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In this paper, we develop a mathematical model to analyze the transmission dynamics and
control strategies for Lymphatic Filariasis (LF), incorporating both chemical and biological
control measures targeting the disease vector. The model is proven to be both mathematically
and epidemiologically sound. By determining the basic reproduction number (\(R_0\)), we
establish the conditions for local and global stability of the disease-free equilibrium (DFE).
The model highlights the impact of Wolbachia bacteria on mosquito populations and the role
of drug resistance and recovery in human populations. Our results demonstrate that reducing
\(R_0\) below 1 is crucial to eradicating LF from an endemic population, and thus, preventive
measures, including vector control, are essential. Further research is recommended to optimize
the combined use of chemical and biological controls to achieve long-term stability and
disease eradication.

KEYWORDS: Lymphatic filariasis, Wolbachia, basic reproduction number, vector control, disease-free equilibrium, stability

analysis

1.0 INTRODUCTIONS

Lymphatic filariasis (LF) is a neglected tropical disease
(NTD) caused by parasitic filarial worms, primarily
Wuchereria bancrofti, Brugia malayi, and Brugia timori.
These parasites are transmitted to humans through the bites
of infected mosquitoes, which serve as vectors. LF is
characterized by the obstruction and inflammation of the
lymphatic system, leading to severe and often debilitating
symptoms, including lymphedema (swelling), hydrocele
(fluid accumulation in the scrotum), and elephantiasis
(thickening of the skin) (World Health Organization
[WHOQ], 2021). LF is endemic in more than 70 countries,
predominantly in tropical and subtropical regions of Africa,
Asia, the Western Pacific, and parts of the Americas.
According to the WHO, over 120 million people are
infected globally, with about 40 million suffering from the
severe manifestations of the disease (WHO, 2021). The
disease disproportionately affects the poorest populations,
leading to significant socio-economic consequences
(Ottesen & Hooper, 2008). Diagnosis of lymphatic filariasis
typically involves the detection of microfilariae in the blood,
usually through a blood smear taken at night when the

microfilariae are most abundant. Serological tests, such as
antigen detection assays, can also be used to identify active
infections (Becker et al., 2018).

ant filarial medications such as diethylcarbamazine (DEC)
and albendazole. This approach aims to reduce the
prevalence of the disease and interrupt transmission (WHO,
2021). Community-wide treatment campaigns are essential
to achieve the target of eliminating LF as a public health
problem. In addition to MDA, management of clinical
symptoms is crucial. Patients with lymphedema may benefit
from hygiene, skin care, and physical therapy, while surgical
interventions can be considered for severe cases of
hydrocele or lymphedema (Ottesen & Hooper, 2008).

Rojas, C. A., & Tien, C. (2016) summarizes various
mathematical models developed for lymphatic filariasis,
discussing methodologies, findings, and future research
directions. Silumbwe, Zulu, Halwindi, Jacobs, Zgambo,
Dambe, & Michelo (2017) reviews the effectiveness of
mass drug administration strategies against LF, using
mathematical modeling to predict outcomes under different
scenarios. While not exclusively focused on lymphatic
filariasis, Rogers, D. J., & Randolph, S. E. (2006) discusses
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the implications of climate change on the transmission of
vector-borne diseases, including LF, and presents
mathematical models to assess potential risks. Alonso, D., &
Bansal, S. (2017) studies the uses mathematical models to
evaluate the short- and long-term effects of mass drug
administration on LF transmission dynamics. Other models
are models are Bockarie, M. J., et al. (2009), Ferguson, N.
M., & Anderson, R. M. (1999).

Lymphatic filariasis remains a significant public health
challenge in many parts of the world. Efforts to eliminate
the disease through MDA, health education, and improved
vector control are critical to reducing the burden of LF and
improving the quality of life for affected individuals.
Mwamtobe et al., (2017) developed a model that consider
quarantine of infected-chronic and treatment of the infected
acute individuals. The result shows that with quarantine and
treatments, the rate of reduction of lymphatic filariasis is
higher. In this work, we therefore extend his works by
adding a drug resistance compartment and recovered class in
the human population. We Also incorporated mosquito with

wolbachia populations: Aquatic stage with wolbachia, A,
Male mosquito with wolbachia, M, Female Mosquito with

wolbachia, F,,.

2.0 MODEL FORMULATION

The Lymphatic Filariasis (LF) model with human
population under study is divided into 6 compartments and
vector (mosquito) population into 7 compartments is
formulated. The model will subdivide the human population
at time t, N(t) into the class of susceptible individuals
Sy, (t), the exposed class, Ej (t) , LF infected acute

individuals,  I,,(t), LF Infected Chronic, I, (t) Drug

resistance  individual, Dy(t)and  the
individuals,R ().

