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In this article, we discuss the effect of earth’s oblateness and magnetic force on the motion and
stability of the system for elliptic orbit of the centre of mass. We have got a set of non-linear,

non-homogenous and non-autonomous equations. Generally, a system moving in space has to
face some perturbative forces. These forces compel the system to change its orbit from circular

to elliptic orbit. On account of this we have studied in details the problem in elliptic orbit of the
centre of mass. This is simply the generalization of the particular case of the Keplerian orbit i.e.
circular orbit. So, we analysed the effect of the earth’s oblateness and magnetic force on the
existence and behavior of different equilibrium position of the system. Also, discuss the
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Jacobian Integral of the averaged equations of motion of the system, Two equilibrium solutions
of the problem and after Hooke’s modulus of elasticity.

KEYWORDS: Hooke’s modulus of elasticity, Non-Linear and Non-Homogenous, Equilibrium position of the system, Jacobian

integral.

1.1 INTRODUCTION

We have searched in this article that the effect of
earth’s oblateness and magnetic force on the motion and
stability of the system for elliptic orbit of the centre of mass.
This is simply the generalization of deals with the particular
case of the Keplerian orbit i.e, circular orbit.

Generally, a system moving in space has to face
some Perturbative forces. These forces compel the system to
change its orbit from circular to elliptic one. On account of
this we have studied in details the problem in elliptic orbit of
the centre of mass.

We have considered the two-dimensional case.
Periodic terms have been averaged with respect to the true
anomaly of the path. We have found there are two equilibrium
positions (ai, 0) and (0, b;). But the first equilibrium position
(a1, 0) alone is stable. It has been shown that the presence of
earth’s oblateness and magnetic force does not affect the
stability of the first equilibrium position. Only this
equilibrium position gives the significant value of 4, the
Hooke’s modulus of elasticity. This equilibrium position is
stable in the Liapunov’s sense.

1.2) JACOBIAN INTEGRAL OF THE EQUATION OF MOTION OF THE SYSTEM IN THE ELLIPTIC ORBIT OF

THE CENTRE OF MASS

we have obtained the system of equations can be written as

r

x" =2y —3px — %x =g [p4 - ﬂ] x+ (ﬂcosi

p
" ! B 7 31
v+ 2x _|_;y—_)L [p‘l-_u]y

T

— P3
Where 1, =4, m

A= (o) G =) (55)

B = 3k, /p?

[1.2.1]

r2=x%+y?

In the case of elliptic orbit of the centre of mass. The dashes denote differentiation w.r. t. the true anomaly v of the orbit.

The condition for constraint will be given by
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2
2yt < [1.2.2]

Now, we obtain the averaged values of the following terms
2m
171 dv =1
2r) p V=
0

21
1 f d 1
—_— vV =—
27To g (1_32)1/2

2T

1 24 1
- p=—"
2m 0 g 1- 62)3/2
21
if p® dv:—(2+ez)
27‘[0 2(1 - 62)5/2
And
1 r2m g _ (2+3e?)
— Jy ptdv= raerys [1.2.3]

Putting these values in the system of equations (1.2.1), we have

"__ r_ 1 _ 7 (2+3€2) _ I_() (2+€2) .
S {(1 - 62)1/2} Hx= e [{2(1 - 62)7/2} <2T> {(1 - eZ)S/Z}] X Acost

Y+ 2x + By = —1y [{M} -~ (;—‘;){ (2+7) }]y [1.2.4]

2(1-e2)"/2 (1-e2)"/z

The condition of the constraints [1.2.2] reduces to

x? +y2 < [2(1 — e2)*/2 [1.2.5]

Thus, the system of equation [1.2.4] will represent the motion of the system with the condition of constraints [1.2.5]

Now, we have discussed three types of motion

i) Free motion, when 1, = 0
ii) Constrained motion, when A, # 0
iii) Evolutional motion (combination of free and constrained motion)

We have that even in the particular case of circular orbit of the centre of mass free motion is bound to be converted into a
constrained motion with the lapse of time. The free motion is easily integrated in terms of simple functions. Hence, we assume that
the system is describing constrained motion. Here, equality sign will hold in the condition [1.2.5]. therefore, the satellite m; will
move on the sphere.

X2 +y? = [2(1—e?)’2 [1.2.6]

We see that true anomaly is not present in the system of equations [ 1.2.4] explicitly. Therefore, there exists Jacobi’s integral
for the system of equations [1.2.4].

