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The main objective of this research is to solve the system of equations of dual complex fuzzy
matrices AX + Y = BX + Z where A, B are crisp coefficient matrices of size nx n, and ¥, Z are

complex fuzzy number matrices. By transforming it into the form of a system of equations of
complex fuzzy matrices SX + ¥ = RX + Z where S > 0 denotes the positive entries of matrix
A, S < 0 denotes the absolute values of the negative entries of matrix A, R = 0 denotes the
positive entries of matrix B, R < 0 denotes the absolute values of the negative entries of matrix
B, and ¥, Z are matrices of complex fuzzy numbers. Based on the research, it is obtained that
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the solution of the system of equations of dual complex fuzzy matrices can be achieved by
transforming the system of equations of n X n matrices into 2n x 2n matrices, where n > 2.
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I. INTRODUCTION

One of the issues encountered in the field of mathematics is
linear equation systems. Linear equation systems are widely
used in various fields of science such as physics [1],
optimization [2], economics [3], management and financial
business [4], transportation planning [5], flow theory, and
flow control [6]. In certain fields such as decision theory,
control theory, and some areas of management science, the
problems of linear equations involve not only real numbers
but also fuzzy-based linear equations as their mathematical
models [7].

The solution of fuzzy linear equation systems can be
expressed as the matrix equation AX = ¥, where 4 is a crisp-
valued matrix and ¥ is a vector-valued in fuzzy numbers, as
first proposed by Fridman et al. [8], [9]. Furthermore, several
methods for solving such fuzzy linear equation systems can
be found in [10], [11], [12], [13], [14]. In paper [9],n X n
complex fuzzy matrix is transformed into a 2n x 2n form
using the method provided in [15]. Subsequently, the
complex form of 2n x 2n fuzzy linear equation systems is
developed into a dual form.

In recent years, the dual form of fuzzy linear equation systems
has seen rapid development and has a broad application scope
across various fields such as economics, finance, engineering,

and physics [16]. In [17], the complex dual fuzzy linear
equation systems are transformed into the form of complex
dual fuzzy matrix equation systems written as AX + ¥ =
BX + 7, where A and B are standard complex matrices, ¥
and Z are complex vectors on the left-hand side and right-
hand side respectively, and X is the unknown complex
vector. Furthermore, in [18] the dual fuzzy linear systems are
solved algebraically, with research findings indicating that
the coefficient matrices are crisp-valued matrices and the left-
hand and right-hand vectors are valued in fuzzy numbers.

Recent research on solving dual fuzzy matrix equation
systems can be found in [19]. In [20], fuzzy linear equation
systems are solved using numerical methods. Furthermore,
[21] discusses systems of linear equations with coefficients
as complex numbers and constants as complex fuzzy numbers
using the Doolittle decomposition method. Based on the
previous research, there has been no discussion on complex
dual fuzzy linear equation systems. Hence, we propose a
study on solving complex dual fuzzy linear equation systems.

Il. PRELIMINARIES
Solving the system of equations of dual complex fuzzy
matrices in 2n X 2n form. The research method employed is
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a literature review. The following are some supporting

theories used in the research.

Definition 2.1 [11]: A fuzzy set ¥ with membership function

uz: R - [0,1], is called a fuzzy number if

i.  There exists t, € R such that pg(t,) =1, i.e, X
normal.

ii. For any 2 € [0,1]and s,t € R, we have u;(ds +
(1 — Dt) = min {uz(s), uz(®)}, i.e., ¥ is a convex
fuzzy set.

iii. For any s € R, the set {t € R: uz(t) > s} is an
opensetinR,i.e., pg isupper semi-continuous on R.

iv. The sett € R: ug(t) > 0} is a compact set in R,
where A denotes the closure of A.