Such that the total human subpopulations

N, () = S, (1) + B (1) + 1 () + 1, (1) + R(Y)

)

The model considers lymphatic filariasis, of which a wide
range of mosquitoes (anopheles, culex, Aedes) can transmit

Recovered

the parasite, depending on the geographic area. the most
common vector in Africa is the anopheles. The recruitment,
A, of individuals into the susceptible class is either by birth
or immigration. Some are Exposed to lymphatic filariasis
and if infected move to exposed class by the

1, = BrOnFiSh
Np

)
with B, being the finite probability that, in case an
infectious mosquito bites a susceptible
human, a worm (in the form of filarial larva) passes into the
human body. 9, is the mosquito biting rate (rate at which
mosquitoes bite susceptible human), F; is the infected
female mosquito Population without wolbachia. The
infectious worm moves to the lymphatic system where it
develops into its next life stage. Thereafter move to infected
acute class and subsequently when the sign start
manifesting, they move to the infected chronic.
There is a reduction of the human population in each class
through natural death at rate u;. We assume that the natural
death rate is the same for all subpopulations of the human
population.
The mosquito population N, (t) is divided into Aquatic or
larva stage, A(t), male mosquito without wolbachia M (t) ,
female mosquitoes without wolbachia , F(t) , infected
female mosquito population without Wolbachia, F; , Aquatic
or larva stage with wolbachia , A4,,(t) male mosquito with
wolbachia, M, (t) and female mosquitoes with
wolbachia, E, (t) such that subpopulations such that

N, () =AM +M @O +FO+FO+A,0+M, 0 +F, (1)

®)
The mosquito population increases through Maturation of
the larva or aquatic stage. The mosquito populations in each
class are reduced by introducing wolbachia bacteria.
Mosquitoes die naturally at rate d,,, and we assume that this
rate is the same throughout all subpopulation classes.
The corresponding mathematical equations of the above
description are given by a system of
Ordinary differential equations below:
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ds LI FES
d_th:Ah"TD(l_ p)_#_ﬂhsh+a)R
dE, PB4 FS

dth = th . — (e, + 1) E,,

d(;:a =o,E, +op—-(M+k+u, +7)l,,
dl,.

d: =k|ha_(ﬂh+7)|hc

dD

dtR =ml,, —(n+4,)Dy
?j_Tzﬁlha+ylhc+nDR_(w+ﬂh)R
dA

——=bF —(d_ +&)A-SA
it (d, +)

& = -moa-a,F -, - L0t 1t DIF

v

ﬁ_ B, (I, +01,, +GDg)F

dei
dt N,
dA,
A _bE —(d, +5
A bF, (@, + oA, .
dz/lw :77§A\N+7/1M _dWMW
dcli:tw :(l_n)é‘AN_'_}/ZF_dWFW
dN
d_thSAh"‘(P_/JhNh
N, g N,
dt

In the biological-feasible regions:

(S,,E, 1. 1,0, Dg, R, AM,F,F,A,, M, ,F)eR® :S >0,E, >0,1,,>0,1_>0,
Q=<D;20,R>20,A>20,M>0,F 20,,F >0,A,20,M, 20,F, >0; 5)
dyt
A“+¢;Nv(t)ébe
Hy d

Equation (5) can be shown to be positively invariant with respect to the system (4)

N, (t) <

\

Table 1. Description of variables and parameters of the modified model

Parameters Descriptions

Sp(t) Susceptible human at time t
E,(t) Exposed human at time t

Ina () Infected acute human at time t
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I (6) Infected chronic human at time t

R(t) Recovered human at time t.

Dr(t) Drug resistance class at time t.

M(t) Population of male mosquito without wolbachia at t.

F(t) Population of Female Mosquito without wolbachia at time t.

F;(t) Infected female mosquito population without Wolbachia,

A(t) Population of larva or aquatic stage at time t.

M, (t) Population of male mosquito with wolbachia at time t.

F,(t) Population of Female mosquito with wolbachia at time t

A, () Population of aquatic or larva stage of mosquito with wolbachia

n Recovery rates of drug resistance class due to alternative drug
administration

y Recovery rates of chronic individuals

n Proportion being matured to adult male

é Maturation rates of adult mosquito from larva or aquatic stage

Ay Recruitment of human populations

W Rate of loss of immunity.

