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Let G be a simple, finite, connected, undirected, non-trivial graph with p vertices and q edges.
V(G) be the vertex set and E(G) be the edge set of G. Let f:V(G) » {a,a+d,a +2d,a +

3d,...,2(a + qd)} where a > 0 and d > 1 is an injective function. If for each edge uv €
E(G),fE(G) » {d,2d,3d,44d, ...,qd} defined by f*(uv) = |f(w) — f(v)| is a bijective
function then the function f is called arithmetic sequential graceful labeling. The graph with
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arithmetic sequential graceful labeling is called arithmetic sequential graceful graph. In this
paper, arithmetic sequential graceful labeling for some special graphs were studied.

KEYWORDS: Graceful labeling, Step grid graph, Path union of step grid graph, Cycle of step grid graph, Star of step grid

graph.

1. INTRODUCTION

A fascinating area of research in graph theory is labeling.
Giving values to edges or vertices is the process of labeling.
It was Alexander Rosa [2] who first proposed the idea of
graceful labeling. Later, a few labeling techniques were
presented. See Gallian's dynamic survey [3] for further
details. V J Kanerial , Meera Meghpara , H M Makadia
Pasaribu[4] proved that open star of grid graph is graceful. V
J Kanerial , Meera Meghpara , H M Makadia
Pasaribu[5]proved that star of grid graph is graceful. V. J.
Kaneria, H. M. Makadia and M. M. Jariya[6] proved that
cycle of graph is Graceful labeling. V. J. Kaneria, H. M.
Makadia proved that step grid graph is graceful[8]. Here are
the some of the definitions which are helpful in this article.

2. DEFINITIONS

Definition 2.1:

Take Py, Py, Py_1. P, paths on nnn—1,n-2,..32
vertices and arrange them vertically. A graph obtained by
joining horizontal vertices of given successive path is known
as a step grid graph of size n, where n = 3. It is denoted by
S9n,.

Definition 2.2:

let G be a graph and G4, G,, G5, ..., G,,n = 2 be n copies of
graph G. Then the graph obtained by adding an edge from
G;t0 G;41(1 <i <n—1)iscalled path union of G.
Definition 2.3:

For a cycle C,, each vertex of C,, is replaced by connected
graphs G4, G,, G5, ..., G, and is known as cycle of graphs. We
shall denote it by C (G4, Gy, Gs, ..., G,). If we replace each
vertex by a graph G, ie.G, =G,G, =G,G5 =G, ...,G, =
G,such cycle of graph G is denoted by C(n.G).

Definition 2.4:

Let G be a graph on n vertices. The graph obtained by
replacing each vertex of the star K; ,, by a copy of G is called
a star of G and it is denoted by G*

3. Main Results

Theorem 3.1:

A step grid graph Sg,,n = 3 admits arithmetic sequential
graceful labeling.

Proof:

Let G be a step grid graph. A graph with vertex set V(G) =
fu;:1<i<2,1<j<n}lufy;:3<i<
n,1 <j<n+2-i} and the edge set is E(G) =
{ugjuen:l <i €21 <j<nju

{wjugi3 <i<nl<j<n+2-iju

{ulyj Ul < j < n} Ufujuii2<isn-11<

Jj <n+1-—i}wheren > 3 is known as a step grid graph of
size n. It is denoted by Sg,,.

Here [V] = "*"2 || = n? +n—2

We define a function f:V(G)—>{a,a+d,a+2d,a+
3d,...,2(a + qd)}

The vertex labeling are as follows,

4346 |

P. Sumathi !, IIMCR Volume 12 Issue 07 July 2024


https://doi.org/10.47191/ijmcr/v12i7.03

“Arithmetic Sequential Graceful Labeling on Step Grid Graph”

2P +n-2)—-1+j5*] .

f(ulyj) =a+ [ 2 d,if j
=1(mod 2),1 < j < n.
2(n? +n—2)—j? o

f(ul,j) =a+ [ 7 d,if j
=0(mod2),1 < j< n.

flui;) = a+[f(uigjs1) + (-1)/]d, wheni=21<

<n-i+1)
flui;) = a+[f(uigjs2) + (-1)/]d, wheni=31<
<n-i+1)

