼)

(2 + 𝛼) + 𝑖(2𝛼 + 2)

−2 + 𝑖(2𝛼 + 4)

−((2 − 𝛼) + 𝑖(2 − 2𝛼))

−(3 + 𝑖(6 − 2𝛼))
−((−1 − 𝛼) + 𝑖(8 − 2𝛼))]

 
 
 
 
 
 

=

[
 
 
 
 
 
1 1 1 0 0 0
2 3 0 0 0 2
1 0 0 0 3 0
0 0 0 1 1 1
0 0 2 2 3 0
0 3 0 1 0 0]

 
 
 
 
 

[
 
 
 
 
 
 

𝑥1

𝑥2

𝑥3

−𝑥1

−𝑥2

−𝑥3]
 
 
 
 
 
 

+

[
 
 
 
 
 
 

(4𝛼 − 1) + 𝑖(1 + 8𝛼)

(4𝛼 − 2) + 𝑖(4𝛼 − 2)

(4𝛼 + 1) + 𝑖(−5𝛼 + 3)

−((4 − 𝛼) + 𝑖(6 + 5𝛼))

−((3 − 𝛼) + 𝑖(8 + 2𝛼))

−((6 − 𝛼) + 𝑖(−4 + 3𝛼))]
 
 
 
 
 
 

, 

since 𝑑𝑒𝑡(𝑆 − 𝑅) = 70 then (𝑆 − 𝑅)−1 exists and has the 

algebraic solution as follows. 

𝑋̃ = (𝑆 − 𝑅)−1(𝑍 − 𝑌̃) 

=

[
 
 
 
 
 
1 1 −1 0 0 0
1 −2 0 0 0 −1
0 0 3 0 −1 0
0 0 0 1 1 −1
0 0 −1 1 −2 0
0 −1 0 0 0 3 ]

 
 
 
 
 
−1

(

 
 
 
 

[
 
 
 
 
 
 

(4𝛼 − 1) + 𝑖(1 + 8𝛼)

(4𝛼 − 2) + 𝑖(4𝛼 − 2)

(4𝛼 + 1) + 𝑖(−5𝛼 + 3)

−((4 − 𝛼) + 𝑖(6 + 5𝛼))

−((3 − 𝛼) + 𝑖(8 + 2𝛼))

−((6 − 𝛼) + 𝑖(−4 + 3𝛼))]
 
 
 
 
 
 

−

[
 
 
 
 
 
 

𝛼 + 𝑖(−2 + 2𝛼)

(2 + 𝛼) + 𝑖(2𝛼 + 2)

−2 + 𝑖(2𝛼 + 4)

−((2 − 𝛼) + 𝑖(2 − 2𝛼))

−(3 + 𝑖(6 − 2𝛼))

−((−1 − 𝛼) + 𝑖(8 − 2𝛼))]
 
 
 
 
 
 

)

 
 
 
 

  

=

[
 
 
 
 
 
 
 
 
 
 
 
 
70

99

29

99

7

33

7

99
−

7

99

4

33
10

33
−

10

33

1

11

1

33
−

1

33
−

1

11
1

99
−

1

99

10

33

10

99
−

10

99

1

33
7

99
−

7

99

4

33

70

99

29

99

7

33
1

33
−

1

33
−

1

11

10

33
−

10

33

1

11
10

99
−

10

99

1

33

1

99
−

1

99

10

33 ]
 
 
 
 
 
 
 
 
 
 
 
 

 

[
 
 
 
 
 

3𝛼 − 1 + 𝑖(3 + 6𝛼)

3𝛼 + 𝑖(2𝛼)

4𝛼 + 3 + 𝑖(−7𝛼 − 1)

−4 + 𝑖(−4 − 7𝛼)

𝛼 + 𝑖(−2 − 4𝛼)

−7 + 𝑖(12 − 5𝛼) ]
 
 
 
 
 

 

=

[
 
 
 
 
 
 
 
 
 
 
 
 
34

9
𝛼 −

221

99
+ 𝑖 (

250

99
𝛼 +

203

99
)

1

3
𝛼 +

58

33
+ 𝑖 (

31

33
𝛼 +

29

33
)

10

9
𝛼 +

52

99
+ 𝑖 (−

251

99
𝛼 −

7

99
)

7

9
𝛼 −

230

99
+ 𝑖 (−

767

99
𝛼 −

49

99
)

−
2

3
𝛼 −

47

33
+ 𝑖 (−

20

33
𝛼 +

26

33
)

1

9
𝛼 −

173

99
+ 𝑖 (−

134

99
𝛼 +

425

99
)]
 
 
 
 
 
 
 
 
 
 
 
 

, 

so, the solution of the system of equations of a complex dual 

fuzzy matrix is: 

𝑥1 = [
34

9
𝛼 −

221

99
,−

7

9
𝛼 +

230

99
]

+ 𝑖 ([
250

99
𝛼 +

203

99
,
767

99
𝛼 +

49

99
]), 

𝑥2 = [
1

3
𝛼 +

58

33
,
2

3
𝛼 +

47

33
] + 𝑖 ([

31

33
𝛼 +

29

33
,
20

33
𝛼 −

26

33
]), 

Here we present the theorem regarding the solution of 

complex dual fuzzy linear equations. 