T Rate at which infected acute are responding to Treatment and
move to recovered class.

m Rate of Individual that are resistant to drugs therefore move to drug

resistant class.

k Progress rate from infected acute to infected chronic

I3 Chemical control larvicide on larva or aquatic stage

dn Natural death of wild mosquitoes

U, Natural death of human

p Proportion of children infected at birth

@ Rate at which children born are infected LF at birth and

born susceptible

d,, Natural death of mosquitoes with wolbachia

Y1, V2 Infestation rate of male and female mosquito with wolbachia
respectively

ap Progress rate of human from susceptible to exposed

b Natural reproduction rate of adult female mosquito

with wolbachia

3.0 MODEL ANALYSIS

3.1 Existence of disease-free equilibrium state

At the disease-free equilibrium state, we have absence of infection. Thus, all the infected classes will be zero and the entire
population will comprise of only susceptible individuals.

Theorem 3.1: A disease-free equilibrium state of the model exists at the point

E,=(Si.E;. 17 1. D, R A MY FY RLALM,F )

Hhy R ,(dm+§_§),(71+dm)(dm+‘§+5)’(dm+§_5)(dm+7/2), '
E - —0°5y,(n-1) n6(dy + (1 + & +8)dy + 1+ &) A, +bndys
° (}/2+dm)(5+§+dm)(dv%/+5dw_b5+b577)’ dw(71+dm)(dm+§+5)

o+d
~boy,(n-1) )
(y,+d )0 +<&+d )y, +0d, —bd +bon)
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Proof:
At equilibrium state the rate of change of each variable is equal to zero

ds,

dE, dl,, dl, dD, dR dA dM dF dF

dt

T dt  dt  dt  dt  dt dt dt  dt  dt dt  dt  dt

At disease-free,
=B =l,=l=Dy=FK =0
Hence, a disease-free equilibrium of the model exists at:

A+9@-P) 15000 b néb

_dA, _dv, _dR, _,

b@-7)s

My, (dm +§_5) , (7l+dm)(dm +§+5) , (dm +§_§)(dm +72) Y
—b*sy,(n-1) nd(dp + (1, +& +6)dy, + 8, + &) A, +bndy,

(7,+d. )6 +E+d )dZ+6d, —bs +bsn)’

o+d
~boy,(n7-1) 5

dw(yl +dm)(dm +§+5)

(7,+d )0 +&+d )2 +6d, —bs +bdn)

3.2 Invariant Region
Theorem 3.2: The closed set
D=D,uD,uD, c0°%x0*x03

where

D, :{(sh,Eh,lha,lhc,DR,R)eu ° . N@:%} |

D, =

D, =

h

{(A,M,F,E,AN,MW,FW)ED & Nv(t)sdi} and

m

{(AN’ M., FW) el®IN, ()< NW(O)e(b*dw)‘} |

is positively-invariant and attracting with respect to the modified model equation given by system (4).

Proof:
Considering the human population, we have

N, =S, +E +1,+I,.+D;+R

Differentiating (7) , We have

dN,

ds, dE, dl, dl, dD, R

dt

+ +—
dt dt dt dt dt dt

Substituting the right-hand sides of equation (4) in (8) , gives us

dN
dt

dN,

dt

dN

—L <A+ -, (S, +E + 1, + 1, + D +R)

<AL+ — Ny

_h+:uhNh <At

dt

%(Nhe“h‘)g[Ah + e

(9)
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Integrating (9) with respect to t we obtain

A, +o e
Nhe”“té—[ h ﬂhl] +ka (10)
[Ah +¢1]
Hi

A+
Taking the limit of N, < M*‘ k.e™" ast —> % we have

Hhy

Dividing through by e, N, < +k e

N, 2t

Hh

and thus

OsNh(t)sM.

Hiy
Hence, the invariant region for the human population is given by

A+
Dh={(sh,Eh,|ha,|hc,DR,R)eDi;Nh(t)ghN_(/’l} (11)
h
Similarly, considering the population of natural mosquitoes. the invariant is given by

Dm={(A,M,F,Fi)emi:Nm(t)sﬂ} (12)

Similarly, considering the mosquito with Wolbachia population. the invariant region for the population is given by
3. b-d,, )t
DW:{(AN’MW’FW)ED+-Nw(t)SNW(0)e( )} (13)

Therefore, from (11), (12) and (13), the possible solutions of the system (4) will enter the positively invariant region

D=D,xD,xD,. (14)

Equation (14) defines the property by which a lymphatic filariasis remains unchanged under some transformation.