We refer to the set of all fuzzy numbers as F in this study. In

particular, we can argue that R c [F if we consider the real

line R as R = {X; : t }, which represents real numbers [22].

additionally, the fuzzy number ¥ is a-level for0 < a <1

isdefinedas [X], = {t € R: pug(t) = a}andfora = 0

it is defined as [X], ={t € R: uz(t) > 0}. With the

support of the fuzzy set defined as

supp(%) = [X]o ={t € R: pug(t) > 0}.

Conditions (i) through (iv) suggest that for each «a €

[0,1],[%], is a bounded closed interval in R [15], by

Definition 2.1. Here, the a-level of the fuzzy number ¥ is

denoted by [%], = [x(a),x(a)],, for ever a € [0,1]. It is

clear that if for every a € [0,1], x(a@) = x(a), then ¥ isa
crisp real number.

A necessary and sufficient condition for an interval member

[x(a),X(@)],0 < a < 1, to be the a-level of a fuzzy number

in FF is stated by the following lemma.

Lemma2.1[23]: Let {[x(a), X(a)] : 0 < a < 1} be acertain

non-empty set member in R. If

i.  [x(a),%(a)] is a bounded closed interval, for every
a €10,1],

i [x(a), X(ay)] 2 [x(ay), X(ay)] for all 0< a; <
a, <1,

i, [Igilg x(@y), lim E(ak)] = [x(@), %(a)] whenever
{a,} is a non-decreasing sequence in  [0,1]
converging to a.

Then the set [x(a), X()] represents the a-level of the fuzzy
number ¥ in F. Conversely, if [g(a),f(a)],o <a<1,isthe
a-level of a fuzzy number ¥ € F, then conditions (i) - (iii) are
satisfied.
Remark 2.1 [14] By Lemma 2.2 it is concluded that if the
family
{[g(a),f(a)]: 0<ac< 1},

presents the a-levels of a fuzzy number, then:
1) The condition (i) implies the functions x and x are

bounded over [0,1] and x(a) < x(a) for each a €

2) The condition (ii) implies the functions x and x are non-

decreasing over [0,1], respectively.
3) The condition (iii) implies the functions x and x are left-

continuous over [0,1].
For x,y € F, and 1 € R, based on the extension principle,
arithmetic operations on the fuzzy number are presented
using the concept of a-levels of fuzzy numbers and interval
arithmetic. Then the a-levels of the sum % + ¥ and the
product A - ¥ are obtained as follows

[3? +}7]0c = [f]a + [y]a = {S +t:s € [f]a:t S [37]05}
= [x(@) + y(@), %@ +¥(@)],
[A-%]g =2 [X]q = {At:t € [%]a}

[lg(a),/li(a)], A=0,
{[/W(a),/@(a)], A<O.
Definition 2.2 [24]: For any complex fuzzy number
represented by Z = % + iy, with ¥ = [x(r),x(r)] and 7 =

[X(r),y(r)],ogrsl, it can be written as Z=
[z, 70] + 1 [y0).70)] = (209 + iy, Gy +
iy ()]

Further, arithmetic operations of complex fuzzy numbers are
discussed in [25], [26], and [27] as stated in Definition 2.3.
Definition 2.3 [28]: For any two rectangular complex fuzzy
numbers Z; = %, + iy, and Z, = X, + iy, and a complex
number ¢ = a + ib, the a-cut of the sum Z; +
Z, and the product ¢ - Z; are determined based on interval
arithmetic as follows:
[Z~1 + Z~2]a = ([fl]a + [J?Z]a) + i([yl]a + [}72]11)
= [x(@) + x(@), 7 (0) + (@)

+ i1 (@) + y2(@), 7@ + V2(@)]
and
[C ' Z~1]a = [((1 +ib) - Z~1]a = (a+ib)- ([fl]a + i[yl]a)

