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Abstract:

In this work, we have proposed a majoration of the modulus of the Schwarzian of certain quasi-conformal
maps, defined in the open unit disk A = z € C : |z| < 1}. Using the Schwarzian, we have found some
relations linking the Taylor coefficients of these maps.
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1. Introduction

In this article, we have proposed, on the one hand, a majoration of the Schwarzian modulus of certain quasi-
conformal maps and, on the other hand, some relations on the Taylor coefficients of these maps, defined in
the open unit disk using the variational method. This method is proving effective in solving several problems

that undermine the geometric theory of complex-variable functions.

The various aspects of using this method are significantly mentioned in a large number of works (for example

(31, [4], [7])-

Recall that the Schwarzian of harmonic maps is defined by :

{f,Z} = 2[[111 A()],, - [(IHA(Z))Z]Z} avec A(2) = |k (2)| + |9’ (2)] (1)

We will adapt this Schwarzian to a quasi-conformal map, defined in the open unit disk.

2. Theorem
Let f(z) = h(z) + g(z) be a quasi-conformal map, defined in A = {z eC:|z| < 1}, with h and g

two univalent and holomorphic maps, defined in A, with values in C such that h’(0) = 1. Then for all

z =re? € A we have :
z
’ — (1—1r2)2 1—7r2)"’
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Demonstration

e Expression of {f, z} as a function of {h, z} and {g,z}.

{£.2} =2[[ma@)].. - (0 A@).)?]

Thus

20" A\ 2
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Looking for \'(z) and \’(2)

e =[]+ [lg@l]
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In the same way :

o)1= Vo @@ = o] = 5P

The result is  A'(z) = h"(z)h'(2) g//(z)m
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_ fq ) 9(2)
MO = 5.2 T w(z)

Therefore:
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M) WERG) [h"@f [h‘)}

9" (2)g' (2) |1y ()|
Az) +

2P (14 ual) A1+ sel) 2GR+ sel)
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4g/)[* (1 + asco) )
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Alz) WA+ ) 2(0(2))2Q + b)) g @A+ ppe))  2(9'(2)2(1 + |/*Lf((z?)))|)
i’ _ h"(2)h'(2) + 9"(2)g'(2)

2 ()| ||| + 93| 2l @]|[1() |+ 1o ()

X h(z) L 9@l
A 2R (2) (14 ppr)| 207 (2)(X 4 |ppe)|

4<x ) I ) l9" ()P 1s )| 29" (2)h" (2) 1y )| ()
AT EPA+Ius@)? T e EPA+ rie)? T g @R+ )

By replacing the relations (3) and (4) in the relation (2), we have :

{f z} _ h///(z) [h//(z)]z gm(z)ll’ff(z)l [g”(z)]zlpff(z)l
’ ()1 + |pp)) 20 (2)2A + |pp]) 9 E)A+ lppe))  2(9'(2))2Q + [ppe))

[h" ()] [9” ()2 s () I 29" (2)h" (2)|ps(z)|

CIWERPAF oD 9 EPA+ ie)? 9@ (2 g3

) (o)l (2]
{faz} = ——{hz}+ ——{g,z} + —F—{hz} + —F——{g, 2} +
(14| p e |) (14 |1pen)? 1+ [ppo))) (14 )

el Ged) + (58) (e (G3)

1 ey '(z)  ¢"(=)1% |l
’ = - h? + —19; + - 5
{f z} 1+ |l‘f(z)|{ oy ey 0.2} [h’(z) 9] 1+ |ppe)? ®)

ot ey P RO 0(2) — g(0)
Let’s put : h(z) = 1 (0) et g(z) = 9'(0)

It is easy to check that h and § are functions of class S.
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. (e} =5 -3l

(e} = - 3l

Then {ﬁ,z} = {h,z}

In the same way

{g,z} _§"(=) 3 [g”(Z)r

7)) 2ld(2)
_\_9"(= 31d"(®»)*
{g’z} e 2[9'(z)]
{g$ Z} = {ga Z}
The relation (5) becomes:
. sl - h"(z)  §"(2)1*  |pse)l
y2{ = —————{h,z —=—1{g,z = — = 6
59 = o™ T @ 50 50 arig? ©

Taking the modulus of both and applying the triangle inequality in the relation (6), we have :

2

1 . s |- h'(z)  §"(2) g
{f 2} S‘{h,Z}‘+{g,z} + |= - (7)
‘ 14 |ppesl 1+ [ppe) h(z) 3@ (14 |ppe))
Based on Nehari’s th {E }< 2 dH~ }< 2
ased on Nehari’s theorem, szl < TEFDE and [{ g,z ¢| < TEFDE

The relation (7) becomes :

)

if"(z) _7"(?) S VTPY
h(z) §(z) (14 |ppe))?

T 14 [ppe| =232 1+ |ppe)| (- [2]2)?