3.3 Positivity of the model solution
Lemma 3.1:

Let the initial data of the model equation given by system (4) be given as

{Sh(0)> 0,E,(0)=0,1,,(0)=0,1,.(0)>0,Dg(0)=0,R(0)>0,A(0)>0,M(0)>0,F(0) 20,}69%13.
F(0)>0,A,(0)>0,M,(0)=0,F,(0)=0 *

then the solution set

{Sh(t)’ En(0), 112 (), 1,c (1), D (8, R, AM), M (1), F (1),

}einlj of the model equation given by system (4) is positive for all
F(0),A,0).M, (1), F, )

t>0

Proof:

et =sup t>0:S,(t)>0,E, (t)>0,1,,(t)>0,1,.(t)>0,D; (t)>0,R(0)>0,A(0)>0, s
M (0)>0,F(0)>0,F(0)>0,A,(t)>0,M,(t)>0,F,(t)>0 S

Considering equation (3.8) we have
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ds
d_th:Ah +@1—p)+ @R —(A, +14,) S,
ds,
+
at (ﬂ“n /Uh)

Using separation of variables method, we have

dS

S—“Z—(Zh +‘Llh)dt
h

Integrating both sides from t; =0, t=t,

t

[
——ﬂ>—Ja )dy [ st
0

0

S, (1)1, 02~ 4, ()oy s

In[zig;] Uﬂh dy+ﬂht1}
s o

S,(0)
—[tjlﬂ»n(y)dywhtl]
Si(t)=S,(0)e
Hence, S, () >0.
Using similar technique, it can be shown that
E.(t)>E, (0)e ™) >0,
—(m+k+7+p )t
1 (t)>1, ()™= 50
Ihc (t) 2 Ihc (O)e_(yﬂlh)t > O ’
D, (t) > D, (0)e ™) >0,
R(t) > R(0)e () >0,
A(t) = A(Q)e @+t 5
M (t) = M (0)e 7+t .0

>0

[Tﬂv(y)dw(yﬁdm)t]
F(t)=F(0)e

F(t)=F(0e™ >0
A, =A,(0)e " >0,
M, () =M,(0)e* >0
F,(t)=F,(0e™ >0.

Therefore, the solution of the model equation given by system (4) with positive initial data will remain positive for allt > 0.

>0,

3.4 Basic Reproduction Number [
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According to Dietz (1993), (Mayengo, Kgosimore, & Chakraverty, 2020), the basic reproduction number is the average number of
secondary infections caused by a single infected individual in a population that is fully susceptible during their infectious phase.
The basic reproduction number, as determined by the next generation matrix method. Exploring the method of the next generation

_ X
matrix, we obtained the value of the basic reproduction number LI, as p(FV 1) by setting C:j—t =(F-V)X —=JX, where

X =(Eps Inas I Dg, ) this yield
(OR OF R OF OR|
- 5 OX, OX; OX, OX
l9h|:i8h Xl 2 3 4 5
N oF, oF, oF, oF, OoF,
0“ ox, X, 0% Ox, %
ok, oF oF OF OoF
f(X)z 0 F=| —2 =2 8 -3 -3
0 oX, OX, OX; OX, OX
oF, oF, oF, oF, OoF,
ﬂ'gv(lha +NIhC+DR)F axl 6X2 axs 6X4 axs
| OX,  OX, O%X OX, OXs |
0 0 0 0 PéS,
Nh
0 0 0 00
F=|0 0 0 00
0 0 0
paF  BSFE - BIF
L Nv Nv Nv a
At disease free Sh=Ah+(p(1_ p),F= bl =1)5 , N, :Ah+(p, N, = bd=77)5b
luh (dm+§_5)(dm+7/2) luh dm(dm+7/2)(dm+é:+5)

Evaluating F at disease-free, we

A, +p(1-p)) B, |
A +o
Eo 0O 0 0 O 0
0O 0 0 O 0
0O 0 0 O 0
0 d, d, d, 0 |
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r 2 OX, OX, OX; OX, OXg

o, + E
(o + 4)E, oF, oF, oF, oF, oF,
—a B, —op+(M+Kk+ g + 7)1, > %, x %, %
v(X) = —KI, +(u, + 7)1 ' OF. OF. OF. oF oF
3 3 3 3 3