= (a[fl]a - b[yl]a) + i(a[fl]a + b[yl]a)-
Also, two rectangular complex fuzzy numbers z;, = %; + iy,
and Z, = %, + iy, are said to be equal if and only if ¥, =
Xand 3, =3, ie., [%]e = [X2]e and [$1]a = [y2]a, for
every ¢ € [0,1].
Definition 2.4 [18]: We say that two fuzzy numbers % and j
are equal if and only if for any t € R, ux(t) = uy(t), [X], =
[#], forany a € [0,1]. Also

¥cyolxl, € Flo Va € [0,1].
Furthermore, we define two concepts: "a-radius" and "a-
center" of any rectangular complex fuzzy number.
Definition 2.5 [25]: We define the a-center of a rectangular
complex fuzzy number Z = ¥ + iy as follows:

[21G = <E(a) erﬁ(a)) +i (y(a) :X(a)>,a € [0,1].

Where [%],, = [x(a), ¥(a)] and [7], = [y(a),7(@)]

[0,1]. Definition 2.6 [25]: We define the a-radius of a rectangular
complex fuzzy number Z = ¥ + iy as follows:
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Where [#],, = [x(a), F(@)] and [5], = [y(a), ()]
For any a € [0,1], it is evident that the a-radius and a-
center of a rectangular complex fuzzy number are complex
numbers In the section that follows, we define a system of
complex fuzzy linear equations so that the a square matrix
with complex values represents its coefficient matrix.
Remark 2.2 [18]: Clearly, the a-radius and a-center of any
fuzzy number are definite real functions of a.
Remark 2.3 [18]: For a fuzzy number %, if for every a €
[0,1], xR (a) = 0 then it can be easily concluded that % is a
definite real number.
Remark 2.4 [18]: For a fuzzy number %, if for every a €
[0,1], x¢(a) = x(a) or x“(a) = x(a), then according to
Statement 2.3, it can be shown that % is a definite real (crisp)
number.
Remark 2.5 [18]: Two fuzzy numbers % and y are equal if
and only if x¢(a) = y“(a) and x®(a) = yR(a), for every
a €[0,1].
The following statements can be deduced from [29].
Remark 2.6 [18]: Let %, %,, .., %, € F, A4, 4,,...,4, €
Rand i = ¥, A;%; then

n

uc(a) = Aixic(a); uR(Of) = MilxiR(a)-
2 )

Definition 2.7 [18]: We define a vector-valued fuzzy number
as X = (%, %,,..,%,)7, where, i = 1,2,...,n, is a fuzzy
number.  Also, we denote [X],with [X], =
([% ) > [2] s - s [Bn] ) Tand consequently x¢(a) =

(xE (@), x5 (@), .., x5 (@))" and (@) =
(xR(@), x5 (), ..., xR (a))T.

Furthermore, for two vector-valued fuzzy numbers X and Y,
we define

(2] = (E(a) _ ﬂa)) +i (y(a) _ z(a)>’a € [0,1].

Xc¥ e [Xl, [l vae 0]

e [%ly S [File, i =12, ..,n,Va € [0,1].
Theorem 2.1 [18]: Let A = (aii)nxn be an arbitrary crisp-
valued matrix and also X = (¥, %,, ..., %,)T be an arbitrary
vector-valued fuzzy number. Then

(4-%)°(@) = 4-X(a),
and

(4-%)" (@ =141 - X*(@),
where |A| = (|ai1'|)n><n
Proof. The proof follows from Statement 2.6 and Definition
2.7.m
One intriguing topic in fuzzy mathematics with numerous
applications across various branches of science is the dual
fuzzy linear equation system. These systems are defined as
follows.
Definition 2.8 [9]: A fuzzy equation system

a11%; + A%, + o+ Xy = J1, @

Az1X1 + Ap2Xy + -+ App Xy = Yo,

An1%y + AppXy + 0+ Ay Xy = Py
Is called a fuzzy linear equation system with A = [aij]?jzl
being a crisp coefficient matrix and ¥; being a fuzzy number.
Definition 2.9 [9]: A vector of fuzzy numbers
(x1, X5, ..., x,)Tis given by
xX; = (gi(r),fi(r)>, 1<i<n,

it is called a solution to the fuzzy linear system if

n n
Z aijxj = Z aijxj = &,
j=1
Tl n
2, = )% =5
j=1 j=1
If, for a specific i, a;; > 0,1 < j < n, we only obtain

n
Z aijXj = Yi, Z aijXj = Yi. ®3)
j=1 j=1
Considering the fuzzy linear equation system in Equation (1).
Transform the n x n coefficient matrix A into a 2n X 2n
matrix as follows:

