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Abstract

The object of this article is to give new and simple proof of all but
one Ramanujan’s modular equations of degree 3.
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1 Introduction

The ordinary hypergeometric series or the Gauss series is denoted by
o F1(a,b; c; z) and is defined by

—(C(Lz;jz)lnz”, |z| <1,

2F1(a,b; (6% Z) = Z

n=0

where (a), =ala+1)(a+2)---(a+n—1), n>1. a,b,c and z are complex

numbers with |z| < 1 and ¢ # 0,—1,—2,--- . Suppose that the relation
2Fi(3,4 11— a) B 2Fi(3,5:1;1—6)
2F1(%7%;1§04) 2F1(%>%§155) 7

holds for some positive integer n and 0 < «, 8 < 1. A relation between « and
£ induced by the above relation is called a modular equation of degree n, and
in such case we say that [ is of degree n over a. The multiplier m of degree n
relating o and [ is defined by
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The theory of modular equations started with the discovery of a modu-
lar equation of degree 3, by Legendre [6] in 1825. Shortly thereafter Jacobi
established modular equations of degree 3 and 5 in [4] and [5]. Also, many
contributions were made towards the theory of modular equations by many
mathematicians including Schroter, Schlafli, Klein, Russel, Weber and many
more. For references to the literature and early works on modular equations
one may refer to [3].

From the literature, we learn that S. Ramanujan’s contributions in the area
of modular equations are immense. Infact, Ramanujan recorded most of his
modular equations in Chapters 18-20 of his second notebook [7]. B. C. Berndt
has proved all these modular equations and can be found in [2, p. 232]. The
main techniques which be employed to prove Ramanujan’s modular equations
are either the theory of theta functions, or parametrization or the theory of
modular forms. For details one may refer [I] and [§].

The following modular equation of degree 3 was first discovered by Legendre

6):
(@B)t +{(1—a)(1 - B)}7 = 1. (1.1)

Ramanujan also recorded the above modular equation of degree 3 on page 230
of his second notebook[7]. For a proof of the above one may refer to [I] and
[2, p. 232]. The main objective of this article, is to give simple and alternative
proof of the modular equations of degree 3, recorded by Ramanujan. In fact,
we prove the following:

Theorem 1.1. From [7, p. 230/, we have

1. 1 1 1 1

)= (=) - ) e
’ m:1+2(%3)é; %:Hz((ll__()gg)s (1.3)
3.
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m = 04(1—04)) _ 1+4(53(1—5)3 7
1—2(af)1 a(l — ) w5
a3(1—a) 5 o1 '
3_2< 81— B) ) 1{1+4(a3<1a>3)8}2
m 1—2(af)i B(1—p)
o (B\', (1=B)_(BU=B)):
(o) + () - (=) o)
i: a 2 11—« 2 all —a)\?
m? (ﬁ) +<1—ﬁ> (5(1—&))
6.
5)s —« _ R\ols 1 _ 63(1_05)3 ®
@)t + {1 - -y =1 (255
= (a"B)s + {(1 —a)’(1 - B)}* (1.7)
~ {30+ @t a-an-mh )
7.
{a(1=B)}2 +{B(1 - a)}7 = 2{ap(l - a)(1 - B)}*
=m*{o(1—a)}2 + {B(1 - B)}2 (1.8)
= {80 - MY + {a(1 - )}
8.
m(1l— )+ (1= 5)} = 2 (1= )} — (1 - o)’
=2{(1-a)(1-H)}* (1.9)
maz — ﬂ% = %ﬁé taz= 2(04&)%
9.
m =2 =2 ((ap)t ~ {(1-a)(1 - H)1)
. (1.10)
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10. If P = {16a8(1 — a)(1 — B)}* and Q = (H) then
Q+é+2\/§<P—%)=0 (1.11)
11 If P = (af)t and Q = (£)*, then
Q—%:2<P—%>. (1.12)

B. C. Berndt proved the above modular equations by parametrization using
m as a parameter [2]. N. D. Baruah and R. Berman proved the above modular
equations by proving corresponding theta function identities [I]. In this article
we prove these modular equations using parametrization. The parameter which
we employ here is different from that of Berndt.

2 Preliminary results

Throughout this article let g is of degree 3 over a and let m be a multiplier of
degree 3. We now define the parameter a as

a = (aB)i. (2.1)
By definition of @ and 5, a > 0. From ({1.2)), we have

{(1-a)1-B)} =1-a (2.2)
clearly 1 —a > 0. from and , we have
aff =a' (2.3)
and
a+ B =2a(2 — 3a + 2a?). (2.4)

From the above two equations, we find that
a,ﬁ:a{2—3a+2a2i2(1—a)\/1—a+a2}.
We observe that

2—-3a+2d*=1-a+(1-a)>>0,
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and
l—a+a®>>0.

