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1 Introduction

For any positive integer n, a partition of n is an expression of the form
n=mny+ng+---+ng

with ny > ny > n3 > --- > ng, k > 1 and the number of partition of n is
denoted by p(n). We also define p(0) = 1.

P. A. MacMahon calculated p(n) upto 200. Looking the table of p(n) of
MacMahon, Ramanujan conjectured that

p(5n +4) = 0(mod 5)
p(Tn +5) = 0(mod 7)
p(11n 4+ 6) = 0(mod 11).

Later, all the above conjecture were proved. For details of the above proofs
and history one may refer to [7].

Motivated by the above properties of partition function, H. C. Chan
[6] studied and extended similar works to the restricted partition function. In

fact, he define
o . oo 1
2 = ==

n=0 n=1
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and proved that a(3n + 2) = 0(mod 3). These are the results motivates many
mathematician to work on properties of partition functions. See for example
[21,3], [100].

In this article, our aim is to establish explicit formulas in terms of divisor
functions for a restricted partition function Py, .(n) defined as follows:

Let P¢, .(n)[or P

©a.c(n)] denoted the number of partition of n such that

i . Parts are congruent to +a or +c or £ (mod k) or 0(mod 2k).

ii . Parts are congruent to £a, £ (mod k) and 0(mod 2k) are distinct.

iii . Parts are congruent to £ (mod k) and 0(mod 2k) are having two colors.

iv . Number of parts are congruent to £ (mod k) and O(mod 2k) are
even(odd).

Let
Pk,a,c(n) = Plj,a,c(n) - Pl?,a,c(n)'
In the next section we prove our main results.

Now we shall recall certain definition which are required to prove our main
results. For any complex number a and ¢ with |¢| < 1,

(@;q)oe = [ (1 — ag™).
n=0
For any integer n, let
(a;9)oo

(a;q)n = (

aq";q)oc’
Ramanujan’s theta function f(a,b) is defined by
> n(n+1)  n(n—1)
flab)=> a2 b 2, |ab| <1.

From the well known Jacobi’s triple product identity, we have
f(a,b) = (—a; ab)oo(—b; ab) oo (ab; ab)o.

A special case of f(a,b), ¥(q) is defined by

T N~ Uit/
U(q) = f(a,4%) —;q = i
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By the above definition of f(a,b) and ¥ (q), one can easily see that

f(q*, %)

—————-— where a+b=c+d=2k. 1.1
f(=a¢ —q%) (1)

> Preac(n)g" = v*(=¢")
n=0

Let d,,(n) denotes the number of divisor of n which are congruent to z(mod y)
if n is a positive integer and d, ,(n) = 0 otherwise.

2 Main results

In this section, we establish explicit formulas in terms of divisor functions for
a restricted partition function Py ,.(n).

Lemma 2.1. For each n € N, we have

V(g%) =) ta(n)q"

and
tQ(’I’L) = d174(2n + 1) — d374(2n + ]_),

where to(n) is the number of representation of an integer n as a sum of two
triangular number.

For a proof of above lemma, one may refer to [1].

Theorem 2.2. The following identity holds:

2n+1 2n+1
P6’2’1<n) = d174(2n + 1) - d374(2n + ].) —+ d1’4 ( 3 ) — d3’4 ( 3 ) .

Proof. From [4], we have

f(@* q")
f(=a.—¢")
Employing (1.1)) and Lemma 2.1 in the above, we find that

W} (—q°) = *(¢°) + q* ().

Z Po2,1(n)q"
n=0

[e.9]

2 1 2 1
_ {d1,4(2n + 1) _ d374(2n -+ 1) + d1,4 ( n; > — d3,4 ( n—+ ) } qn.

n=0

By comparing the coefficient of ¢" in the above equation, we obtain the required
result. [
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Example: For n = 8, we have

F§24(8) Pg24(8) Ps2,1(8)
8,
7+1, 5+ 3,,
5+2+1 5+ 3y,
5+1+1+1 443, +1,
4424141, 443,41, 2
441414141, 3, +24+14+141,
2 1+1+14+1+141, | 3,4+2+1+1+1,
1+14+14+ 141414141, | 3+ 1+1+1+1+1,
3 +3,+1+1, 3g+1+14+1+1+1.
3+ 35+ 2.
( Table-1)
One can easily see that
d174(17) = 2, d574(17) = O,d174 (g) =0 and d374 (g) =0.