S11X + ot SipXn + S1n+1(=%1)

+ S1n42(—x2) + -
+ 5120(—0) = Y1

0<r<i,

()

Sn1X1 +t SnnXn + Sn,n+1(_x1)

+ Snn+2 (_x_z) + o

— 4
+ Sn,Zn(_xn) =Y
Sn+1,1ﬁ +-t Sn+1,nx_n + Sn+1,n+1(_x_1)
+t Sn+1,2n(_x_n) = -y,
SZn,lﬁ +-t SZn,nx_n + SZn,n+1(_x_1) + o
+ SZn,Zn(_E) = _yn'
where
Sij = Sinj+n = Qij, if a;; =0,
' ®)

Sijen = Si+nj = @;j, if a;; <O0.
And any s;; not determined by Equation (5) is zero. Using
matrix notation.
SX =Y, (6)
where

T
X = (ﬂ, s Xy = X1y e —xn) ,

~ _ _\T
Y = (&, s Yo =Y s —yn) .
The structure of S expresses s;;, 1 < i,j < n, and

B C
=z gk (7)
with B being the positive entries in matrix A and C the
absolute values of the negative entries in matrix 4, and A =
B — C. Now we need to compute S~ (if it exists) and then
obtain
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X =S"1y. (8)
Theorem 2.2 [9]: If S71 exists, it must have the same
structure as S, namely

_ D E
s=[2 2 ©
Theorem 2.3 [9]: The unique solution X of Equation (6) is a
fuzzy vector for any arbitrary Y if and only if is S~ non-
negative, that is,
™M;=0, 1<ij=2n (10)
Further explanations for the proofs of Theorem 2.2 and
Theorem 2.3 are discussed in [[9] pages 204-205].
Definition 2.10 [18]: A linear systemof n X n
a1 % +apX; + o+ ag Xy + 9
= by X1 + by %y + -
+ b %, +2;
Az1%; + A% + -+ AonXn + V2
= b219z1 + lizzfz + - (11)
+ by, X, + 7,
anlfl + anzfz + et annin + yn
= by Xy + bppXy + oo
+ b X, + Z,
Where the coefficient matrices 4 = (a;;) _,B = (b;;)
are two real crisp mxn matrices, and vectors Y =
G V2 s 3T, Z = (24,25, ..., Z,)T are  complex  fuzzy
vectors with the form = § + ih and Z = § + ig which are
unknown X = (%, %,, ..., %,)7 is a complex fuzzy number
vector with the form ¥ = & + if. Also, it is referred to as a
complex dual fuzzy linear system.
Based on Definition 2.10, the matrix form of the complex
dual fuzzy linear system in Equation (11) is as follows:
AX+Y=BX+12Z, (12)
where matrices A, B and vectors X,¥ and Z are defined in
Definition 2.10. Additionally, it is important to note that for
any complex fuzzy number % € F there is no element § €
F¢ such that ¥ + § = 0. In other words, for any ¥ € F¢ — R,
we have X+ (—X) # 0and consequently, we cannot
equivalently replace the complex dual fuzzy linear system in
Equation (12) with the complex fuzzy linear system
A-B)X=7-7.
From Equation (12), we transform it into the matrix form of
the complex dual fuzzy linear system of 2n x 2n as follows:
SX+Y=RX+7, 13)
Thus,
S11%1 + o+ SipXn + Sy (X)) +
+ S0 (=%0) + 01
=T1X ot T Xp
+ e (X)) +
+ Tan(=%0) + 23,