𝑥3 = [
10

9
𝛼 +

52

99
,−

1

9
𝛼 +

173

99
]

+ 𝑖 ([−
251

99
𝛼 −

7

99
,
134

99
𝛼 −

425

99
]), 
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Example 3.3 Given the system of equations of a complex 

dual fuzzy matrix as follows: 

[
2 −3
4 2

] [
𝑥̃1

𝑥̃2
] + [

((𝛼 + 𝑖(−2 + 3𝛼), (2 − 𝛼) + 𝑖(2 − 2𝛼))

((𝛼 + 𝑖(𝛼 + 4), (2 − 𝛼) + 𝑖(−1 − 2𝛼))
]

= [
1 −2
3 1

] [
𝑥̃1

𝑥̃2
]

+ [
((2𝛼 + 𝑖(1 + 𝛼), (2 − 𝛼) + 𝑖(3 − 𝛼))

((4 + 2𝛼) + 𝑖(2𝛼 − 4), (4 − 2𝛼) + 𝑖(−1 − 2𝛼))
], 

Determine the solution of the system of equations of a 

complex dual fuzzy matrix. 

Solution: 

Given 

𝐴 = [
2 −3
4 2

]     and     𝐵 = [
1 −2
3 1

], 

if it is transformed into a 2𝑛 × 2𝑛 matrix equation, then it is 

obtained as: 

[
2 −3
4 2

] → [

2 0 0 3
4 2 0 0
0 3 2 0
0 0 4 2

], 

and 

[
1 −2
3 1

] → [

1 0 0 2
3 1 0 0
0 2 1 0
0 0 3 1

], 

so the system of equations is 

[

2 0 0 3
4 2 0 0
0 3 2 0
0 0 4 2

]

[
 
 
 

𝑥1

𝑥2

−𝑥1

−𝑥2]
 
 
 

+

[
 
 
 

(𝛼 + 𝑖(−2 + 3𝛼))

(𝛼 + 𝑖(𝛼 + 4))

−((2 − 𝛼) + 𝑖(2 − 2𝛼))

−((2 − 𝛼) + 𝑖(−1 − 2𝛼))]
 
 
 

= [

1 0 0 2
3 1 0 0
0 2 1 0
0 0 3 1

]

[
 
 
 

𝑥1

𝑥2

−𝑥1

−𝑥2]
 
 
 

+

[
 
 
 

((2𝛼 + 𝑖(1 + 𝛼))

((4 + 2𝛼) + 𝑖(2𝛼 − 4))

−((2 − 𝛼) + 𝑖(3 − 𝛼))

−((4 − 2𝛼) + 𝑖(−1 − 2𝛼))]
 
 
 

, 

since 𝑑𝑒𝑡(𝑆 − 𝑅) = 0 then (𝑆 − 𝑅)−1 does not exist so the 

system of equations of a complex dual fuzzy matrix does not 

have a solution. 

 

Based on the steps of solving the system of equations of a 

complex dual fuzzy matrix and the provided example, here 

we present the theorem regarding the solution of the system 

of equations of a complex dual fuzzy matrix. 

Theorem 3.1: Let 𝐴𝑋̃ + 𝑌̃ = 𝐵𝑋̃ + 𝑍 where 𝐴, 𝐵 are 

coefficient matrices of size 𝑛 × 𝑛 and 𝑌̃, 𝑍 are complex fuzzy 

numbers. If the equation is transformed into 𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ +

𝑍, where 𝑆 = (𝑠𝑖𝑗), 𝑅 = (𝑟𝑖𝑗), 1 ≤ 𝑖, 𝑗 ≤ 𝑛, be nonnegative 

matrices. The solution of 𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍 has a unique 

fuzzy solution if and only if (𝑆 − 𝑅)−1 exists. Furthermore, 

that solution is also a solution for 𝐴𝑋̃ + 𝑌̃ = 𝐵𝑋̃ + 𝑍. 

Proof.  

(⟹)Given 𝑆 = (𝑠𝑖𝑗), 𝑅 = (𝑟𝑖𝑗), 1 ≤ 𝑖, 𝑗 ≤ 𝑛, are 

nonnegative matrices, and the linear system of dual 

fuzzy  𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍 has a unique solution, it will 

be satisfied if  (𝑆 − 𝑅) exists.  