We multiply two equations of [1.2.4] by 2x’ and 2y’ respectively and then adding and integrating, we have,

x'2+y'? —{ 3x21 }— 4Bx% + By? + 2 [{((2+—3ez))} (x*+ yz)] - Aol [{ (2+e?) }(x2 + yz)%] -

(1-e2)'/2 *N\2a-e2%2 0 Na-er2
2Acosi = h, [1.2.7]
Where h, is the constant of integration. Equation [1.2.7] is the Jacobi’s Integral and h, is called Jacobian constant.

For, obtaining the equations of the surface of zero velocity, we put

x'24+y'2=0 in [1.2.7]
=~ Surface of zero velocity is given by —
e e T R =S
{(1—62)1/2} T apx By Aa 2(1—e2)3/2 G +yD|+ Aalo (1—e2)5/2 (" +y%)z| +
2Acosi+h, =0 [1.2.8]

From this it follows that the satellite m; will be moving within the boundary of the curve of zero velocity represented by
[1.2.8] for different values of the Jacobian constant h,.
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1.3) EQUILIBRIUM SOLUTION OF THE PROBLEM

We have deduced the system of equations [1.2.4] of motion of the system in rotating frame of reference for the case of
elliptic orbit of the centre of mass. We have assumed that the system is moving under the effective constraint.

The general solutions of the system of equations [1.2.4] is beyond our reach and hence we shall obtain some particular
solution called “Equilibrium Position” for the system. Let the co-ordinates of the equilibrium position be

X = x; = constant, y =1y, = constant [1.3.1]

sx'=x"=0, y'=y"=0 [1.3.2]

Hence, at the equilibrium position new co-ordinates [1.3.1] and their derivatives [1.3.2] will satisfy [1.2.4]

-~ Equations [1.2.4] will take the from

{37} 4Bx; = —2Aq [ { (243¢%) /2} _ Jo g @+e?) }] x4 + Acosi

(1-e2)'/2 2(1-e2)” 2r1 (1-¢2)°/2

(2+3€2) (2+e

2(1— e2)7/2} T o 5/2}] Y1 [1.3.3]

Where, r; =,/x2 +y2 [1.3.4]

Now, we shall discuss two particular solutions to the system of equations [1.3.3]

By =—Aq [ {

i) The system may be wholly extended along x-axis. In this case, y = 0. Let the first equilibrium position be (a4, 0).
i) The system may be wholly extended along y-axis. In this case, x =0. Let this equilibrium position be (0, b, ).
Now, we shall calculate the values of constant a, and b, in the problem.
i) FIRST EQUILIBRIUM POSITION (a4, 0):
_ 3x1 _ (2+43e?) | Ip , (2+€?)

b - 4 = 2 (5225 - 2 (B + Acos

3 2+3 2t
o= {(1 ez) } 4ﬁx1+/1{( e7/2}1— ao{( 85/}x1+Acosl

oni [{(1—} 4 + Ao 2((12 +3§)7/2}] Aalo(2+e22);2f:;<;§/12(1—e2) -
or,x;[ ~6(1-¢?)’ _85(1'22)7 /2”11(2*'3‘?2)] Aalo(2+€2)+Acos i 2(1-€?) %2
2(1-e2)/2 2(1-e)/z
Aelo(1 —e?)(2 +e?) + 2 Acos i (1 — e?) ’/a
or, X, = —

T.(2 +3e2) —2(1 — e2)3{3 + 4B(1 — e2)'/2}
The first equilibrium position is

Aalo(1-e?)(2+e?)+2 Acos i (1—62)7/2
ia(2+3e2)—2(1—e2)3[3+4ﬁ(1—ez)1/2} ’

[1.3.5]

i) SECOND EQUILIBRIUM POSITION (0, b,)
We have, from the second equation of [1.2.4]

5 2+3e? I 2+e?
et o)
2(1-e2)Z Y1 {(1-e2)z
_ Aglo(1-e?)(2+e?)
= Aq(24+3e2)+2p (1-e2)’/2
Second equilibrium position is
7 _p2 2
[o,_ Tat(1-e?)(2+%) ] L [36]
Ta(2+3e2)+28 (1-e2) /2
Thus, we have obtained the co-ordinates of the points of the two equilibrium positions of the system as given in [1.3.5] and
[1.3.6].