(14)

Sn1Xy + o+ SpnXn + Spna (ZX1) + o+
Snan(=Xn) + Yo = Ty + -+ Ty X +
a1 (—X1) + o+ T 20 (=30) + 25,
Sn+1,1%1 0 SnernXn + Snrnea (—31)

+oeet Sn+1,2n(_z)
+ (=)
=T Tt Th+1n¥n

+ Tn+1,n+1(_x_1) +
+ rn+1,2n(_ﬁ) + (_Z_l):

SanaX1 + o F SapnXn + Sanner (X1 +

+ 52n,2n(_ﬁ) + (_%)
=TaaX Tt T2nnXn

+ a1 (—X0) + -
+ Ton2n (%) + (=25),
where
S =5ij = Siznj+n = Qijy ifa;; 20,
S = Sijtn = Siynj = 4ij, if a;; <0,
R =1 =Tnjin = by, ifby; 20,
R =1, j4n = Tiyn; = by, if by <0,

X= (ﬂ, eey Xy =1, ...,—E)T
= <ﬁ+ if, . en+ if_n,—e_1
+ (~ifi), e, —2n
(7))

7= (v oY =3 0)
= (&+ ih, v Gn
+ ihy, T
+ (=ihy), e, —Gn
+(-m)) |

T
Z = (z_l, s Zpy —Zy e, —Zn)

(15)

= (&+ iq, ., Pn

+iqn —p1

+ (=iq1), ., =Pn
_N\T

+ (_iQn)) .

Definition 2.11 [18]: If for the system in Equation (12),
det (A — B) # 0, then we define the extended solution of the
system in Equation (12) as follows:
Xg=W@A-B)Y(Z-7). (16)
Also, if det(A — B) =0, then we say that the extended
solution does not exist.
Definition 2.12 [18]: A vector-valued fuzzy number X, =

(B0 By oo an)T is called an algebraic solution of the dual
fuzzy linear system in Equation (12) if
AXA+Y= BXA+Z~,
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or in other words,

Remark 2.7 [18]: Based on Definition 2.4 and Definition

2.12, it is clear that X, = (&;,, %2, ...,an) is an algebraic
solution of the system in Equation (12) if

ZAU lA + [Y ZBU JA] +[Zila

for every a€f0,1] and i = 1,2,...,n. also, if det (A —
B) # 0, according to Definitions 2.4 and 2.11, we have

[Xe], = (A - B ([Z1 - [7] ),

I1l. DISCUSSION RESULTS

Since the research objective is to solve the system of equation
complex dual fuzzy matrices, here we present the algebraic
steps involved:

1. Given the system of equations dual complex fuzzy
matrices in the form AX + Y = BX + Z where A, B are
crisp coefficient matrices, and ¥, Z are complex fuzzy
numbers.

2. Next, the first step is to transform it into a system of
equations dual complex fuzzy matrices in the form
SX+Y =RX +Zwhere S>0 denotes the positive
entries of matrix 4, S < 0 denotes the absolute values
of the negative entries of matrix A, R = 0 denotes the
positive entries of matrix B, R < 0 denotes the absolute
values of the negative entries of matrix B, and ¥, Z are
complex fuzzy numbers.

3. Then, determine det(S — R) # 0 so that the inverse of
(S — R) exists, and the system of equations of dual
complex fuzzy matrices has a solution.

4. Determining the algebraic solution of the complex dual
fuzzy linear equation based on Theorem 3.1 using X =
S-R)YZ-7).

Example 3.1 Given the system of equations of a complex
dual fuzzy matrix as follows:

21 [%
2]

(a+i(-2+42a),2—a)+i(2 - 2a))
(@ +i(—4+a), (25— 1.5a) +i(—1 — 2a))
_ [2 4-] [%1]

4 211X,

(A+a)+il—a),(6—a) +i(-1+a))
(-2 +a)+i(-3+a),(—a) +i(-1 - 0())]'

Determine the solution of the system of equations of a
complex dual fuzzy matrix.