Since a > 3, we must have
a=a {2 ~3a+2a2+2(1 - awm} —a(VI—ata+1—a)? (2.5)
and
62@{2—3a+2a2—2(1—a)\/1—a+a2} =a(V1—a+a?—(1—a))
From the above two identities, we have
1—a=1-a{2-30+22+201-aVi—a+d} (2.7)

and

1—5:1—a{2—3a—|—2a2—2(1—a)\/l—a+a2}. (2.8)
From ([2.5) — (2.8) respectively, it follows that

<g>§:1—a+\/1—a+a2, (2.9)
a
%
(é) =a—14+V1—a+a? (2.10)
a
-« :
(1 ) =—a+V1—a+a? (2.11)
—a
and )
1—B\z2
(1 ) =a+V1—a+ad. (2.12)
—a
Let )
r:=ux(a) = (af)*
and )
y:=yla) :={(1-a)1-p)}".
From ([2.1)) and ({2.2)), we have
r=a, y=1-—a. (2.13)
Thus , we have
dx dy
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Using the identities (2.5)—(2.8) and (2.13)), (2.14)), we find that

d
ay£:a(l—a){2—3&—}—2&2—1—2(1—&)\/1—a+a2}, (2.15)

d
(1—04)33d—y:—a(l—a){1—a+2a2—2a\/1—a+a2}, (2.16)
a

ﬁyj—z:a(l—a){2—3a—|—2a2—2(1—a)\/l—a+a2}, (2.17)

and

d
(l—ﬂ)xd—y:—a(l—a){l—a+2a2+2av1—a+a2}. (2.18)
a
Ramanujan recorded the following relation among the multiplier m of degree
n relating o and 3 :
doe  o(l—a) ,
n—=——=m
g B(1-p)
For a proof of the above one may refer [?].
Now employing the definitions of x and y in (2.19)) with n = 3, we find that

(2.19)

% _ _ay% +(1-— a)a:;l—z (2.20)
m Byg + (1 =Bzt
Utilizing — in the above, we find that
%:{1_2a+2m}2. (2.21)
Which implies that
% = +(1—2a+2V1 —a+a?).
From the above, it follows that
m = T(1 —2a — 2V1 — a + a?).
Since m > 0, from the above two equations, it follows that
m=(2a—1+2V1 —a+a?) (2.22)
and 5
—=1-2a+ 2v1 —a + a. (2.23)
Also from ([2.21]), we have
m? = (2a — 14+ 2V1 —a + a?). (2.24)
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3 Proofs of modular equations of degree 3

In this section, we prove a few modular equations of degree 3.

Proof of : Using and , we obtain that
a?\ s (1—a)? s a\ z 1-a\:
(5) - (=) -0 -(=)

Employing and on the right hand side of the above, we obtain

(5) (7)) =

g 1-p5 o

On the same line as above, utilizing , , , and , we deduce
the equality

(=)' ()

-« «

This completes the proof of (1.2)).

Proof of (1.3): Using (2.1) and (2.10]), we obtain that

63 % 6 %
1+2<_) :1+2(_>
o a
=2a—1+2V1—a+a?

=1m.

Also using (2.2)) and (2.11)), we obtain that

(1—a)? %_ 1—a)?
1+2(fiz?) _1+2(1_a)

=1—-2a+2V1—a+a?

3
=
This completes the proof of (1.3)).

Proof of ((1.4): Using (2.1)), (2.9) and the definitions of o and S in (2.5) and
(2.6]), we find that

a3)

7) Q)
<ﬁ ) 7
1 1
~ 1—-3a+3a®—2a*+ (14 2a — 2a*)V1 — a + a?
1 —3a+3a% —2a3 + (1 —2a +2a2)V/1 —a + a2

ool
N

4495 | Darshan D.', LIMCR Volume 12 Issue 10 October 2024



“On Ramanujan’s modular equations of degree three”

On elementary algebraic manipulation of the right hand side of the above and

using ([2.24)), we obtain that

00|

043)
<) -5
(6—:8a2—8a—i-5—|—4(2a—1)\/ﬁ—|—a2

(5) =

This proves ((1.4)).

Proof of (|1.5): Using (2.1) and ({2.2)), we find that
1 1
A1 —B)*\® BA—-5)\?
1-2(—— 1-2(———m=
a(l —a) B a(l —a)
1—2(af)i 1—2a
Now employing (2.10) and (2.12)) on the right hand side of the above and on
elementary algebraic manipulation, we find that
3 1— 3
o (20

ol —a) ) =2 —1+2V1—a+a
1-2(af)s

ool

=((2a — 1) +2V1 — a + a?)?

m-.