—mly, +(n+4,)D; o 0% ox O 0

dnF o OF OF OF, OR
OX, OX, OX OX, OX
OX ~ OX, OX3 OX, OXs |

_(Olh + y) 0 0 00 |
-, (M+K+ 1, +7) 0 00
V= 0 —k (e, +7) 00
0 —m 0 (N+4,) O
| 0 0 0 0 d, |
1 0 0 00
(o, + )
% _t 0 0 0
(e, + w1, )M+ K+ 4, + 77) (M+Kk+ 1, + 7)
NE ke, k 1 0 0
(n+ 24 )M+ K+, + ) (e, + ) (7 + ) (MKt g, +7) (2, +7)
1
ma, m
0 N+ )
(n+ g4 )M+ K+ g, + ) (e, + ) (N4 ) (M K+ 14, + 77) 0 hl
0 0 0 i
k=FV™
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Ay +o
0 0 0 O 0
k= X
0 0 0 O 0
0 0 0 O 0
0 d, d, d, 0 |
1 0 0 00
(o, + )
% L 0 00
(o, + 1, )(M+ K+ 14, + 7) (M+K+ g4, + 7)
ke, K 1 0 0
(N+ g, )M+ Kt gy + )0, + 1) (7 + )M+ K+ g, +7) - (14, +7)
1
T = (n+ )
(n+ g, )M+ K+ g, + ), + 44,) (0 24, )M+ K+ g4, + 7) hl
0 —
i 0 0 i, |
0 0 0 0 aJ][A 0 0 0 O]
0O 0 0 0 O B E 0O 00O
k=[0 0 0 O O(x{C F H 0O
0O 0 0 0 O, |DG O0 10O
0 d, d,  d, 0] |0 0 0 O J]
Where,
_ (Ah +o(l- p))ﬂlgh A= 1 B— o,
A+o (o + ty) (o + )M+ K+ 14, + 77)
ke, me,

) kg, ) ) (0 ) Ky )@+ )

3 1 Fo k G m
(M+K+ g, +7)° (7 + 20, )(M+ K+ 1, + 7)) (n+ g, )(M+K+ g, +7)
1 1 1

T(ty) () d,
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0 0 0 0 al
0 0 0
k= 0 0 0
0 0 0 00
4 (B+C+D) d,(F+G+H) Hd, 1d, 0

eigenvalues : \/aJd, (B +C + D),—/d,,(F+G +H),0

0, =4aJd,(B+C+D)

_ Ay [A, + (- p)Ba, 3 1(K+m+n+ )
N+ ) (A + @)@, + )M K+ )

3.5 Local Stability of the Disease-Free Equilibrium Point
Theorem 3.2: The disease-free equilibrium point( EO) , of the model equation given by system (4) is locally asymptotically stable

in the region D.
Proof:
From equations (4), Let

)_ﬂ‘ghFiSh
N

h

f=A,+p1-p — 4, S, + oR

f, =LA (g, 444,
h
fo=a, By +@p—(M+k + 1, +on)l,,
fo =Kl = ety + 7)1
fo =mly, —(n, +24,) Dy
fo = only, + 71 +nDg —(@+ 1,)R
f,=b—(d,+&5)A-JA
fe=noA-M(y,+d_ )=0
_ﬂ.9v(lha+9IhC +6,D;)F
N

\

fo=0-n)0A-d F—-y,F

— ﬁ‘gv(lha+0|hc+01DR)F _

flO -

dei
N

fll = bFW - (dw + §)AN
f12 :775'A\N+71M _dew
f13 = (1_77)5'6\/\/ +72F _dwa’
Thus, the Jacobian matrix of the model equation (4), is given by
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(hty) 0 0 0 0 0 0 0 0 0 0 0 0]
% (o +14) 0 0 0 0 0 0 0 0 0 0 0
h
0 0, -(m+k+peng) 0 0 0 0 0 0 0 0 0 0
0 0 k ~(7+m) 0 0 0 0 0 0 0 0 0
0 0 m 0 -ty O 0 0 0 0 0 0 0
0 0 np y n -(o+s) 0 0 0 0 0 0 0
0 0 0 0 0 0 —(d+&+d) 0 0 0 0 0 0
oo 0 R B W {4 0 00 0 0
g (1,+1,.4D
00 0 o0 0 ([ 0 —[dm+7l+M] 0 00
|+, +D
0 0 0 o0 0 0 0 W 400 0 0
0 0 0 0 0 0 0 0 0 0 -(d+d) 0 b
0 0 0 0 0 0 0 A 0 0 npo -, 0
0 0 0 0 0 0 0 0 A 0 (-p)5 0 -4, |
The Jacobean evaluated at the DFE, is given by
[y, 0 0 0 0 @ 0 0 0 0 0 0 0 |
0 -p O 0 0 0 0 -p, O 0 0 0 0
0 o, —P, 0 0 0 0 Pi 0 0 0 0 0
0 0 k  —p; 0 0 0 0 0 0 0 0 0
0 0 m 0O -p, O 0 0 0 0 0 0 0
0 0 /4 % n -p. O 0 0 0 0 0 0
J(E,)=| O 0 0 0 0 0O -p O b 0 0 0 0 (16) Where
0 0 0 0 0 0 no -p, O 0 0 0 0
0 0 - P P —Pu 0 P12 0 —Ps 0 0 0 0
0 0 Pio Pio Pio 0 0 0 0 _dm 0 0 0
0 0 0 0 0 0 0 0 0 0O —-p, O 0
0 0 0 0 0 0 0 7 0 0 w6 -p, O
| 0 0 0 0 0 0 0 0 V> 0 Pi 0 -d,]
P = (e, + 44,) Py = MAK + g4, + N, Py = (14, +7), Py = (N +14,), Ps = (@ + ,), Pg :(dm +5+5)
9,F 4.S
p; =(n+d,), Ps = (d, +72), Py = (6+d,), Py = 'BNV Py = ﬂNh o P, =@A-1)o
v h