_|_

if it is transformed into a 2n X 2n matrix equation, then it is
obtained as:

[6 2 0 O]
2]_) 1 7 0 0
7 0 0 6 2|
[0 0 1 7]
and
[2 4 0 O]
[2 4]_) 4 2 0 O
4 2 0 0 2 4
0 0 4 2]
so the system of equations is
6 2 0 0[&] [ a+i(-2+2a)
1 7 0 0 X_Z a+i(—4+a)
00 6 2||-m|T| -(@-ao)+i2-20)
0 0 1 7ll-x, l—((2.5—1.5a)+i(—1—2a))J
2 4 0 o][&
4 2 o off X2
o0 2 4f|l-x
0 0 4 2ll-%
[ @G+a)+i(l—a)
(2+a)+i(-3+a)
Hl-(6-a)+i(-1+a))|
—(—a+i(-1-a)

since det(S — R) = 196 then (S — R)~! exists and has the
algebraic solution as follows.

X=6-R)YZ-Y)
0o\t G+a)+i(1—a)

4 -2 0
-3 5 0 0 (—2+a)+i(-3+a)

“llo o 4 -2 —((6-—a) +i(-1+))
0 0 -3 5 —(—a+i(-1-a)

a+ti(—4+a)
—(2-a)+i(2-2a))
l—((z.s —1.5a) +i(-1— Za))J

[ a+i(—-2+ 2a) ]

5/14 1/7 0 0 4+i(3 - 3a)
|3/14 277 0 o —2+i
1o 0 5/14 1/7|| -4+iB-3a)

0 0 3/14 2/7l@25 +050) +i(-0)

8 (17 15 )
7T\ 12
2

+i (13 9 )
77 N\12 " 12
( 1 15)+_(15 17 )’
14% 7 12 14 127

( 1 1) ny ( 9 13 )
L 77977 14~ 12°
s0, the solution of the system of equations of a complex dual
fuzzy matrix is:

_[8 15+1 ]+,(17 15 15+17 ])
x1_7’14 2% T \[12 12 12 T 12 %)

Solution: 13 9 9 13
Given w=rg 79 (e g el
a=[0 Y w0 o-f | |
Example 3.2 Given the system of equations of a complex
dual fuzzy matrix as follows:
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2 2 01[*%
3 1 —1] 552]
1 -2 31l%
[ (a +i(-2+2a),2—a)+i(2 - 2a))
+] (Q+a)+iRa+2),3+i(6—-2a))

( 2+i(2a+4) (-1 —a) +i(8 — 2a))

2|

((4a - 1) +i(1+8a),(4 —a)+i(6+5a))

+] (ha—2)+i(4a—-2),B3—-a)+i(8+2a)) |,
|[((4a+ 1) +i(=5a+3),(6—a)+i(—4+3a))
Determine the solution of the system of equations of a
complex dual fuzzy matrix.

= 2
11

Solution:
Given
2 2 0 1 1 1
A=13 1 —1] and B=1]2 3 —2].
1 -2 3 1 -3 0

if it is transformed into a 2n X 2n matrix equation, then it is
obtained as:

-1 4a—1) +i(1 + 8a

1oL o0 o e e
0 o 3 o0 -1 0| (4a +1) + i(=5a + 3)
“lo 0o o 1 1 —((4— @) +i(6 + 5))
0 0 -1 1 -2 0J —(B-a)+i(8+2a))
0 -10 0 0 3 \_—((6—a)+i(—4+3a))_

—2+iQa+4)
| -(C-a)+i(2 - 2a))
-(3+i(6-2a))

a+i(-2+2a)
QC+a)+iRa+2) )
|

—(( 1—a)+i(8— Za))