=m.
On the same line as above, we find that
301 _ )3\ & _ 3
L (PO (0=8)
a(l —a) a(l —a)
=(2a —1+2V1 —a+a?)?

:m2.
} -

3(1 _ B3
L (F0=8)
a(l — a)
Similar to the above two proofs, by using (2.1)), (2.2)), (2.9), and (2.11) it is

easily deduce that

Thus, we have

o0l
N[
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and

This completes the proof of (1.5)).

Proof of : Using and , we have
(g)é+ (1—5)5_ (6(1—ﬁ)>5_ﬁ+ (1-8)  BL-5)
a 1—« all—a)) a? (1—-a)? (a(l—a))?

- ((1_—6>)

Now employing the definition of # from (2.6) on the right hand side of the
above, we obtain

(é)%+ (1—B)§_ (M>;:(2a_1+2m)2

o' l—a a(l — a)

= mQ.

On the same line as above, using (2.1)), (2.2) and the definition of a in ([2.5)),

we obtain that
(%)2 " G:—g) ) (H) -t <<11 - 32 ) <:<(11—_ O§)>

- (a?l_—(fn)g
=(1—-2a+2V1—a+a?)?
9

m2’

This completes the proof of (1.6]).

Proof of (1.7): From ([2.1)) and ({2.2)), it follows that

NI

@8- -7t (ZE5E) @i+ (21 =2)
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Employing (2.5)), (2.6), (2.10)), and (2.11]) on the right hand side of the above

and on elementary algebraic manipulation, we find that

Pu_epyi,
(0%

(@)t + {1 -y - o+ (2025

From which, it follows that

@+ {a-wn-a—1- (Z525) . e
On the same line as above, from and , we find that

@t {-apa-mp+ (SE50) =1
This implies

(0455)%+{(1—oé)5(1—5)}é =1- (ﬁag:g; >8 (3.2)

We observe that

(@°8)% + {(1 = a)(1 = B)}* = (aa)? + {(1 — a)(1 — a)}?

Using ([2.1) and (2.2)) on the right hand side of the above, we find that

>};

(NI

m%ﬁ+{u—afu—ﬁné:{%1+mm%+«1—mu—ﬁ»

2
(3.3)
The identity ([1.7)) follows from the equations (3.1)) — (3.3]).
Proof of ((1.8): Using (2.5)—(2.8)), we can easily deduce that
(a1 = )2 + (B(1 — )2 =2(a(1 — a))*.
Which is equivalent to
(a(1 = 3)2 + (B(1 — )2 =2(aB(1 — a)(1 - B))*. (3.4)

From ([2.9) and (2.11]), we find that

{%L:@}é:@_a+vftzzﬁxﬂﬁﬂﬁtziﬁ>
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and

{%%}%}2:m—1+vTjE:¥MHwﬁtEI§)

Now using ([2.24]) and the above two equations, we find that

1 1
o fa(l—a)\®  [B(-5)\°
_ _ = 2.
" {a<1—a>} +{a<1—a>
From the above, it follows that

m? {a(1 - a)}? + {B(1 - B)}

Similarly, we obtain

From which, it follows that

NI

=2(aB(1 - a)(1 - B))5. (3.5)

DB - AF 4 (ol — )}t =280~ )1 - A)E (36)
from —, we arrive at the required identity.

Proof of (1.9): As in the proof of , we find that
1 o (1-B\?
— 2 —_ 2
=2 3.7
n(a) () - 6
3 (1-B\* (1 :
3 (=) _(lze) o,y (3.8)
m\1l—a 1—a
a\ 3 6] >
( ) + 9 . (3.10)
a
(

Using the fact that a = (a8)3 and (1—a) = {(1 — a)(1 — 8)}3 in (3.7)— (B-10),

we obtain the required identity (|1.9 E

and
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Proof of (1.10): Adding (2.22)) and (2.23), we obtain that
3
m+ — =4V1—a+ a?
m

1
- 4\/5(2 — 2a + 2a?)

D=

SIS
=

4 {lu +(aB)t +{(1—a)(1 - B)}

: }
Also subtracting ([2.23)) from ([2.22)), we have
3
—— =2(2a-1
m—— =2(2a-1)
1 1

—2((aB)t —{(1 - a)(1 - B)}¥).

This completes the proof of (1.10)).

Proof of (1.11): Employing (2.5)—(2.8)), we deduce that

Q+—~ = _— (3.11)

Also, we observe that

From (3.11)) and the above identity, we obtain

1 1
Q+§+%@<P—F>:0

This completes the proof of (1.11]).

Proof of ((1.12)): We have
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Employing (2.9) and (2.10) on the right hand side of the above, we find that

1
1
P_E

The identity (|1.12)), follows from the above equation.
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