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INTRODUCTION AND PRELIMINARIES dislocated metric space in 1994. In 2000, Hitzler and Seda
The Banach fixed point theorem [1], which was published in [3] introduced the idea of dislocated metric space, which
1922, is helpful in determining whether there are solutions to provided some modifications to the Banach contraction
the various nonlinear issues that have arisen in the biological, principle in complete dislocated metric space. For similar
physical, and social sciences, among other fields of study. results and some generalizations of Fixed Point Theorems,
Abramski and Jung [2] provided some information about one can refer [5, 8, 10].

Definition 1.1 [6]. For the set X'(# @) consider the map d: X x X — [0, o) which satisfies:

(di) d(x, y)=d(y, x) =0=x=y

(do) d(x, y) = d(y, x), Vx,y €X

(d3) d(x,y)<d(x,z)+d(z,y), Vx,y,ZEX

Here d is called dislocated metric (DM) on X and (X, &) is called as a dislocated metric space (DMS).
Definition 1.2 [7]. In a DMS (X, &), sequence {x»} converges to Z, if AI_ILIO d(xn, z) =

lim d(z,x,) = 0.

n—oo
Definition 1.3 [7]. In a DMS (X, d), {x=} is said to be Cauchy if for a given € >0, 3 no€ Nsuchthat, v m, n>no, d(xm, xn) <
€.
Definition 1.4 [6]. A DMS (X, d) is complete, if each Cauchy sequence in X is convergent to a point in X.
Definition 1.5 [4]. A function 7: X’ — X is a A- generalized contraction if and only if for all x, y € X there are nonnegative numbers
p(x, y), q(x, ), r(x, y), s(x, y), such that
sup {p(x,y) +q(x, y) +r(x, y) + 2s(x, y)} =1<1

x,yEX
and
a(Tx, Ty) < p(x, y)d(x, y) + q(x, y)d(x, Tx) + r(x, y)d(y, Ty) + s(x, y)[d(x, Ty) +
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d(y,Tx)] holds forall x,y € X.
Definition 1.6 [4]. A spaceX’ with a function 7: X — X is called T-orbitally complete metric space if every Cauchy sequence
{Trix: i € N, x € X} has a limit point in X.

In next section, we generalize the results given by Nalavade in [9].

1. MAIN RESULTS
Theorem 2.1. For a T-Orbitally complete dislocated metric space (X, d) with self mapping T: X — X, define an operation * on X as
a = x, fora € R and x € X such that a * x € R and for any a € R, defined(ax, ay) = |a|d(x, y). Also, for nonnegative numbers
p(x, ), q(x, y), r(x, y), s(x,y), which depends on x, y let there is a numbers k € R*with
1

supx(p(x,y) +q(0y) +1(xy) +25(x,y)) = A <—..()

x,VE
Define the function ¥: X — X as Y(x) = kx, k € R, and T satisfies the condition

d(Tx, Ty) < pd(¥(x), Y()) + qld((x), Y(Tx)) + db(y), Y(Ty)]

+r[d (0O PTY)) + AP P(T)] + 5 [LLDLEDLON (29

for all x, y € X. Then there exist unique u € T such that T'(u) = u.

Proof. We will denote a = x by ax. Let xo € X be an arbitrary element and consider a sequence, x1=Txo, x2=Tx1, ... . Xns1=
Txn, .... Now by using the equation (2) and triangle inequality, gives
d(xn, Xn+1) = d(Txn-1, Txn)
< pd(Wp(xn-1), Y(xn)) + qld(WP(xn-1), Y(Txn-1)) + d(W(xn), Y(Txn)] +r[d(WP(xn-1), Y(Txn)) + d(P(xn), Y(Txn-1))] +
g [d(w(xn-1)ﬂ,b(Txn-l))-d(w(xn).nb(?"xn))
d(Y(xn-1)(xn))
< pd(Wp(xn-1), Y(xn)) + qld(Wp(xn-1), Y(xn)) + d(Wh(xn), Y(xna)] +r[dWP(Xn-1), Y(xne1)) + d(W(xn), P(xn))] +
s [d(w(xn—1).w(xn))-d(w(xn).¢(xn+1))]
d(Y(xn—1)(xn))
<pkd(xn-1, xn) + qk[d(xn-1, xn) + d(Xn, Xn+1)] + rk[d(Xn-1, Xn+1) +
d(xn, xn)] + ks[d(xn, Xn+1)]
< pkd(xn-1, xn) + qk[d(xn-1, xn) + d(xn, Xn+1)] + rk[d(Xn-1, xn) +
d(xn, xn+1) + d(xXn-1, xn) + d(xn, xn+1)] + ks[d(xn, xn+1)]  which gives,
(1 — gk — 2rk — ks)d(xn, xn+1) < (pk + qk + 2rk)d(xn-1, xn)