With Equations (2) and (3), the dual fuzzy linear system 

 
∑𝑠𝑖𝑗𝑥𝑗̃

𝑛

𝑗=1

+ 𝑦𝑖̃ = ∑ 𝑟𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑧𝑖̃, (21) 

is equivalent to (since 𝑠𝑖𝑗 ≥ 0 and 𝑟𝑖𝑗 ≥ 0 for all 𝑖, 𝑗) 

 
∑ 𝑠𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑦𝑖 = ∑ 𝑟𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑧𝑖 , 

∑ 𝑠𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑦𝑖 = ∑ 𝑟𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑧𝑖 , 

(22) 

with 𝑋̃, 𝑌̃, and 𝑍 given as in equation (15). consequently, 

 
∑(𝑠𝑖𝑗 − 𝑟𝑖𝑗)𝑥𝑗

𝑛

𝑗=1

= 𝑧𝑖 − 𝑦𝑖 , (23) 

 
∑(𝑠𝑖𝑗 − 𝑟𝑖𝑗)𝑥𝑗

𝑛

𝑗=1

= 𝑧𝑖 − 𝑦𝑖 . (24) 

If 𝑑𝑒𝑡(𝑆 − 𝑅) ≠ 0, then (𝑆 − 𝑅)−1 exists, so equations 

(23) and (24) have a unique solution (𝑥𝑗)
1

𝑛

, (𝑥𝑗)1

𝑛
 . 

(⟸)Given 𝑆 = (𝑠𝑖𝑗), 𝑅 = (𝑟𝑖𝑗), 1 ≤ 𝑖, 𝑗 ≤ 𝑛, and (𝑆 −

𝑅)−1 exists, it will be shown that the linear system of 

dual fuzzy 𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍 has a unique solution. 

Because (𝑆 − 𝑅)−1 exists, it has a unique solution 

(𝑥𝑗)
1

𝑛

, (𝑥𝑗)1

𝑛
. 

∑𝑥𝑖

𝑛

𝑗=1

= ∑(𝑠𝑖𝑗 − 𝑟𝑖𝑗)
−1

𝑛

𝑗=1

(𝑧𝑖 − 𝑦𝑖), 

∑ 𝑥𝑗

𝑛

𝑗=1

= ∑(𝑠𝑖𝑗 − 𝑟𝑖𝑗)
−1

𝑛

𝑗=1

(𝑧𝑖 − 𝑦𝑖). 

Next, both sides are multiplied by ∑ (𝑠𝑖𝑗 −𝑛
𝑗=1

𝑟𝑖𝑗) resulting in 

∑(𝑠𝑖𝑗 − 𝑟𝑖𝑗)𝑥𝑗

𝑛

𝑗=1

= 𝑧𝑖 − 𝑦𝑖, 

∑(𝑠𝑖𝑗 − 𝑟𝑖𝑗)𝑥𝑗

𝑛

𝑗=1

= 𝑧𝑖 − 𝑦𝑖 . 

Then,  

∑𝑠𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑦𝑖 = ∑ 𝑟𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑧𝑖, 

∑ 𝑠𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑦𝑖 = ∑𝑟𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑧𝑖 . 

Are equivalent (since 𝑠𝑖𝑗 ≥ 0 and 𝑟𝑖𝑗 ≥ 0 for all 𝑖, 𝑗) 

∑ 𝑠𝑖𝑗𝑥𝑗̃

𝑛

𝑗=1

+ 𝑦𝑖̃ = ∑𝑟𝑖𝑗𝑥𝑗

𝑛

𝑗=1

+ 𝑧𝑖̃. ∎ 

 

IV. CONCLUSION 

Based on the discussion above, the system of equations of 

complex dual fuzzy matrices 𝐴𝑋̃ + 𝑌̃ = 𝐵𝑋̃ + 𝑍 where 
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𝐴, 𝐵 are coefficient matrices of size 𝑛 × 𝑛 and 𝑌̃, 𝑍 are 

complex fuzzy numbers that can be solved by transforming 

them into a 2𝑛 × 2𝑛 complex fuzzy matrix. The system of 

equations referred to is 𝑆𝑋̃ + 𝑌̃ = 𝑅𝑋̃ + 𝑍 where 𝑆 ≥ 0 are 

the nonnegative entries of matrix 𝐴, 𝑆 ≤ 0 are the absolute 

values of the negative entries of matrix 𝐴, 𝑅 ≥ 0 are the 

nonnegative entries of matrix 𝐵, 𝑅 ≤ 0 are the absolute 

values of the negative entries of matrix 𝐵, and 𝑌̃, 𝑍 are 

matrices of complex fuzzy numbers with the solution 𝑋̃ =

(𝑆 − 𝑅)−1(𝑍 − 𝑌̃). 
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