From Table-1 and the above, we have

17
P6’271(8) = d174(17) — d3’4(17) —+ d174 (§> — d3’4 (3) = 2.

This verifies the theorem for n = 8.

Theorem 2.3. The following identity holds:

2n+1 2n+1
P10,471(n)—P1072,3(n—1) = d174(2n—|—1)—d374(2n—|—1)—d174 ( 5 )+d374 ( 5 ) .

Proof. From [5l, p. 263], we have
fld*, q°) f(d* q°) 2/ 2 2.2/ 10
V(g [ +q =% (¢°) — *¢* (")
@) fla.d®) " f(dq) ) )
By changing ¢ to —¢ in the above equation, we have

2(_ 5 flg* ¢°) B f(&* ¢°) — b 2(2) — o 2.52( 10
v q){f(—q,—qg) qf(—q3,—q7)] YAE) — a9,

Employing (1.1)) and Lemma 2.1 in the above, we obtain

o0

Z {P107471(n) - P10,2,3(n - 1}q"

n=0
- 2n+1 2n+1
= {d174(2n 1) —dsa(2n+ 1) — di g ( ”5 > +ds.4 ( "5 ) } q".
n=0

By comparing the coefficient of ¢" in the above equation, we obtain the required
result. [
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Example: For n = 10, we have

Pl 4.1(10) Py 4.(10) P1g,4,1(10)
149, 1+1+1+1+1+5,,
446, 1+1+14+1+145,,
14+14141+6, 14+4+5,,
1114+ 1414144, 1+4-+5,. 2
1111+ 11 1H1414+1,
5, + 5,
( Table-2)
Pi2309) Pias(9) Pro23(9)
34343, —
247. -~ 2)
( Table-3)

One can easily see that
21 21
d174(21) = 2, d3,4(21> = 2, d1,4 <€> = O and d3,4 (g) = O

From Table-2,3 and the above, we have

21 21
Pi941(10) — Pio23(9) = d1.4(21) — d34(21) — dy 4 (E) +ds4 (—> =0.

This verifies the theorem for n = 10.

Theorem 2.4. The following identity holds:

Piyg1(n) — Puss(n—1) 4+ Piyas(n —2)

2n+1 2n+1
= d1,4(2n—|— 1) — d3,4(2n+ 1) +d174 ( n ) — d374 ( n ) .

7 7

Proof. From [I1], we have

F@¢® . fl@d) | o f(@?q")
1

f(q,q") " TF g a (@, %)

By changing ¢ to —¢ in the above equation, we have

f@,¢ fldq") AU
F—a—a®) = =) i f(=¢* —¢°)

)| | = v - o

) | | = vy
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Employing (1.1)) and Lemma 2.1 in the above, we obtain

Z {Prag1(n) = Praas(n —1) + Puas(n —2)} ¢"
n=0

oo

2n + 1 2n+1
= {d174(2n +1) —d3s(2n+1) + dyi4 ( ”7 ) — ds.4 ( n? )}q"

n=0

By comparing the coefficient of ¢" in the above equation, we obtain the required
result.

]

Example: For n = 12, we have

Ply.(12) Py, (12) Praga(12)
T+1+1+1+8, 1+1+1+1+1+7,,
14+ 14 1+14+14+ 146, 14+1+1+1+1+7, | (D
11+ 141414+ 1414141
( Table-4)
PPy as(11) | PPys(11) | Piaas(11)
11 447,
447, (1)
( Table-5)

Pryos5(10) | PPyos(10) | Praas(10)

545 - ()

( Table-6)

One can easily see that

2 2
d1,4(25) = 3, d3,4(25> = O,d1,4 <75> = (0 and d3,4 (;) =0.

From Table-4,3,6 and the above, we have

25 25
P14’6’1(12)—P1474’3(11)+P14’2’5<10> - d1,4(25)—d3,4(25)+d1’4 (7) —d3’4 (7) - 3

This verifies the theorem for n = 12.