We need to show that all eigenvalues of (16) are negative. As the first, sixth, tenth, eleventh, twelveth and last columns contains
only the diagonal term which forms the eigenvalue, —4,,—Ps,—d,,,—Po, — Py, @nd —d,,, the other seven eigenvalues can be

obtained from the sub-matrix J; ( EO) . Hence, we have
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—P 0 0 0 0 —Pu 0
@, —p, O 0 0 Py O
0 kK -p, 0 O 0 O
J(E)=| 0 m 0O -p, 0 0 © 17)
O 0 0O 0 -p, 0O b
0 0 0 0 755 -p, O
0 - Po =P —Pw  Pre 0 —Ps

Then (17) can be reduced using Gaussian elimination method, the reduced matrix J, ( E, ) is given as:

p, O 0 0 0 Py 0
0 -p, O 0 0 M 0
Py
0 0 -p, 0 O M 0
PP,
‘]Z(EO): 0 0 0 —p, O mpll(pl_ah) 0 (18)
PP,
0 0 0 0 -p 0 b
0o 0 0 0 0 p, 1ob
Ps
0 0 0 0 O 0 “p.

Pr

1 —bp, P, P3P, P; Py, + P, Py P3P, Ps P; Pg +bO7KP, P, Py Py —DSTKP, Py Py,
Where now,

- P3P, PPy P7 P \ + bonmp, P3Py Py — b577mp3 Pio Pty + bomn p, P3 P4 Py Py — bon P3Py Pyo Priy,

taking the product of the diagonal elements of matrix (4.63) gives the eigenvalues as:

m =—p, =—(c, + )M, ==p, ==(M+K + g, +on),my =—p, =— (1, +7),

m,=—p, =—(N +44),mg=—ps=—(d, +E+5),mg=—p, =—(y, +d,, ). m, =—p,.

(bp2 PP P, P; Py, +bSTKD, Py P, J 3 ( P, P, P3P, Ps P, P +0377KD, P, Pio Py, ]
+bS17MP; Pyg Pyycty +0677 P3P, Py Pyt )\ +0STMP, s Py Py +bS77 Py P3P, Py Py

from equation (19), m,,m,,m,,m, ,m,, m,, M, < Othis proves Theorem 4.3 as required. Thus, the disease-free equilibrium
point is locally asymptotically stable.

} (19) m, is true if

3.6 Global stability of disease-free equilibrium point
The result in Theorem 4.3 implies that the LF can be eliminated from the population if the initial size of the populations of the

model given by system (4) is in the basin of attraction of the DFE ( E, ) .To ensure that the elimination of LF is independent of the

initial sizes of the populations of the model, it is necessary to show that the DFE is globally-asymptotically stable (GAS). This

will be established using the method by Castillo-Chavez (2002). We rewrite the model equation given by system (4) in the
following form:

dX
—=K(X,Z),
%:G(X,Z),G(X,O):O
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Where X = (Sh,R AMF A, M, W)eDi represents the subpopulation of uninfected individuals and
= (Eh, (PR PO B F,)ED represents the subpopulation of infected individuals. Suppose E, (X*,O) represents the

disease-free equilibrium point of the system (3.8) - (3.20). For E; of the model to be globally asymptotically stable, the following

conditions (Hl) and ( H, ) must be satisfied:

(H,): ax _ K(X,0), E, is globally asymptotically stable.
(Hl):c(lj—f:AZ—G(X,Z),G(X,Z)zOforaII (X,Z)el,where A=D,G(X,0)Z is an M-matrix

(the off diagonal elements of A are nonnegative).
Theorem 3.3: The equilibrium point of the model given by E, =(X*,0)is globally asymptotically stable if R, <land
conditions (H, ) and (H, ) is satisfied