14) THE VALUE OF THE MODULUS OF ELASTICITYA:

V8 \“ ,'/_\\
/ / )
(l \‘- I 1T M 1
\ m 2 / (|: \\\ /
o ToV
< Io >
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Let us assume that the extended length of the cable connecting the two satellites is I at any equilibrium position and 7,
the length of the normalized extended cable between the centre of mass of the system and the satellite m;. Hence, actual extended
oV Igm;
at where v = —

Now, taking the moments of different masses about the satellite m, in amy equilibrium position,

mylp = (my +my) (%)

Putting the value of v, we get

1o = I [1.4.1]

Therefore, we shall consider the two equilibrium positions of the system separately for obtaining the value of Hooke’s
modulus of elasticity A.

i) First Equilibrium Position (a4, 0):
In this case,

length of the cable between m, and the centre C of the mass will be

 Talo(1-e?)(2+02)+2 Acos i (1-e?) /2
Za(2+3e2)-2(1—e2)3{3+43(1—e2)1/2}

Comparing [4.4.1] and [4.4.2], we have
 Talo(1-e?)(2402)+2 Acos i (1-e?) /2

1 Aa(243e2)-2(1-2)3(3+4p(1-e2) /2

T, =a [1.4.2]

Ig

[1.4.3]

Where Ig, is the stretched length of the cable in the first equilibrium position.

. n . . (P22 ((my+my)
Simplifying the relation [1.4.3] and putting the value of 4, = (#10) {—ml_mz }, we get
Ig (1—32)3{3+4ﬁ(1—e2)1/2}+2 Acosi(1—e2)7/2
A = 2omuma 71 = +ve [1.4.4]
p3(my+my) 2(Ig, —1o)+(31g, —Io)e2+Ig e* o
The relation [1.4.4] gives a meaningful value of A in this case.
i) Second Equilibrium Position (0, b;)
In this case,
IoAq(1-€%)(2+e2)
=ph, = 0%a 1.4.5
To 1 ia(2+3e2)+zﬁ(1—e2)7/2 [ ]
T (1_02 2
Iy, = 1y = by = —etelize)Cre) [14.6]

2 1 Ao(2+3e2)+28(1—e2) /2
Where I, being the extended length of the cable in the second equilibrium position.
— 3
Again, simplifying the relation [1.4.6] and putting the value of 1, = (Z—II) {%},
0 1-1182

We get

—ve

_ (2uBlolg, my.my (1-e?) )2 -
B ( p? >{(m1 +mz)} 2(Ig, — Ip) +3(Ig, +Ip)e? + Lyet|
Hence, in the second equilibrium position A is (-) ve. But Hooke’s modulus of elasticity can not be (—) ve.
We conclude that second equilibrium position is untenable.
In this way, we conclude that only the first position of equilibrium provides meaningful value of A and rest position give
meaningless value of 1.
Therefore, we shall establish the stability for the system in the first equilibrium position (a,, 0) only.

1.5) STABILITY OF THE SYSTEM
We shall study the stability of the first equilibrium position of the system in the Liapunov’s sense. The first equilibrium
position is given by
x=a, y=0
Let us suppose that there are small variations in the co-ordinates at the given equilibrium position.
Let 0y, 0, be small variations in x, y co-ordinates respectively for a given position of equilibrium.

x=a, +o0q, y =0,
xl - 0_1/' yl - 0_21
x"'=a", y' =a," [1.5.1]

Substituting these values in the set of equations [1.2.4], we have a system of variational equations.
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3(a; + 01)} [{ (2 +3e?) } { Iy (2+e?) }] .
20, -2 4p(a, +0,) = 4, [ ————— 2 222 +o)+A
01 ()] {(1 _ 62)1/2 B((h 0'2) 2(1 _ ez) /2 <2T2) (1 _ 62)5/2 (al 01) COSl
And
" , _ 3 (2+43¢%) | (1o (2+€?)
0" + 20, + fo, = -1, [{—2(1_92)7/2} {(Zrz)(l_ez)%}] o, [1.5.2]
Where 1,2 = (a; + 0,)? + 0,2 [1.5.3]

We have already obtained the existence of Jacobi’s integral in the original set of equations, the variational equations [1.5.2]
must have the same.

We can easily obtain the Jacobi’s Integral for the system of equations [1.5.2]. for this, multiplying the equations [1.5.2] by
(a, 03)', 20, respectively and adding them together, we shall get after integration.