. p+qg+2r
e, = d(xn;xn+1) = |1—l d(xn—llxn)
E—q—Zr—s
2
= d(xn, xn+1) < Rd(xn-1, xn), Where R = % < 1(by condition (1) in the theorem).
——q—-2r-5

k
In general, d(xn, xn+1) < R*d(x0, x1) - (3)

Taking limitas n — oo, as R < 1, so R* — 0 and therefore from equation (3), we have d(xn, xn+1) — 0.

This shows that, {x»} is a Cauchy sequence in a complete dislocated metric space (X, d).

Therefore there exists u € X such that lim x,, = lim T"x, = u. -+ (4) Now, we will show that this u
n—oo

n—oo
is a fixed point of T..
Using equations (1) and (2) in the theorem 2.1, we have

d(Tu, Txn) < pd(P(w), Y(xn)) + qld(W(u), Y(Tu)) + d((xn), Y(Txn)]
() P(T) + (), ()] + 5 [T ) )
< pkd(u, xn) + gk[d(u, Tu) + d(xn, Txn)] + rk[d(u, Txn) + d(xn, Tu)]
ottt

which gives,
d(Tu, Txn) < pkd(u, x») + qgk[d(u, Tu) + d(xn, xne1)] + 7k[d(u, Xne1) + d(xn, Tu)]
d(w,Tw)-d(XnXn+1)
+sk [ d(u,xy)
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< pkd(u, xy) + qk[d(u, xXp11) + d(Xp4q, Tw) + d(xn, Xn44)]

+rk[d(w, Xpsy) + d (e, Tw)] + sk [d(“'“;)('jf:‘n“)]

<pkd(u, xn) + qgkd(u, xn+1) + qkd(Txn, Tu) + qkd(xn, Xn+1)
+rkd(u, xp41) + vkd(x,, Tx,) + rkd(Tx,, Tu) + skd(x,, Xp+1) [
<pkd(u, xn) + qgkd(u, xn+1) + qkd(Txn, Tu) + qkd(xn, Xn+1)
+rikd(u, x,4q) + rkd(x,, Txy) + rkd(Tx,, Tu) + skd(x,, Xp41) [
<pkd(u, xn) + (gk + rk)d(u, xn+1) + (qk + vk + sk)d(xn, xn+1)
+(qk + rk)d(Txn, Tu)

< Ad(u, xn) + Ad(u, xn+1) + Ad(xn, xns1) + Ad(Txn, Tw)
(1 = A)d(Tu, Txn) < ALd(u, xn) + d(u, xni1) + d(Xn, Xn1)]

- d(Tu,Tx,) < i[d(u xn) + AW, X s1) + d (o, Xn 1))
Therefore, lim d(Tu, Tx,,) <= llm [d(u Xn) + d(U, Xpq) + d(x,, Xn11)]

n—oco
By using equation (4) and that {x»} is a Cauchy sequence we get

lim [d(u, x,) + d(u, X 41) + d(xp, Xp41)] = 0. Hence
n—oo
Tu= lim Tx, = lim x,,; = u
n—oo

n—coo

d(u,Tu)
da(u,xn)

d(u,Txy)
d(u,xy)

Thus, U is a fixed point of T

Uniqueness:

Suppose that © and v are two distinct fixed points T i.e., u # v and T(u) = u, T(v) = v.
By equations (1) and (2), we have

d(u, v) = d(Tu, Tv) < pd((u), Y(v)) + qld(p(w), Y(Tu)) + d((v), P(Tv)]