Proof:
Let

E, =(X*,O)and

Avtod-p) b ndhy b,1-n)5

Hy ’(dm_’_g_é‘)’ ’(7/1+dm)(dm+§+5)’(dm+§_§)(dm+7/z),
" b5y, (1-7) nS(dn + 0y +&+8)dy + 7, +E71) A, +bndy,
(72+d,)(6+&+d,,)(d5+8d, +bS (7 -1)) d, (7, +d,)(d,, +&+0) '

by, (1-7)(s+d,)
(7, +dm)(5+§+dm)(dfv+§dw+b5(77—1))

Now we verify the conditions (H, ) and (H,) as follows:

9oy PAES
dt N,

zly, +ml. +nD; — (1, + ®)R
b —(d,+&+0)A
K(X,Z):M: nSA=(r+d, )M (20)

dt (1_77)5A_(7/2+dm)F_ﬂ‘9v(lha +N|hc+DR)F

v

-1, S, + wR

OF, - (d, + 5)A,
’75AN +71M _dWMW
(1_U)5AN +7/2F _dWFW
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ds
d_tthh"'(D(l_ P) — 4,S,
dE, _,
dt
A b (d +E+)A
dt
L B
K(X.0)=| o t
E=(1—77)5A—(72 +d,)F
A b, (4, +0)A,
dt
d';/lw :775'A\N+71M _dWMW
S A=A, +7F —d,F,
Then i i

Sh)=A, +o(L-p) — 4,5,
Sp(®) + 4,5, = A, +o,(L—p)
ds,

E—i_ﬂhsh :[Ah +¢ (- p)]

Using the linear method: the Integrating factor (I.F) of equation (22) is et
ds
e d_th+eyht .'uhSh =e! '[Ah + @1(1_ p)]

j%(she”h‘ )dt = je”h‘ A, + @1 p)]dt

Sye" = J.eyht '[Ah +o(1- p)]dt
Solving (24), RHS
Jer [A, + @0 p)]dt

Let
W=yt
dw
E = Ky
M _ g
Hhn

[er-[A,+@a-p)]

h

_ [Ah +§01(1_ p)] J‘ewdw
H
[Ah +¢l(1_ p)] e,uht +C
Hiy

1)

(22)

(23)

(24)

(25)

(26)
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Taking (26) into (24), we have
[An+ 11— )]

S, et = e’ +C
Hiy
Sh (t) — Ah + §01(1_ p) _'_Ce—yht (27)
Hh
Att=0,5,(0)= 0 AL=P) ¢
Hy
-, (0) _Mvtel-p) o (28)

Hn
Taking equation (28) into (27), gives us

5,(0) =5, @) + 2ot =P (1-e)

Hhn

Ast— o0, S, (1) > T ALTP) (29)
Hh

Also taking the third component of (21), we have

d—A =p —-(d,+&+0)A

z—A+(d +&+0)A=Db, (22)

Solving equation (22) using the linear method: the Integrating factor (I.F) is €<

::t(Ae (dp+&+olt ) ble nHEHO)

J'(;It (Ae(d m+E+HOt )j dt = J'ble (dp+&+0)t dt

ble (dp+&+0)t

A (dp+E+0)t +k
¢ (d +§+5) ‘

(23)

Dividing equation (23) by €' """ 1o pave

bl _(dm+&+o)t
Alt)=—-———+k
() (dm+§+5)Jr a®

As 1 — oo, A—)L (24)
(d,+&+9)

Similarly, solving the third component of equation (24), we have

dm

E=775A—(71+dm)|\/| (25)

Substituting equation (24) in equation (25), we have

dM nob,

— d  M=—"—2>— 26
t+(71+ m) (dm+§+5) ( )

Solving equation (26) using the linear method: the Integrating factor (1.F) is e(““’””)t

E(Me(mdmn):M
. (dm +§+5)
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Igt (Me(y1+d )t )dt _ %J’e(yﬁdm)tdt

né‘b[e(;’ler mt

Ve = ke (27)
(dn+&+8) (71 +d,)
Dividing equation (27) through by €Vt*%)!
(r+d)t
M (t) = né‘ble + kee_(?/l"'dm)t
(dn+&+8) (1 +d,)

Ast—0, M(t)—> 70, 8)

(dm +§+5)(71 +d,)

' A +E+0)d +7) ¥ 7 (d +5)

nb(dy + & +8)| by, (1-1) (71 + Ay )+ 72 (7, +d, ) (2 + 5, ~bS + by |
%
" d, (7, +d,)(6+&+d,)(d2 +5d, —b5 +bon)(7,+d,, )(d, +&+5)

E s b57/z(1—77))(5+dw)
v (72+dm)(5+§+dm)(dfv+5dw+b5(77—1))'

Similarly,

Hence, X is globally asymptotically stable meaning that the first condition ( Hl) is satisfied.