Theorem 2.5. The following identity holds:

f(@®,d") | [ d) |, f(dh e 3f(q2,q16)}
f(q,q'7) +qf(q""’,q”)) e (@, q*) T fl@, ¢ ]

V()= (¢'°) = ¥*(¢°)
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Proof. In [9, p. 216], Ramanujan recorded following identity:

i k

2/ 2\ _ q
¥ (q ) _Zl+q2k+1'
k=0
Which implies
o 9k 0 9k+1 0 9k+2 o0 9k+3
q q
vi(q?) = Z T Z sk T Z k5 Z 18k+7
k:01+q k:01+q 1+q k:01+q
i q9k+4 i q9k+5 f: q9k+6 i q9k+7
FY e Y e Y e b Y
18k+9 18k+11 18k+13 18k+15
k:01+q k:01+q k:01+q k:01+q
o0 ¢S
18k+17"
k=0 14q
This implies
2/ 2 4.2/ 18 - ¢ - ¢! . q°rt?
VaT) — g (e7) = Z ‘1 iR + Z 1+ g5k+3 + Z 1+ ¢85
k=— k=—o0 k=—00
¢+
- Z 1+ gi8k+T
(2.1)

The following is the famous Ramanujan’s 17, summation formula [5, p. 34]:

> a;q)k g a2,q)0(q/a2;q9)so(q; @)oo (b/a; q) o
Z(Q)Z_( 0)oo(q/a%; 4)o0(q; 9)oo(b/a; q)

Bk~ (20)00(b/02;0) 0o (0 Q) oo (q/; @)oo b/al <[z] <1. (2.2)

k=—o00

Setting b = aq and z = ¢° in the above equation and then replacing ¢ by ¢'®
we obtain

i ¢ f(=aq’,—¢"/a)(q"®; ¢"*)%,

et  f(—=¢% ) f(—a,—q'8/a)’ (2.3)
Which implies
0o qgk o f(_aq97_q9/a)
2 T VO g (24)

Employing (2.4)) in ([2.1) with a = —¢, —¢®, —¢°, and —¢", we obtain the re-
quired result. ]
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Theorem 2.6. The following identity holds:

P18,8,1(n)—P18,6,3(n - 1) + P18,4,5(” - 2) - P18,2,7(n - 3)

2 1 2 1
= d174(2n + 1) — d374(2n + 1) — d174 ( n;_ ) + d374 ( n;— ) .

Proof. From previous theorem, we have

[f(qé‘,qm) f(q6,q12)+q2f(q4,q14) s f(d% ¢"%)

f(q,q'7) +qf(q3,q15) (@, q'3) T f(q", q')

Changing ¢ to —¢q in the above equation, we have

:| ¢2(q9) — ¢2(q2)_q4¢2(q18>‘

f(@*d") fld%q?) o flatd) 5 f(d*q") } 2 9
[f(—q,—qW) T =* ") e = —a%) T, =) vi=a)
= *(¢°) — ¢*¢¥*(¢"®).

Employing (1.1)) and Lemma 2.1 in the above, we obtain

Z {Pigga(n) — Piges(n — 1) + Pigas(n —2) — Pigar(n —3)} ¢"
n=0

oo

2n + 1 2n+1
_ {d174(2n+1)—d3,4(2n+1)_d174( ng >+d374( n9 )}qn
n=0

By comparing the coefficient of ¢" in the above equation, we obtain the required
result. O

Example: For n = 14, we have

Piys1(14) Pl s1(14) Pigs1(14)
1+14+1+1+10, 1+1+1+1+1+9,
14+14+1+1+1+1+8, 141414149, | (D)
1+14+14+14+14+14+141
F14+14+1+1+1+1.
( Table-7)
Pl 63(13) Pl 63(13) Pig6,3(13)

- - o

( Table-8)
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Py 45(12) Py 45(12) Piga5(12)
( Table-9)
Py, 7(11) Plyo7(11) Pigo7(11)
11 249, (1)
249,
( Table-10)

One can easily see that

29 29
d14(29)—2 d34(29)—0 d14(9> =0 and d34<9> =0.

From Table-7,8,9,10 and the above, we have
Pigs1(14) — Pigg3(13) + Piga5(12) — Pigo7(11)

29 29
= d174(29) — d374(29> d14 ( 9 ) —+ d34 < 9 ) =9,

This verifies the theorem for n = 14.