A (), (T) + AP, ()] + s [LLHTV) 410

< pkd(u,v) + qk[d(u,Tu) + d(v,Tv)] + rk[d(u,Tv) + d(v, Tu)]
d(u,Tuw)-d(v,Tv)
sk [ d(u,v)
<pkd(u, v) + qk[d(u, u) + d(v, v)] + rk[d(u, v) + d(v, u)]
d(u,u)-d(v,v)
+sk [ d(u,v)
Therefore, d(u, v) < pkd(u, v) + 2rkd(u, v)
<(pk + 2rk)d(u, v) < Ad(u, v)

Thus, (1 — A)d(u, v) <0i.e., d(u, v) = 0= u = v, which is a contradiction to u # v.
Hence, T has a unique fixed point.
Example 1. For the metric space (X, d) where X = [0,5], define d(x, y) = max{x, y} for all x, y € X. Here d(ax, ay)
= max{ax, ay} = |a| max{x, y} = |a|d(x, y) forall x, y € X.

DefineT: X - XasTx = gx, Vx € X.Then (X, d) is a T-orbitally complete dislocated metric
1 3 1 1 1
space. Fork = > consider the numbers p(x,y) = < qlx,y) = E,T(x, y) = < s(x,y) = -

Now, sup f{p(x,y)+q(x,y)+r(x,y)+2s(x,y)}= sup {% + % + % + 2%}
x,yeX=|0,5] x,yeX=[0,5]

7 1 1
—E—1.4<2—?—E

IZDefine the function ¢¥: X — X by ¥(x) = kx, Vx € X.
We have, d(Tx, Ty) = d Gx,%y) = max{ X, y} = Emax{x y} = —x or = yand
pd((x), Y()) + qld(W(x), Y(Tx)) + dp(y), Y(Ty)]
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+d#¢@l¢ﬂﬂ)+ﬁ¢@)¢gﬂn+SFWmﬁﬁgﬁg§MWH

=54 (Gr3y) +3ld Grggx) +d Gy +3[d Groy) + 4 Grioy)] +

) )

= Zmax 1 Ly) oL 2 m 2] a2 )

{l 3 ]] + 1 max{%x Ex} max{%y,;—;y}
max 3y, ;¥ s max{lx,ly}

272

= 3— max{x y}+—= [max {x x} + max {y,%y}] + % [max {x,%y} +

1 e ey 5]

10 max{x,y}

max {y, %y}] +

——x+—{x+ﬂ+-[x+ﬂ+10rq

10
3
= Ex + Ey
OR
==y + eyl + 5+l + 52
==y+-oxt+=y+—x
3
==y + 1—x
All the conditions of theorem 2.1 are satisfied here. Also x = 0 € X is the only fixed point of
T.

Theorem 2.2. For a T-Orbitally complete dislocated metric space (X, d) with self mapping T: X — X, define an operation = on X as
a * x, for « € R and x € X such that a * x € R and for any « € R, define d(ax, ay) = |a|d(x, y). Also, for nonnegative numbers
p(x, v), q(x, y), r(x, y), s(x,y), which depends on x, y let there is a numbers k € R*with

sug{(p(x V) +q(x,y) +r(x,y)+2s(x,y) =4 < = ..(5)

X, YE

Define the function y¥: X — X as ¥(x) = kx, k € R, and T satisfies the condition
d(Tx, Ty) < pd((x), P(¥)) + qld(p(x), P(Tx)) + d@(v), Y(Ty)]

+r[d(W(x), Y(Ty)) + dW(y), P(Tx))] +

[d(lfi(y) ()| 1+d(Y (), TP(TX))]] ©)
1+d(p() ()
for all x, y € X. Then there exist unique u € T such that T'(u) = u.
Proof. We will denote a = x by ax. Let xo € X be an arbitrary element and consider a sequence, x1= Txo, x2=Tx1, ... . Xns1= Txn,