Table 1. Edge labels of the graph Sg,,n > 3

f@m)=a+Kn—i+D2—u¢g3i5n

fluz) =a+[m*+n-2) - (n—i+1)(n—i)]d,g§i
<n

flui;) = a+ [f(urj-2) + (1) ]d,when 2 < i
<n-13<j<(n+2-1)

From the function f*: E(G) - {d, 2d,3d,4d, ..., qd} we get
the edge labels of the step grid graph Sg,,,n = 3 as follows

ff(uv),vuv € E(G)

Edge labels

£ (ugju )

_ [ [2(7’12 + n4— 2) _jz] _ [f(ui_l’j+1) + (_1)]]] d'

ifj=0(mod2),1 < j< nwheni=21<j<(n-i+1)

2(n?+n—-2)—j? _ [f(ui—l,j+2) + (_1)1']] d,

4
ifj=0(mod2),1 < j< nwheni=31<j<(n—-i+1)

£ (ugju )

= 2w +n _42) P [f(ui—l,j+1) + (-1]|d,

if j=1(mod2),1 < j< nwheni=21<j<(n—i+1)
[2(n% +n—2) — 1+ 2 N
= Z = [f(wizyjs2) + (=1)7] |4,

if]_'El(mOdZ),l <j< n,wheni:3,1Sjs(;z—i+1)

f*(ui,ﬂli,z)

=[[(n—i+D*-1]-[n*+n-2)—(n—i+1)(n

n
—i)]]d,ESiSn

fr (ui,zui, j)

= [l +n-2) = (1= i+ Dn—D)]
~[F(uirj2) + (_1)1—1]] d,

n
ESiSn,whenZSiSn—l,SSjS(n+2—i)

It is clear that the function f is injective and also table 1
shows that

fE - {d, 2d,3d,4d,..,qd} is bijective. Hence f is
arithmetic sequential graceful labeling and the graph Sg,, is
arithmetic sequential graceful graph.

Example 3.1.1: Step grid graph of Sgg and its graceful
labeling shown in Figure -1.
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a+25d 2d

a+27d
5d d
a+21d
9d 4d a+26d
a+30d
14d 8d 3d
a+15d 7d
20d 13d 2429d
a+35d at22d
27d 19d 12d 6d
atBd 349 26d 18d 11d a+23d
ara2d at+16d a+34d
40d 33d 25d 17d 10d
45d 32d
» 39d 24d ted a+33d
a a+48d a+9d a+41d a+17d
49d 44d 38d 31d 23d 15d
a s2d 48d 30d 22d
43d 37d a+18d
a+52d at+ad a+47d a+10d a+40d
sad 51d 47d 42d 36d 29d 21d | 21d
s34 50d 46d 41d 35d 28d a+39d
a+54d a+d a+51d a+5d at+46d a+11d

Figure -1: step grid graph with n = 8 and its graceful labelling.
Theorem 3.2: fluz)=a+[M®+n-2)—m—i+1)(n-ild,
A path union of r copies of step grid graph admits arithmetic

n
. . V -<i<n
sequential graceful labeling for n > 3. 2

Proof : flu) = a+ [f(wirr-2) + 1)/ 7]d,
Let V() =f{w;:1<k<rl<i<21<j< V2<i<n-13<j<(n+2-1i)
2
i1 <k < <i<nl<j< 2 — . (n*+n-2)
n}U{uk,l,, <k<r3<is<nl<j<n+ f(ul,i,j) =a+ [f(ui,j)]d: if f(ui']_) < f
i} andE(G) = {upijupijor : 1 <k <711 <i<
2,1 < ] < n} U {uk,i’juk,i’(j.'_l) 11 <k < 7",3 <i< f(ul,i,j) =a+ f(ui,j) + [r(nz +n-— 1) - 1]
nl<j<n+2-iJU{upsjup,:1<k<rl< (n?+n—2)
JE<n}u{ugukiv -1 1<k<r2<i<nl1<j< t— ]d, if flu,,)
n+2—i}U{uk,1,1uk+1,n,1:1SkSr—l} . n®*+n-2)
2 _ - 5
Here [V] = "2 (p| = p(n2 4 — 1) — 1 2
. .2 vi<i<nl<j<n
Join the vertices u ;1 0 uyy1,4 fork =1,2,...,r —1byan
edge to form the path union of r copies of step grid graph. flug) =a+ [f(uk_l,i,j)