For condition ( H, ) , We have

G ES,
PHES, — (o, + ) E,
I\Ih
4z o B, —(M+K+ g, + 7)1,
29
E:Gi(xlz): Klpa = (et + ) 1ie (9)
ml,, —(n+ z4,)Dg
£, +0l,.+6D)F —d F
NV
From equation (29), it is clear that
0
G(X O)— 0|=0
0
| 0]
Furthermore, G( ) AZ—G(X,Z),G(X,Z):AZ_G(X,Z)
With A= (X )IS an M-matrix (the off diagonal elements of A are nonnegative). Now let
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dE 4. ES
d—th:Gl = p ,h\lhl : _(ah +/uh)Eh
dl,,
" =G, =, E—(m+k +np+ )1,
dIhC:G =kl —(7+ )1
dt 3 1" ha h hc
dD
dtR =G, = ml,, _(n1+:uh)DR
£=G5 _ BY, (1 + 1.+ D5 )F dF
dt N,
Therefore,
oG, (E,) 0G,(E,) G,(E,) 0G,(E,) 0G,(E,)
oE, ol ol oD, oF,
3G, (E,) 0G,(E,) 0G,(E,) 0G,(E,) G,(E,)
oE, ol ol oDy oF,
A GGS(EO) GGS(EO) 8G3(EO) 8G3(E0) GGS(EO)
ok, ol ol oD, ok,
8G4(E0) 664(E0) 864(E0) 8G4(E0) 864(E0)
ok, ol ol oDy ok,
8GS(EO) 8GS(EO) 8G5(E0) aGs(EO) 8G5(EO)
ok, ol ol oDy oF,
(e + 1) 0 0 0 B8, [Ah +o (- p)]
A+
a, —(m+k, + 1, +ng) 0 0 0 20
A= 0 K, —(tty +7) 0 0 (30)
0 m 0 (4, +1) 0
0 &vdm ﬂ‘gvdm lBlgvdm _dm
b, b, b,
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BE S,
—(a, + 0 0 0 —
(o + ) N, E,
a, —(Mm+K, + 14, + ng) 0 0 0 lha
= 0 Ky ~(t +7) 0 0 Iy
0 m 0 —(#, + ) 0 D,
0 BYF BIOF"  BYOF" d F
G(X,Z)=AZ-G(X,Z) Ny N N
3 FS
PHRS, " —(a, + 1,)E,
Ny,
o, B, —(M+k, + 1, + )l
- kllha_(ﬂh+7/)|hc
mly, —(n, + 24,) Dy
IB'SIV(Iha+9|hc+01DR)F_dei
NV
Thus,
. PEE (o
G,(X,2) N, (S:-8)
G,(X,2) 0
G,(X,Z) 0
éS(X,Z) (lBlgv(Iha—’_eth+91DR))(F*_F)
N

\

From equation (31), it is clear that G(X,Z) >0,since0<S, <S and0<F <F". Hence, (Hz)have been met.

Therefore, the DFE of the modified model given by EO is globally asymptotically stable.

4.0 DISCUSSIONS

For Lymphatic Filariasis, the local asymptotic stability of
the DFE implies that:

If the basic reproduction number RO is less than 1, any small
outbreak of the disease will not result in a large epidemic.
Instead, the disease will naturally die out over time.

Control strategies such as vector control (using chemicals or
Wolbachia-infected mosquitoes) and treatment can reduce
RO to less than 1, making the DFE locally asymptotically
stable. This means that after interventions, the disease will
tend to fade away, provided the initial number of infections
is low.

When the DFE of Lymphatic Filariasis is locally
asymptotically stable, it means that if the disease is nearly
eradicated (i.e., there are only a few cases), it will eventually
die out completely, and the population will return to a state
without the disease, assuming no large new outbreaks occur.
This stability is crucial for understanding how interventions

(like medication or mosquito control) can lead to long-term
disease elimination as in section 3.4

5.0 CONCLUSIONS

In this paper, we developed a mathematical model which
incorporated some important factors

That plays significant role in the transmission dynamics and
control of Lymphatic filariasis. These are: chemical control,
biological control. We obtained the basic reproduction

numbers, R; . Our analysis reveals that the disease can be

control if the basic reproduction number, R, is less than one

regardless of the initial population profile. Thus, every effort
must be put in place by all concerned to prevent the disease

by reducing R, strictly less than unity.

Finally, there is need for further research work on the
optimal control strategy on the use of chemicals and
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biological control on the transmission dynamics of
Lymphatic filariasis disease
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