.. Now by using the equation (2) and triangle inequality, gives
d(xn, xn+1) = d(Txn-1, Txn)
< pd(¥p(xn-1), Y(xn)) + qld(WP(xn-1), Y(Txn-1)) + d(W(xn), Y(Txn)] +r[d(Wp(xn-1), Y(Txn)) + d(P(xn), Y(Txn))] +
S [d(w(xn).w(?"xn))[1+d(¢(xn-1).¢(7"xn-1))]
1+d (W (xp—1)aP(x))
< pd(¥(xn-1), Y(xn)) + qldWP(xn-1), P(xn)) + d(WP(xn), Y(xns1)] +r[d(WP(xn-1), P(xns1)) + dWP(xn), P(xns1))] +
[d(¢mxn)w(xn+1n[1+d(¢mxn 1)umxn)n]
1+d(¢(xn 1) i‘b(xn))
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< pkd(xn—l, xn) + qk [d(xn—l, T.X'n—l) + d(Xn, T.X'n)] + T'k[d(Xn—]_, T.X'n) +

d(xp,Txp)[14+d(xp_1,TXn_1)]
d(x,, Tx,_1)] + ks [ TR ]
<pkd(xn-1, xn) + qk[d(xn-1, xn) + d(Xn, Xn+1)] + rk[d(Xn-1, Xns1) +
d(xnXne1)[1+d(xn_1,%0)]
d(xn'xn)] +ks [ 14d(Xn—1,%n) ]
< pkd(xn-1, xn) + qk[d(Xn-1, xn) + d(xn, Xn+1)] + rk[d(xn-1, xn) +
d(Xn, xn+1) + d(Xn—l, xn) + d(Xn, xn+1)] + kS[d(Xn, xn+1)]

which gives,
(1 — gk — 2rk — ks)d(xn, xn+1) < (pk + qk + 2rk)d(xn-1, xn)

. pk+qk+2rk
ie, = d(x,,x S[—]dx_ X
( n n+1) 1-qgk-2rk-sk ( n-1 n)

p+q+2r
= d(xp, Xpe1) < Iﬁl d(xy—1, %)

2
= d(xn, Xn+1) < Rd(Xn-1, Xn), Where R = M <1
——q -2r-s
k
(by condition (5) in the theorem 2.2).
In general, d(xn, xn+1) < R7d(x0, X1) - (7)

Taking limitas n — o0, as R < 1, so R* — 0 and therefore from equation (7), we have d(xxn, xn+1) — 0.
This shows that, {x»} is a Cauchy sequence in a complete dislocated metric space (X, d).

Therefore there exists u € X such that lim x,, = lim T"xy = u.--- (8) Now, we will show that this  is a fixed point of T’
n—co n—oo

Using equations (5) and (6) in the theorem 2.2, we have

A(Tu, Txn) < pd(ip(w), P(xn)) + qLdW(w), Y(Tw) + d(h(xn), Y(Txn)]
+r[d (), w(Txy)) + d(P(x,), P(Tw))]
ts I:d(w(xn)»w(Txn))[1+d(w(u):w(Tu))l
1+d (Y ()P (xn))
< pkd(u, xn) + gk[d(u, Tu) + d(xn, Txn)] + rk[d(u, Txn) + d(xn, Tu)]
Lsk [d(xn Tan)|1+d(u,Tu)|
1+d(u,xn)

which gives,
d(Tu, Txn) < pkd(u, xn) + gk[d(u, Tu) + d(xn, xn+1)] + rk[d(u, xns1) + d(xn, Tw)]
d(xpn,Xneq1)[1+dw,Tu)|
+sk [ 1+d(w,xy)
<pkd(u, xn) + gkd(u, xn+1) + qgkd(xn+1, Tw) + qkd(xn, Xn+1)
+rkd(u, x,41) + rkd(x,, X5 41) + Thd (x40, TU) +
d(xnXnt1)[1+d(wxn)]
+sk [ 1+d(wxy)
< pkd(u, xn) + (qk + rk)d(u, xn+1) + (gk + rk + sk)d(xn, xn+1)
+(qk + rk)d(Txn, Tu)
< Ad(u, xn) + Ad(u, xn+1) + Ad(xn, xn+1) + Ad(Txn, Tw)
(1 = A)d(Tu, Txn) < A[d(u, xn) + d(u, xn+1) + d(Xn, Xns1)]