Theorem 2.7. The following identity holds:
Pry101(n) — Paogs(n — 1) + Pags(n —2) — Paaz(n —3) + Paog(n —4)

2n+1 2n+1
= d174(2n + ]_) — d374(2n + 1) + d174 ( 11 > - d374 ( 11 > .

Proof. From [§], we have

f<q107q12) f(CI8 ) zf( ) 3f(q q' ) 4f( )} 2/ 11
{ fla,¢*") +qf(q?’,q ?) " f@.a7) 7 (a7, q%) i f(qg,qlg) via)
= V*(q) — "V (¢7).
By changing ¢ to —¢ in the above, we have

—dq q q q
f(=¢,—¢*) " f(—¢* —q") f(=¢% —q') f(=4q",—¢") f(=¢° —q")
x Y% (=q"t) = V(@) + V(™).
Employing (1.1)) and Lemma 2.1 in the above, we obtain

[f(qm,qm) f(d® q") L f(d® q") s fqd*q") Lt (@ ) }

o

Z {Pa210,1(n) — Pagga(n — 1) + Paggs(n —2) — Pagar(n —3) + Pazpo(n —4)} ¢"

n=0
oo

2n + 1 2n+1
_ {d1,4<2n + 1) — d374(2n -+ 1) + d1,4 ( nll > — d3,4 ( nll > } q.

n=0
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result.
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Example: For n = 16, we have

P 10.1(16) Pg,10.1(16) Py2,10,1(16)
1241+141+1+1, 11,4+ 1+1+14+1+1+1
104+14+14+1+14+14+14+141, 11+1+14+14+14+1+1,
I+14+14+14+H 14+ 141414+ 14+ 14141
+1+1+141.
( Table-11)
P 85(15) P 55(15) Pa,5,5(15)
34+3+3+3 - (1)
( Table-12)
Py 65(14) P 65(14) P2<20,>6,5(14)
( Table-13)
Py 47(13) Py 47(13) P2<2(§,7(13)
( Table-14)
P (12) Pg(12) P2<2(§,9(12)
( Table-15)
One can easily see that
33 33
d174(33> = 2, d374(33) = 2,d174 (ﬁ) =1 and d374 (ﬁ) = 1.

From Table-11,12,13,14,15 and the above, we have

Py9101(16) — Pagg3(15) + Paggs(14) — Paoa7(13) + Pag29(12)

33 33
= d174(33) — d374(33) + d1,4 (ﬁ) — d3’4 (ﬁ) = 0.

This verifies the theorem for n = 16.
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Theorem 2.8. The following identity holds:
*(@*) = ¢V (d*) = ¥ (¢") %

f@2,¢*) N f(qw,qw)Jr 2 £(%,4) | 5 f(d°,q*) +qu‘f(q“,q”) s f(@, )

q q +4q +q
fla, %) f(a® ¢*) @) 7 flded®) 7 f(@e') 7 fla'q")
Proof. In [9, p. 216], Ramanujan recorded following identity:

o0 k

q
wQ(qg) - Z 2k+1"°
k=0 1 + q
Which implies
i e q13k+1 & q13k+2 & q13k+3
26k+1 26k+3 26k+5 26k+7
k=0 1+q k01+q k=0 1+q k= 1+q
> q13k+4 Z q13k+5 e 13k+6 f: 13k+7
— Yy —— +
26k+9 26k+11 26k+13 26k+15
k:01+q k:01+q k01+q 01+q
> q13k+8 i 13k+9 i 13k+10 i q13k+11
— + +y ——
26k+17 26k+19 26k+21 26k+23
—l+gq l+4¢ l+q —1l+gq
o0 gi3F+12
-t Z 1+gq 1 4 26k+25°
k=0
This implies
5 9 612/ 26 e q13k & q13k+1 & q13k+2
V() = ) = ) 15 ot > T T > T3 o
k=—00 k=—00 k=—o00
i q13k+3 e q13k+4 e q13k+5
26k+7 26k+9 26k+11
lc:fool+q k:fool—{_q k:fool—i_q
(2.5)

Setting b = aq and z = ¢'3 in the Ramanujan’s 11, summation formula ([2.2)
and then replacing ¢ by ¢%°, we obtain
i q13k — f<_aq1 _q13/a)( q26)go (2 6)
S 1—a®t o f(=q", —¢") f(—a, —¢*/a)