We define a function f:V(G) - {a,a+d,a+2d,a+
3d,...,2(a + qd)}
The vertex labeling are as follows

if f(uk-1:;)
rn>+n-1)-1

+n-2
+%]d,

2009y 142
fluy) = a+ [2(" tno B it ] a,if j < 2
=1(mod 2),1 < j< n. flukij) =a+ [f(uk—l,i,j)
_ 2 +n—2) —j? s 2 _
flu,) = a+ [ 2 ] d,if j - W] d,if f(Qui-145)

=0(mod2),1 < j< n.

f(ul-,]-) =a+ [f(ui_l_jﬂ) + (—1)f]d, wheni=21<j retn-1-1

’ 2
s(-i+1) V2<ks<srl<isnl<j<n
f(uiy) = a+ [f(Ui-1j42) + (=1)/]d,wheni =31 < j From the function f*: E(G) - {d, 2d,3d, 4d, ..., qd} we get
<Sn—-i+1) the edge labels of the graph P(r.Sg,, ) as follows

flus) =a+[(m—i+1)?—1]d, VgSiSn
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Table 2. Edge labels of the graph P(r.Sg, ),n =3
ffuv),Vuv € E(G) Edge labels

f*(ul,i,juk,i,j)

= [f(ui,j) - [f(uk—l,i,j) + MH d,

. n>+n-2)
if f(ui,j) < — 5
rn®+n—-1)-1
fug—1,,j) < > whenl<i<n,

1<j<nk=23,..,r

It is clear that the function f is injective and also table 2 Example 3.2.1: The Path union of 3 copies of Sg, and its
shows that graceful labelling shown in figure-2

fE - {d, 2d,3d,4d,..,qd} is bijective. Hence f

arithmetic sequential graceful labeling and the graph

P(r.Sg,),n =3 isarithmetic sequential graceful graph.

a+7d  40d a+47d at16d 21d a+37d at2sd  gq at27d
43d 39 24d 20d 5d d
a+3d _ 47d a+50d 42d atl2zd  pg4 a+40d 234 a+17d a+2ld g4 a+30d 49 a+26d
a+8d\ 38d
51d 46d 41d 32d 27d 22d 19d 19d 8d 3d
2 54q a+54d) 50d at+dd 45d 24494 a+9d 34 a+44d 31d a+13d 26d a+39d \a+18d 164 a+34d (54 a+22d 74 a+29d
56d 53d 49d 44d 37d 34d 30d 25d 18d 15d 11d 6d
48d 52d 48d 36d 33d 29d 17d 14d 10d
at56d at+d a+53d at5d at+46d a+10d at+43d atlad  a+38d a+19d a+33d a+23d

Figure -2: The Path union of 3 copies of Sg, and its graceful labelling.

Theorem 3.3: fuzi) = a+ [f(ul,i,j)
The cycle of r copies of step grid graph admits arithmetic +r?+n—-1)-m%+n

sequential graceful labeling, where n>=3 and r=

. r(n*+n—1)
0,3(mod4). —2)]]d' if f(ur,i)) ST
Proof:

Let V(@) =qu,:1<k<rl1l<i<2l1<j<

(@) = {wei, J =a+[f(ul,i,j)—[r(n2+n—1)—(n2+n
n}u {uk”1<k<r3<lSn1 jSn+2-
. . , r(n*+n-—1)
l} and E(G) = {uk,i,juk,i,jﬂ : <k< T; <i=< - 2)]] d' lf f(ul,i,j) > f
21 < j < njufuegpigen 0 1 Sk < S vi<i<nl<j<n

r,3<
Tl1<j_n+2—l}U{uk11uk21 1< kST,lS f(u(f)+1">:a+[f<u(f)_1--)+(n2+
]<n} {ukuukl+1]11<k<7‘2<lﬁn1 Lj 5)-Lij

2+n-1
n+2—i}U{u il <k <r—1} n)]dlff( ()- 1”><—r(n zn )
2 —
Here |V| = Z43n72) +23n 2 El =r(m* +n-1) =a+ [f(u(r) ; ) —(m*+n-
. . . )~ LLJ
Join the vertices w1 ;With w41, fork =1,2,...,7 — 1 and z