A
d(Tu, Txn) = m [d(ur xn) + d(ur xn+1) + d(xn, xn+1)]
Therefore, lim d(Tu, Tx,) < ﬁ lim [d(u, x,) + d(u, xp41) + d(x, Xp41)]
n—oco —A nN—co

By using equation (8) and that {x»} is a Cauchy sequence, we get
lim [d(u, x,) + d(u, x41) + d(xp, Xpn41)] = 0. Hence
n—co

Tu = lim Tx, = llm Xpp1 = U

n—co

Thus, U is a fixed point of T'.
Uniqueness:
Suppose that U and v are two distinct fixed points T"i.e., u # v and T(u) = u, T(v) = v.
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By equations (1) and (2), we have
d(u, v) = d(Tu, Tv) < pd(¥p(u), Y(v)) + qld(WPp(w), P(Tw)) + d(P(v), Y(Tv)]

+r[d (), p(rv) +A(P(), p(rw)] + s [T

< pkd(u,v) + gk[d(u,Tu) + d(v,Tv)] + rk[d(u, Tv) + d(v, Tu)]
+sk [d(v,Tv)[1+d(u,Tu)J
1+d(u,v)
<pkd(u, v) + gk[d(u, u) + d(v, v)] + rk[d(u, v) + d(v, u)]
d(v,v)[1+d(uu)]
sk [ 14+d(u,v) ]

Therefore, d(u, v) < pkd(u, v) + 2rkd(u, v)
<(pk + 2rk)d(u, v) < Ad(u, v)
Thus, (1 = A)d(u, v)<0i.e., d(u, v) =0 = u = v, which is a contradiction to u # v.
Hence, T has a unique fixed point.
Example 2. For the metric space (X, d), where X = [0,6], define d(x, y) = max{x, y} for all x, y € X. Here d(ax, ay)
= max{ax, ay} = |a| max{x, y} = |a|d(x, y) forall x, y € X.

DefineT: X - XasTx = éx, Vx € X. Then (X, d) is a T-orbitally complete dislocated metric
space. For k = % consider the numbers p(x,y) = %, qlx,y) = %,r(x, y) = %,s(x, y) = %

3 2
Now, sup {p(x,y)+q(x,y)+7r(x,y)+2s(x,y)}= sup {E + % +o+ 2%}
X [06] x,yeX=[0,5]
xye = —16<2—T=%

E)efine the function y: X — X by (x) = kx, Vx € X.
We have, d(Tx, Ty) = d Gx,%y) = max{ X, y} = —max{x v} = —x or - yand
pd(¥(x), Y(¥) + qld(WP(x), Y(Tx)) + dWP(y), Y(Ty)]

+r[d (Y (), Y(Ty)) + d(WW (), Y(Tx))| + s [ (), w1(z2p[;:)d$(p§))wwx))]]

=2 (Gugy) +3ldGrx) +dGray)| +2dGriey) + Gy +
1 Id(ay%y)[“d(ix-ﬁy)]l

5 1+a(ety)
= Imax (b ) + L[ 5] - max(l )] + (i ) +

[l

+ max {% y '%y }] ts 1+max{zxy|

Casel:Ifx>y
~y[14=x
x+z|sx+ sy 4255+ 2 ]+1|%2x]
=13—0x+;—0[x+y]+%[x+y]+%y
=(Grmta)x+(G+its)y
=§x+1—20y
Case 2: If y>x
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2 2
[x+y]+ﬁx+ﬁy

31 1 1 21
A RS L
=3
_1oy+

1
=3 3 R Eadd
—5y+10x

10 1
142y

e

1
N Ercl
10 1+%y

All the conditions of theorem 2.1 are satisfied here. Also x = 0 € X is the only fixed point of T.

CONCLUSION

In this research article, we have proved two new results of the
existence and uniqueness of fixed point with examples for
surjective self-mapping in complete dislocated metric space.
Also, we have proved consequences on our main results and
generalizes some well-known similar results in the literature
of fixed point theory.
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