Which implies

0 13k _ 13 13
S ey o, 27
= 1-aq f(=a,—¢*/a)
Employing (2.7) in (2.5) with a = —¢, —¢®, —¢°, —¢", —¢°, and —¢'!, we obtain
the required result. O
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Theorem 2.9. The following identity holds:

P26,12,1(7’L) - P26,10,3(n - 1) + P26,8,5(n - 2)
— Posgr(n—3) + Pyao(n —4) — Pago11(n —5)

2n +1 2n + 1
= dig(2n+ 1) — dss(2n + 1) —dm( ”13 >+d374( ”13 >

Proof. From previous theorem, we have

f@.qd") | fd%q") | o f(@d"®) | sf(dq°) | L f(dhdP) | s f(d ) }
{ f(q,q%) e f(@3,4%) e f(@®,q*) i (™, q*) i [ ¢'7) " f(g™, q")
% ¢2(q13) — ¢2(q2) o q4¢2<q26>

Changing ¢q to —¢q in the above equation, we have

{f(q”,ql‘*) f(q",q") AR 5 [ q*)

[T R T I [ e I ()
f 4, 22 f 2’ 24
+ q4f(_<39’ q_q37) o q5f(_(;11’q_q)15) ¢2(—q13)

— wZ(q2) - q41/12(q26).
Employing (1.1) and Lemma 2.1 in the above, we obtain

oo

Z{P26,12,1(n) — Py 103(n — 1) + Py gs(n —2)
n=0
— Py 67(n —3) + Pagag(n —4) — Pago11(n — 5) }qn

o0

2 1 2 1
= {d174(2n + 1) — d374(2n —+ 1) — d174 < nl;_ ) + d374 ( nl—;_ ) } qn
n=0

By comparing the coefficient of ¢" in the above equation, we obtain the required
result. [

Example: For n = 18, we have

P 15,(18) P 101(18) Pa6.121(18)
12+ 1+ 1+ 114141, 13, +1+1+1+1+1,
14+1+14+1+1, 13g+1+1+1+1+1. | (1)
1+ 141 L T I 14141
F1H 1111114141,

( Table-16)
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Pgs105(17) P 103(17) P@w(l?)
( Table-17)

Py s5(16) P 5.5(16) P2<6(§,5(16)
( Table-18)

Pss 6.7(15) Py 6.7(15) P2<6(§,7(15)
( Table-19)

Pys40(14) P 49(14) Pasa9(14)
( Table-20)

Ps011(13) P 01:(13) Pae2.11(13)

2411 13, (1)

13,

(Table-21)

One can easily see that

37 37
d174(37) = 2, d3,4(37> = O, d1’4 (1—3> =0 and d34 (13> 0.

From Table-16, 17, 18, 19, 20, 21 and the above, we have

Pag 12,1 (18) — Pag 10,3(17) + Pag 55(16)
— Pog7(15) + Paga0(14) — Pag211(13)

37 37
= d174(37) - d3,4(37) dl 4 (13) + d3’4 (E) = 2.

This verifies the theorem for n = 18.

Theorem 2.10. The following identity holds:

1/}2((12) o q7w2<q30)

_ 12715 f(q147q16) f(ql ) f(qloaq )
=) e T i %) ")
5 f(,0) | L f( ) | 5 fldhd®) | 6 @ dP)
e f(d,q%) e (@, q )jL flgt )+q f(@3,¢7)
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Proof. In [9, p. 216], Ramanujan recorded following identity:

00 k
q

¢2(q2) - 2 : 2k+1°
k=0 144

Which implies

e e q15k+1 > 15k+2 & q15k+3
Z T30k 30k+3 1 & 30k+5 +Z 1 4 30k+7
1+q e 1+q + 1+ g%+

k=0 k=0

q15k+4 0 q'ok+s 00 q'ok+6 o LR+
—i— + +
£ 1+ q30k+9 1 n q30k+11 ]; 1 + 30k+13 Z 1 + ¢30k+15
< 15k+8 00 15k+9 < q15k:+10 00 15k+11
+ + + +
e 1+ q30k+17 Z 1 + ¢30k+19 Z 1 + ¢30k+21 Zo 1 + 30k+23
i 15k+12 i 15k:+13 i 15k+14
.+ + +
30k-+25 30k+27 30k+29 °
k=0 144 =0 T4 =0 T4
This implies
) - 00 q'o" 00 glok+1 % q1ok+2
(0 (q )—q (0 (q ):kz_ool+q30k+1 +k2 1 + ¢30k+3 +k2 1 + ¢30k+5
i q15k+3 f: q15k+4 i q15k+5
+ —_— + — + —_—
30k+7 30k+9 30k+11
k:—ool+q k:—ool+q k:—ool_l_q
00 q15k+6
30k+13 "
k=—oc0 1 + q