U, 11 With u; ;4 by an edge to form the cycle of step grid 1)] d lff(u u) > r(n D

graph. V1<l<n1<]<n

We define a function f:V(G) - {a,a+d,a+2d,a+

3d, ... 2(a + qd)} f(“( +2u> [ < )”n +

The vertex labeling are as follows, n)] d if f (u > < rn?4n=1) r(n +n-1)
n*+n-2)

flui)) =a+[flu)ld,  if flwy)< 2 =a+t [f (u(r). ) —m®+n-
=a+[(uij)+[7'(n2+n—1)—(n2+n_ ")

2)]] d, if f(uy;)> M 1)] d iff<u(§),i,j) S w

vVi<isnl<j<n
VlSlSn,lS]Sn.
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f(uis) = a+[f(uk—zi) — (0* +n
r(n>+n-1)

= D]d if flup-g;) > 2
a+ [f(uk—z,i,i) +(f +n-

r(n +n-1)

] lff(uk 2L})< ’

Table 3. Edge labels of C(r.Sg,),n =3

Vk=I+31+
2 2
rvi<is<nl<j<n
,qd} we get

4, ...,
From the function f*: E(G) — {d, 2d,3d,4d, ...
the edge labels of C(r.Sg,, ),n = 3 as follows

ff(uv),vuv € E(G)

Edge labels

f*(ul,i,juz,i,j)

= [f (ui,i) = £ (uai)
+mﬂﬁ+n—n—oﬁ+n—mﬂ¢
n?+n-2)

if f(uj)> 5 V1<i<nl<j<n
) rm*+n—1) . )
if f(ulji,j)>fv1§LSn,1S]Sn

(s

= [f(ul,i,j) —[rn*+n—-1)—@*+n-2)]

—f< ur)- 1U)+(nz+n—1)]d,

“"”1) vi<isnl<j<n,

lf f(ull]) >

A Camre)

[f (U(g)_l,i,) —[n* +n—1] = f(ux—2:)

— [n? +n]]d

lff( () 1”)>M,V

lff(uk 2”)<r(n +n— 1)Vk=:
vVi<is<nl<j<n

It is clear that the function f is injective and also table 3

shows that
fE - {d 2d,3d,44d,..,qd} is bijective. Hence f
arithmetic sequential graceful labeling and the graph is

arithmetic sequential graceful graph.

Example 3.3.1: The cycle of 4 copies of Sg, and its graceful
labelling shown in figure-3
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//
;///
//
a+7d 60d ar67d
N\
63d 59d
at3d  g7q a+70d e6d \
- a|8d\
\
71d 66d 61d ‘\
a
a+74d at+4d 65d
ad 1744704 Lat are9d \\
\
ed 34 sod 64d 38d
at76d 750 g T2d at73d 08 L4 /
/
/
/ —
/ e
/S
17d )
ard6d ri29d
14d 18d
a+32d
atd2d  10d 15d a+a7d
6d 11d 16d
a+39d
a+39d  3d a+36d 7d a+43d 12d a31d
d 4d 8d 13d
2d 5d od at+44d
a+38d a+40d a+35d

Figure-3: A cycle of 4 copies of Sg, and its graceful labelling.

Theorem 3.4:

Star of step grid graph Sg, admits arithmetic sequential
graceful labeling, where n > 3.

Proof:

Let V(G =f{w,:1<k<rl<i<21<j<
njufu,;: 1<k<r3<i<nl<j<n+2-
l} and E(G) = {ukli‘jukli‘jﬂ 11 < <rl1<ic<

k
21 <j < njufugjupigen 1 <k <
nl<j< n+2—i}U{uk‘1‘juk‘2‘j 01
Jj=< n}U {uk,i,j Ugirrj-1: 1Sk <12<i<
n+2—i}U{u0,i,j Ul <0< j

k<r-1}
(n?+3n-2)(n%+3n) (n?+n-1)(n%+3n)

Here |V| = and |E| = 5 -1
We define a function f:V(G) - {a,a+d,a+2d,a+
3d,...,.2(a + qd)}
The vertex labeling are as follows,

