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I. INTRODUCTION

Inaam Hadi and Thaar Younis Ghawi[] introduced the
concepts of a Strongly Large submodule. B. Ungor, S.
Halicioglu, M.A. Kamal and A. Harmanci[] introduced the
concept a Strongly Large Closed submodule and a Strongly
Large Complement submodule. A submodule K of an R-
Module M is called a strongly large submodule in M, if for
any m € M, s € R with ms # 0 there exists anr € R such that
mr € K and mrs # 0. A submodule N of R-module M is
called SL-closed if, N has no proper strongly large
extensions in M. A Submodule K is called an SL-
complement in M if there exists a submodule L such that K is
an SL-Compleent of L in M.

In this paper, | introduced Strongly Large Ideals and studied
Closed ideals and Strongly Large Complement Ideal. An
Ideal is called an SL-Closed ideal if it has no proper Strongly
Large Extension in L. | prove that direct summands of a
lattice L are SL-Closed ideals. | give an example for, the
intersection of SL-Closed ideals of a lattice L need not be
SL-closed. | also show that , direct summands of SL-
Complements are SL-Complements.

Throughout in this paper L denotes a lattice with 0 and 1.
Id(L) denotes the ideal lattice.

Il. STRONGLY LARGE IDEALS

Definition 1 : Strongly large ideals : Let | € Id(L) is called a
Strongly Large Ideal in L, in case for any a,b€ L with aAb #
0 there exists ¢ € L such that aAc € I and aAbAc # 0. It is
denoted by SL-ideals

Definition 2: Strongly large closed ideal: An ideal | € 1d(L)
is called strongly large closed ideal if 1 has no proper

strongly large extension in L. It is denoted by SL-closed
ideal.
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In the lattice shown in figure 1, Let | = {0,a,b,c,e}, fore, g €
L suchthate A g=c #0 there exists f € L such that e A f=
belande A gAf=a#0. Thus I is strongly large ideal in
L. Similarly J = {0,a,d,g,c} is also strongly large ideal in L.
In the lattice shown in figure 2, there does not exists any
strongly large ideal in L.
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Figure 2

Lemma 1: Let I, J € Id(L) with | < J. If | is strongly large in
Jthen I 01 J = (0] implies J N K = (0] for any ideal K of L.
Proof: Suppose | € Id(L) is strongly large in J. Let K €
Id(L) be such that I N1 K = (0]. Clearly I N K € Id(J) and I N
(JN K)=(0]andso (J N K)=(0].

Lemma 2: Let I, J € Id(L) with I € J. Then I is strongly
large in J and J is strongly large in L then I is strongly large
inL.

Proof: Let a, b € L be such that anb#0. Since J is strongly
large in L, there exists ¢ € J such that a AciAc2€l with
a AbAciAcy #0. Hence 1 is strongly large in L

Lemma 3: Let L be a lattice. If 11 is strongly large in J; and
Io is Strongly large in J; then Iy 0l Tz is strongly large in J: N
Jo.

Proof: Let a,b € J; 1 J, with aAb #0 then there exists ¢1 € J1
NJ,suchthataAci €lianda AbAci£0.Ifa A cy € I, then
prove is over. If a A ¢ does not belong to I,, Observe that a
A cy € Jo witha A b A ci# 0. So there exists ¢, € J, such that
aNnciAcgE€ElbandaAbAciAca#0.HenceaAciAco €l
N I with a A b A ¢1 A c2# 0. Therefore I N1 17 is strongly
large in J1 0l Jo.

Lemma 4: Let I, J € Id(L) with | < J. Then | is strongly
large in L if and only if | is strongly large in J and J is
strongly large in L.

Proof: Let I, J € Id(L) with I < J. Since | is strongly large in
Jand J is strongly large in L then by Lemma 2, | is Strongly
large in L.

Conversely, Suppose that | is Strongly large in L. To show
that I is strongly large in J and J is strongly large in L. By
Lemma 3, I is strongly large in L implies I 1 J is strongly
large in L N1 J implies I is strongly large in J. Now let a,b €
L be such that a A b# 0. Since [ is strongly large in L there
exists ¢ € L such that aAc € I and aAbAc#0. Since I € J we
have a A ¢ € J with aAbAc#0. Hence J is strongly large in L.
Lemma 5: Direct summands of a lattice L are SL-closed
ideals.

Proof: Let I, J € Id(L) be such that L =1 & J. Assume that |
is strongly large in K € Id(L). Hence K 11 J = (0] by lemma

1 and so K = I. Therefore | has no proper strongly large
extension in L.

Remark: The intersection of SL-closed ideals of a lattice L
need not be SL-closed.

Theorem 1: Let L be a lattice and | € 1d(L) be an SL-closed
ideal in L. If K is strongly large in L then I 1 K is SL-
closed.

Proof: Let J € Id(L) be a strongly large extension of 11 K
in K that is I (1 K is strongly large J in K. To show: I (1 K is
SL-closed in K i.e. I (1 K =1J. To show I is strongly large I (1
J. Let a,b € I N1 J be such that aAb #0. Since K is strongly
large in L, there exists ¢ € L such that aAc € K and aAbAc #
0. So aAnc € I 1 K and hence aAbAc € J with aAbAc # 0.
Since I N1 K is strongly large in J, there exists c¢1 € J such
that aAbAcAcy € 11 K Sl and aAbAcAcy #0. Therefore | is
strongly large in I N1 J. Since I is an SL-closed in L, it
follows that =11 J. Hence I 1 K =17J and so I (1 K is an
SL-closed in K.