(2.8)

Setting b = aq and z = ¢'° in the Ramanujan’s ;71 summation formula ({2.2))
and then replacing ¢ by ¢*°, we obtain

™ f(=ag”, =" /a)(q¥: )%
21 ag®™  f(=¢",—q")f(—a,—¢%/a)’ 29)

Which implies

0 q15k B f(—aqlS, —q15/a)
D U by Teeer (2.10)

Employing (2.10) in 2.8) with a = —¢,—¢*, —¢°, —¢", —¢°, —¢"" and —¢"
we obtain the required result.

]
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Theorem 2.11. The following identity holds:

P30,14,1(n) - P30,12,3(n - 1) + P30,10,5(7”L - 2)
— Psog7(n—3) + Pygo(n —4) — Pspa11(n —5) + Py 213(n — 6)

2+ 1 o+ 1
:d174(2n—|—1)—d3,4(2n+1)—|—d174( ” )—du( ” )

15 15

Proof. From previous theorem, we have

f(@",q") f(q”,q ) | 2 fd?,¢")
f(a,q*) a [, ¢*) e (@, %)
5 (qs,q”) S s [0t ) 6f(q2,q28)] 2 15
e (q7,q23) [ ¢*) T f(g™, q") T f(q*3,¢'7) Vi)

=X (¢%) — ¢"*(¢*)

By changing ¢ to —¢ in the above equation, we have

f@", ") f(@"?,q"®) 2 (@, ¢
f(=q,—¢%) " =g =) i f(=¢®, —¢*)
5 [ %) . S f(q4 q26) o [f(d*d”™)
Ui =) Ui =) f=at =) " (=B =)

)
x Y*(—q ) V(g )+q71/1( ’)
Employing (1.1)) and Lemma 2.1 in the above, we obtain

o

Z{P30,14,1(n) — P3o123(n — 1) + Po05(n — 2) — Paogzr(n —3) + Paoeo(n —4)
n=0
— Psp411(n —5) + Psp213(n — 6)}‘]”

o0

2n + 1 2n+1
- {d174(2n +1) —dsa(2n+1) +di4 ( n15 ) —ds4 ( n15 ) } 7
n=0

By comparing the coefficient of ¢" in the above equation, we obtain the required
result. O

Example: For n = 20, we have

P§0,14,1(20) P:'fo 14,1(20) P30,14,1(20)
1641+ 1+1+1, 15, +1+1+1+1+1
14+1+1+14+1+1+1, 155+ 1+14+1+1+1 (D)
1+ 141+ 14+ 1+ 14+ 1+ 14+1+1+1
111+ 14141414141 .

( Table-22)
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P5y.125(19) Py 125(19) Ps,12,3(19)
- ( Table-_23) ©
P5o.10,5(18) P§y.105(18) Ps0,10,5(18)
- ( Table;4) ©
Psy5.7(17) Py s.7(17) Py 8.7(17)
- ( Ta_ble-25) ©
P5y6,9(16) P 6.0(16) P30,6,0(16)
- ( Tabl_e-26) ©
Py 4.11(15) Py 4,0(15) P3oa,0(11)

A+11 15, | (1)
15,.
(Table-27)
Py 2.13(14) Py 2.13(14) Ps0.2,13(14)
- ( Ta_ble—28) ©

One can easily see that

41 41
d1,4(41) =2, d3,4(41> = O,d1’4 (E) =0 and d3’4 (E) =0.

From Table-22, 23, 24, 25, 26, 27, 28 and the above, we have

Ps30141(20) — Ps0,12,3(19) + P30.10,5(18) — P3gg7(17)
+ Ps0,69(16) — P3g411(15) + Psp.2,13(14)

41 41
= d174(41) — d374(41) + d174 (E) — d374 (B) = 2.
This verifies the theorem for n = 20.
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