SR I (TP LC TN C
W(z) gz~ I 15(2)
The relation (8) becomes:
. 2 RO
Hf’ } = (1 —z?)* " H R (z) g'(z) } (14 [rp()))? ¥
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n ~/

g and h being functions of S, then the applications I(h(z)) = z and I(g(z)) = = have the
h'(z) g'(z)
values of the disks
ﬁ// 22 4 =11 22 4
A’(z):{z: z (z)_ " < r }andA”(z):{z: z~g (z)_ r < ! }
h'(z) 1—r2 1—7r2 g'(z) 1—1r2 1—1r2
zh!(2) 272 4r h"(z) 4+ 2r .
= — < ‘ = < with |z] = r
h'(z) 1—r2 1—r2 h'(z) 1—1r2
23" (2) 272 4r 3" (2) 4+ 2r
g’ (2) 1—7r2| 7~ 1—12 g~ 1—1r2
The relation (9) becomes:
2 2+7r\* |#se
forf| < G 1610 ) 10
o< a0 0) Gy 1o
Let t = |py(z)| with ¢ €]0; 1]
We have :
2+7r\? t
<——+16 11
Hf’z} Szt (1—r2) (1+1t)2 )
Let’ tp(t) = ——=
Thus
2 2+7\2
<—— 416 ——— t 12
{12 < g +16(5 ) ¢ (12)

Let’s study the ¢ function for all t €]0; 1]

1—

vt €]0;1[, ¢’ (t) = m > 0, then ¢ is increasing on ]0; 1]
: 0 1

©'(t) +

1
4

o(1) /

0

1
According to the study by ¢, for all £ €]0; 1], we have p(t) < 1

So the relation (12) becomes :
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(e}l < 2 107 25) > )
From this i
{r2)] < 1 _2rz)z () | = (14)

3. Consequence
Let f(z) = h(z) 4+ g(z) be a quasi-conformal map, defined in A = {z €Cslz| < 1}, with

h(z) = Z apz" and g(z) = Z bpz" two univalent and holomorphic maps, defined in A with values in
n>0 n>0
C such that h’(0) = 1, then :

a) we have either :

[} |b2\—|a2| S4

or either
o 4|b1| <az| + [b2]

2 1

b b — |b3| < —

) 2 3| < 3

Demonstration
From the relation (6), we have:
1 hll 0 17 0 2
{f,O} _ {h,0}+ 150 {g,O}JF[ 0 _ g )} ol (15)
1+ |pso) 1+ |pso) W) g0 (14 |uso))

Taking the modulus on both sides and applying the triangle inequality in the relation (15), we have :

1 1s0)) R'(0)  g"(0)* s
{f,O}' < ‘{h,O}'+ g0y + @ _ 9" (16)
‘ 1+ |[ppo] 1+ |pso)] W) g'O) | (14 |uso))’
On the one hand Hh, OH <2 and Hg,O}’ <2 8]

The relation (16) becomes :
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(oo}l =24 150~ 50| v

On the other hand :

R'(0) _g"(0) _, 2
o) g0 T b

Note that
g'(0)

W = |b1|

g0y = ‘

Then by replacing the relations (18) and (19) in the relation (17) , we obtain :

{ro} <2t poa =32 5
s < az — —| T
b1 | (1+ [b1])?
From the previous theorem, H 7 OH <18
First case :
S that 2+ ‘2 262" 1B
uppose tha a— —| ———— <
bi | (1 + [b1])?
We have :
b2|?  |bi
2+4jap— —| ———— <18
bil (14 [b1])?
a b2 |by]
2= | T s S
bil (1+ |b1])?
ba|?  4(1 4+ |b1])?
ay— | <=
by |b1]

By definition of py, we have :
lp <1=|b1| <1
= (1+|b1])? < 4

The relation (21) becomes:

2

a2b1 — b2 S 16 bl

(17)

(18)

(20)

(21)
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(1,2b1 — b2 <16

b2 — a2b1 <16

b2 — a2b1 S 4
bz — |a2 bl §4
Or b <1
Thus
b2 — |a2 §4 [ |
Second case :
S that 24+ ‘2 265 |°__ |bul
uppose tha ag— —| ——— >
bi | (1+ [b1])?

This inequality holds true for any value of |b1| €]0; 1], so

2b, |2 b
== Pal 5
b1

24 ’2(1 — max ———— >
2 b11€1031[ (1 + |b1])2

bu] 1

max —————— =
|b1]|€]051] (1 =+ |b1|)2 4

So the relation (23) becomes :
2 1
X — >4
12

b2
a — —
27 b

2

azb; — ba| > 16|by|?

az||by| + |b2

> 4\by

Hence

_|_

b2

We had established that {g, 2z} = {g, z}

(22)

(24)

(25)
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SO n " 2
g”() 3/g"(0)
= 20320
g'(0) 2\g'(0)
Then )
6b b
ol =2 -o(2)
b1 by
Or
{omof| <>
Thus )
6b b
-3 6(2> <2
by by -
1 2
bsby — ba| < = |b1
3
2 1 2
ba| — |b3||b1| < - |b1
3
Or
bi| <1
Thus
2 1
ba| — |b3| < 3 | (26)

4. Conclusion

In this paper, a majorization of the Schwarzian modulus and some relations on Taylor coefficients have been
proposed in a class of quasi-conformal maps in the open unit disk.
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