2 2 0 0 0 O
310001
F : _01]_>103020
1 2, 3 0002 20
001310
o0 2 0 1 0 3
and
1 1 1 0 0 O
2300 0 2
F ; _‘1‘2]_)100030
1 3 o 000 1 1 1f
002230
0 30 1 0 o
so the system of equation is
2200 0 o0 22] a+i(=2+2a)
3100 0 1)l %] Q+a)+iRa+2)
10 3 0 2 0||E|Jr —2+iQRa+4) ‘
000 2 2 0||—E| —((2—a)+i(2 - 2a))
l0 01 3 1 OJl—EJ —(3+i(6 —2a))
020 1 0 3| 5] l-((-1-a)+i8-2a))
11100 o 2]
23000 2] xz
|1 00 0 3 0
“1loo0o 011 1 —x1
00 2 2 3 oJ -%,
o 3 0 1 0 ol 5]
(4a—1)+i(1+8a)
(4a —2) + i(4a — 2)
+ (4a+ 1) +i(-5a+3)
—((4—a)+i(6+5a)) [
—((B3—a) +i(8+2a))
—((6 —a) +i(—4 + 3a))

since det(S — R) = 70 then (S — R)!exists and has the
algebraic solution as follows.

f=(S-R)Z-T)

70 29 7 7 4
99 99 33 99 99 33
10 10 1 1 1 1
33 33 11 33 33 11
1 1 10 10 10 1

{99 T99 33 99 “99 33
7 7 4 70 29 7
99 "99 33 99 99 33
1 1 1 10 10 1
33 33 11 33 33 11
10 10 1 1 1 10
99 99 33 99 99 33

3a—1+i(3+6a)]
| 3a+i(2a) |
[4a +3 +i(—=7a—-1)|
—4+i(—4—-7a)
a+i(-2-4a)
—74i(12 - 5a)
34221 ,<250 N 203)-
9% 99 Tt 99 * T 99
158 (31 29)
3933t il33% 3
10 52 ( 251 7)
9% 5 99 “ 7 99
720 ( 767 49) '
9% 799 99 “ 99
2 47, ( 20 26)
3% 33T 733% 33
1 173 ( 134 425)
9% 799 99 “ " 99 )

s0, the solution of the system of equations of a complex dual
fuzzy matrix is:

3+, 221 7 230
1T 9% 9977 9% 99
N (250 , 203 767 +49)
l “T799 99 “To9])
_[1 ,582 ]+ (31 L2920 26)
2= 3973373 33'33% 7 33])

Here we present the theorem regarding the solution of
complex dual fuzzy linear equations.

[10 52 1 173

BT 9% 99 9% T g9
+,( 251 7 134 425)
"[799 % 9999 * " 99
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Example 3.3 Given the system of equations of a complex
dual fuzzy matrix as follows:
[2 —3] [3?1] + ((a+i(=2+3a),2—a) +i(2 - 2a))
4 2115 (a+i(la+4),2-a)+i(—1-2a))
_ [1 —2] [9:51]

3 111X,

(Ra+i(l+a),2-—a)+i(3—0a))
(4+2a)+iRa—4),(4 - 2a)+i(—1-2a))!
Determine the solution of the system of equations of a
complex dual fuzzy matrix.

Solution:
Given

2 -3 )

A‘[4 2] and B_[3 1]'

if it is transformed into a 2n X 2n matrix equation, then it is
obtained as:

+

[2 0 0 3]
[2 —3]_> 4 2 0 0
4 2 0 3 2 o

[0 0 4 2]
and

[1 0 0 2]
[1 —2]_) 31 00
3 1 0 2 1 of

[0 0 3 1]

so the system of equations is

2 0 0 3][&] [ (@+i(=2+3a)
4 2 0 o[ﬁ] | (a +i(a+4)) |
0 3 2 0|—E|+[—((2—a)+i(2—2a))J
0 0 4 2ll-5| |-(2-a) +i(-1-2a)
1 0 0 2|[2]
I3 1 0 o|| 22
o 2 1 ofl-x
0 0 3 1ll-5]

(44 2a)+i(2a —4))
-(2-a)+iB—-a))
(4 - 2a) + i(~1 - 2a))]
since det(S — R) = 0 then (S — R)~* does not exist so the
system of equations of a complex dual fuzzy matrix does not
have a solution.