Definition 3: SL-Complement: Let I, J € Id(L) with 10J
= (0]. Then J is called SL-complement of I 'in L if J is an SL-
closed in L and I @ J is strongly large in L.

An Ideal 1 € Id(L) is called SL-complement in L if there
exists an ideal J € 1d(L) such that I is an SL-complement of
JinL.

Theorem 2: Let I, J € Id(L) with I 1 J = (0]. Then J is an
SL-complement of | in L If and only if J is maximal with
respect to being J @ | strongly large in M.

Proof: Let J be an SL-complementof linLand J S Ke L
with K @ | strongly large in L. Let P, Q € Id(K) with P 1 Q
#(0]. There exists R € Id(L) suchthat PN R € J @ | and P
N Q N R #0]. Then P N1 R € Id(J). Hence J is strongly
large in K. Since J is SL-closed in L, we have J = K. This
shows the maximality of J with respect to being J @ |
strongly large in M.

Conversely, Let J be maximal with respect to being J @ |
strongly large in L and K be strongly large extension of J in
L. Then J N K = (0] and hence by Lemma 4, K @ | is
strongly large in M. By the maximality of J, J = K,
Therefore J is SL-closed in L and J is an SL-complement of
linL

Theorem 3: Let I, J € Id(L). If J is an SL-complement of | in
L, then J is a complement of I in L.

Proof: Let Ke Id(L) withJ € Kand I N1 K =(0]. Since L is a
strongly large extension of J @ |, K @ J is a strongly large
ideal of L by Lemma 4. So we have J=K from Theorem 2.
Hence J is maximal with respect to being 1 1 J =(0].
Remark: Complements need not be SL-Complements.
Theorem 4: Let K € Id(L) be an SL-complement of | €
Id(L) and K = K1 @ K then K is an SL-complement of K,
@ | in L. In particular, direct summands of SL-complements
are SL-complements.

Proof: Let P € Id(L) with Ky Pand P & K, & | is strongly
large in L. Then K=K; @ K, € P & K, Since K is maximal
with respect to being K @ | strongly large in L, then K = K;
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® K,=P & Ky So Ky= P. Thus by Theorem 2, Kjis an SL-
complement of Ko @ lin L.

Theorem 5; Let I, J € Id(L). If I is an SL-complement in J
and J is an SL-complement in L then J contains every
strongly large extension of I in L.

Proof: Let | be an SL-complement of an ideal I’ in J and J be
an SL-complement of an ideal J* in L. By Theorem 2, I is
maximal in J with respect to I’ @ | strongly large in J and J
is maximal in L with respect to J” @ J strongly closed in L.
Let K € Id(L) be a strongly large extension of I in L. Now
sincelcKedIH)nJljclJand (KD ) NJ] B I is
strongly large in J, we have (K @ J’) 1 J = 1. We know that
(KVv NHN Jy =0. It is clear that L is a strongly large
extension of (K v J) @ J’. By the maximality of J, we have
KVvJandsoK CJ.

Theorem 6: Let I, J € Id(L) with | < J, If K € Id(L) is an
SL-complement of T in L then K 01 J is an SL-complement
of linJ.

Proof: Since K @ 1 is strongly large in L by Lemma 3 (K @
D NJ=(KNJ) D Iis strongly large in J. We show that K N1
J is an SL-closed in J. Let P € Id(L) be strongly large
extension of KN JinJ. Then (K VP)NI=(KVP)NJNI
=[(KNJ)VP]INI=PNI=(0],Itis clear that (K VP) @ |
is strongly large in L and hence K = K v P by the
maximality of K. Thus P = K 1 J and therefore K 1 J is an
SL-closed ideal of J.

Corollary 1: 1, J € Id(L) with | €J. If | is an SL-complement
of J and J is an SL-complement in L then I is an SL-closed
inL.

Proof: Clear from Theorem 5.

Theorem 7: Let | € Id(L) be a SL-complement in L and J €
Id(L) be a SL-complement in L for some ideal in I. Then I N
Jis an SL-closed ideal of L.

Proof: Let an ideal K < | with J an SL-complement of K in
L. Then by Theorem 6, I 1 J is an SL-complement of K in I.
Since | is an SL-complement in L, we have Corollary 1, that
1017 is an SL-closed ideal of L.

Theorem 8: Let L be a modular lattice. Let I, J, K € Id(L) be
suchthatL=1@ J, K< land P € Id(L) an SL-complement
of K@ Jin L. If P < | then P is an SL-complement of K in
L.

Proof: Since P@(K®J) is strongly large in L, By Lemma 3,
[POK®I] N 1 is strongly large in I. By modularity
condition we have, [PO(K®NH ] NI=[IN(K S J)]BP=
[KeInn &P=Kea&P. Solis a strongly large
extension of K @ P. Since P is SL-closed in L and P is SL-
closed in I. Therefore P is an SL-complement of K in I.
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