, n*+n-2)
f(uoss) = a+ [f(wipldif flu;)z——"F—

—a+ [f(ul}) + 7(” DO g (2 +

(n +n—2)

n- 2)]]  if fluy) <

Vi<is<nl<j<n

——— s8d
—_
—_
~_
~_
T
a+65d 56d " g atod
\\
53d 57d
N
a+61d 494 a+12d 544 as66d \\\\
.
45d 50d 55d S
atsBd o4 ari6d 460 a+62d57d AN
» a+11d \
4
40d 43d 47d 52d 39d /
/
3 - . J/
a+18d  41d  gygod T arisa 484 atesd /
/
//
I /
19d ~ P
~_ P
T~ S
T e
a+27d 14 —a+48
37d 20d
3234 ga a+s1d 234 | Lioag
32d 27d 22d
a+20d
35d ats5d 50 Lat24d 560 Lo ico
17d 34d 30d 25d
36d 33d 29d g a4+25d
a+57d a+21d a454d
f(uai)
=a
2 2
" +3n-2)n"+n-1) )
+ | f(uous) + > d,if f(uoss)
24+3 2 1 2
n“+3n)(n”+n— -
<

4

=a-+ [f(uoli,j) -

(n?+3n)(n%+n-1)-2

d,if f(ugs;) > "
Vi<isnl<j<n
flug) =a+ [f(uk—z,i,j) +[n(n + 1)]] d,if f(ug—2:;)
- n?>+3n)(n%*+n—-1)-2
4

[(n2+3n—2)(n2+n—1)]
2

=a+ [f(uk—z,i,j) —[n(n+ 1)]] d,if f(ug—2:;)
S n?*+3n)(n*+n—-1)-2
4
vi<i<ml<j<nk-=
(243n-2)

2,3, ..,
2

From the function f*: E(G) — {d, 2d,3d, 4d, ..., qd} we get
the edge labels of star graph of (Sg,, ),n = 3 as follows

4351 |

P. Sumathi !, IIMCR Volume 12 Issue 07 July 2024



“Arithmetic Sequential Graceful Labeling on Step Grid Graph”

Table 4. Edge labels of star graph of (§g,, ),n = 3
f*(uv),Vuv € E(G) Edge labels

f*(uo,i,jul,i,j)

= [f(uiy) = | f(wos))

B [(n2 +3n—-2)(n>+n-— 1)” p
> ,

(n%+n-2)

if f(ui;)= 0
Flugy) > CEmltenn)-2
F(torins)) _ [f(ui‘ ) = [ (i) + Inn + 1)]]] d,

if fluy;)= (n-l_zﬁ

Vi<isnl<j<n

(n?2+3n)(n?+n-1)-2

f(uk_z‘i‘j)<—4 ,VlSiSn,lSan,

k=2,3,...,(n2+3+_2)

= [Fe) = [ (wecaiy) = trn+ 1],
n?+n-2)

if flug) 20—

(n?2+3n)(n?+n-1)-2

f(up—zi)) >r—————vl<isnl<j<n
n*+3n-2)
k=23,..,————=
2
It is clear that the function f is injective and also table 4 Example 3.3.1: The star of step grid graph Sg; and its
shows that graceful labelling shown in figure-4
fE —-{d, 2d,3d,4d,...,qd} is bijective. Hence f s
arithmetic sequential graceful labeling and the graph is
arithmetic sequential graceful graph.
atsd a+93d ara0d a+16d atlad a+62d
a - a+96d at4d a+77d a+19d a+81d a+11d a+85d a+>>
N 77d
a+98d ard  Ar9sd a+21d a+78d . a+87d a+12d 844
\ 88d 11d e
a+69d at27d \\\ Hmd//m://;wzsa a+71d
a+66d a+30d ar70d at88d 2+8d atoza at+22d a+74d as26d
o N
\Zd - \\ +73d
a+29 a+7d ~ a
a+32d a+67d \—/f‘wd “39({\\\ \Jr\\i:a\t\m\dm_//a,ﬂéi
a+47d at49d at36d a% ;3;\\ a+58d a+38d
44d - &
55d \
.
a+44d a+52d | e a+33d a463d - a+55d a+41d . ar59d
/”// -~
] e
— a+51d - at62d at+40d
a+54d a+45d a+65d a+34d a+43d a+56d

Figure-4: A star of step grid graph Sg5; and its graceful labelling.
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4. CONCLUSION

We showed here arithmetic sequential graceful labeling of
some graphs obtained by step grid graph. Here we proved
four new results. we discussed graceful of step grid graph,
path union of step grid graph, cycle of step grid graph, star of
step grid graph. Labeling pattern is demonstrated by means of
illustrations, which provide better understanding of derived
results. Analysing arithmetic sequential graceful on other
families of graph are our future work.
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