+

»

(Qa+i(1+a)) 1
|
|

Based on the steps of solving the system of equations of a
complex dual fuzzy matrix and the provided example, here
we present the theorem regarding the solution of the system
of equations of a complex dual fuzzy matrix.
Theorem 3.1: Let AX+Y =BX+Z where A Bare
coefficient matrices of size n x nand ¥, Z are complex fuzzy
numbers. If the equation is transformed into SX + ¥ = RX +
Z, where S = (s;;), R = (1;;),1 < i,j < n, be nonnegative
matrices. The solution of SX + ¥ = RX + Z has a unique
fuzzy solution if and only if (S — R)~?! exists. Furthermore,
that solution is also a solution for AX + ¥ = BX + Z.
Proof.
(=)Given S=(sy) R=(r;),1<i,j<n are
nonnegative matrices, and the linear system of dual

fuzzy SX +Y = RX + Z has a unique solution, it will

be satisfied if (S — R) exists.

With Equations (2) and (3), the dual fuzzy linear system
n n

ZS”J’C; +}’7;=ZT'UX]+’Z\;, (21)

j=1 j=1
is equivalent to (since s;; = 0 and r;; = 0 for all i, j)
n n
Zsifﬁ-l_ﬂzzrifﬁ-’_ﬁ‘
i=1 i=1
£ " (22)
Zsijx_j‘FW:Zrijx_ijZ_i'
j=1 j=1
with X, ¥, and Z given as in equation (15). consequently,
n
Z(Sij —7y)% =7~ Yu (23)
j=1

n

Z(Sij - rij)x_j =z~ Y (24)
j=1
If det(S — R) # 0, then (S — R) ™1 exists, so equations

(23) and (24) have a unique solution (x]-)n ) (x_j)zl .
—1

(=)Given S=(s;), R=(r;),1<ij<n, and (S-—
R)™1 exists, it will be shown that the linear system of
dual fuzzy SX + Y = RX + Z has a unique solution.
Because (S — R)™?! exists, it has a unique solution

(ﬁ)j'(x_j):'
Z xi= ) (s ) (ﬁ - &)’

j=1 '
n
-

n
— -1 ,__ —
Xj = Z(Sij - rij) (Zi — o).
J j=1

Next, both sides are multiplied by Z}‘zl(su—
r;;) resulting in

n
Z(Stj —1y)x; = Zi— Y,
j=1 o

n
D (sy—r)B =7
j=1

Then,
n n
Zsijxj +& = Zrijxj + é
j=1 j=1
n n
j=1 j=1
Are equivalent (since s;; = 0 and r;; = 0 for all i, j)
n n
ZSUJ?; +5/; =ZTL'J'XJ' +Z..
j=1 j=1

IV. CONCLUSION
Based on the discussion above, the system of equations of
complex dual fuzzy matrices AX +Y = BX +Z where
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A, B are coefficient matrices of size nxn and ¥,Z are
complex fuzzy numbers that can be solved by transforming
them into a 2n x 2n complex fuzzy matrix. The system of
equations referred to is SX + ¥ = RX + Z where S > 0 are
the nonnegative entries of matrix 4, S < 0 are the absolute
values of the negative entries of matrix 4, R > 0 are the
nonnegative entries of matrix B, R < 0 are the absolute
values of the negative entries of matrix B, and ¥,Z are
matrices of complex fuzzy numbers with the solution X =
S-RYZ-7).
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