! ! 3 7
o’ +05° — [{m} +4B)(ay + 0,)* + poi + Aa{

1
02}z + 2A(a, + 0,)cosi = h, [1.5.4]
Where h, is the constant of integration. In this way, we have obtained the equation [1.5.4] as Jacobi’s Integral for the

(2+3€2)
—e2)/2

(2+e

J@ + 027 + o) - Ao [ @ + 07 +

system of variation equation.
Expanding the terms, the equation [1.5.4] can be written as,

V.(0,', 0,',00,0,) = 0i> + 0% + 0,2 [— {;1} — 48 + A, {M}] + 0,2 [,B + A {M} - (Z‘ﬂ){ (2+625) }] +

(1-e2)"/ 2(1-e2) /2 2(1-e2)"/2 2a1 / ((1-¢2)*/2
Zaa1(1+392)} { 6a; } { (2+e?) } ] [_ 2 _{ 3a,? }
oy [{ PEYA ez 8Ba;, — (Aqlo) o 2A cosi| + |—4B a, o +
(2+3e2) } {(2+e ) al} ] _
(Aa {2(1 7 — (Zalo) T 2 wAcosi| +0(3) = hy . [1.5.5]

Where 0(3) denotes the third and higher order terms in the small quantities oy and o, .

Similar to the circular orbit, we shall obtain the sufficient conditions for the stability with the help of Liapunov’s theorem
on stability. The Jacobian Integral V, is the integral of the system for variational equations [1.5.2], its differential equation taken
along the trajectory of the system must vanish identically.

Hence, the only condition that the unilateral position be stable in the Liapunov’s senses the V, must be positive definite.
For making the function a ositive definite function it is necessary that the function [1.5.5] does not have the term of the first order
in the variables shown in its argument and the terms of the second order must satisfy the Sylvestor’s condition for positive
definiteness of the quadratic form. The third and higher order terms will have no effect on the sign of the function V.

Hence, we conclude that the sufficient conditions for stability of the system at the said equilibrium position in the
Liapunov’s sense are

) (Aqa1) {((12:3;; /Z} {(1 6:2) } 8Ba; — (Aalo) {(1(2::))/} 2Acosi =0

.. B, 0] _ . _

i) 0 B, +vei.e; BB, = +ve

iii) B, = +ve [1.5.6]
(2+3e

Where B, = {—(1 } 4B + ( a) {2(1 62)7/2}

_ _ [ 2+3e?) Aulo\ [ 2 +e?)
= A+ () {2(1 - 62)7/2} B <2a1 ) {(1 - 62)5/2}

Comparing conditions (ii) & (iii) of [1.5.6]. we shall have the sufficient conditions for stability of the system in the form

i) (1ear) {((122?/)2} {(1 682) } 8Ba, — (Aaly) {(1(2:28))/} 2Acosi =0

D A A O] e bl
i) B+(2 ,x){ (2+3¢7) } (@){ (2+e?) } >0 [1.5.7]

2(1-e2) /2 2a; / {(1-e2)*2

Let us now analyse the several condition of [1.5.7] for stability of the system at the given equilibrium position separately.
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Condition (i)

LHS = a, [(’Ta){((iz?/)z} {(1 = /2} 8ﬁ] (Za Io){

} + 2Acosi

7 2 2 /2
—a, [{Aa(2+3e )-6(1-e2)*-8p(1-e?) }] (/1 10){ (2+e )5/2} + 24cosi

(1-e2)"/2

3 H/Talo(l —e?)(2 +e?) + 2Acosi(1 — e?) /2}] a ) (2 + e?) }
- a 0

(1—e2))2

= [{M}] + 2Acosi — (A Io){ @+eh }+ 2Acosi =0

(1-e2)"2 1—e2)°2
The first condition is satisfied identically.

Condition (ii)

(7 (2+3e
LHS = (a) {2(1 92)7/2} 4 - {(1 e2)1/2}

_ { 1
- L2 —er)’r2

} [12(2 + 3¢%) — 88(1 — €82 — 6(1 — €?)?|

3 { 1 }[loia(l—ez)(Z + e?) + 2Acosi(1 — e?)

2(1 —e2)’)2 a

Ipde(1 — e?)(2 + e?) + 2Acosi(1 — e?)

- (1,2 +3e?) —2(1 - e2)3}{3 +4B(1 — e2)1/2}

The second condition is also satisfied identically.
Condition (iii)

s 3+(za){ (2 + 3e2) }_(MO){ (z+e25) }

21-e?)’2) \2a /(1 -e)2

= +ve

=p+ (A—a) [fa, (2 +3e*)} — (2 + )1 —e?)]

2a,(1 — 62)7/2

Aa

— 7
IgA, (1 — e?)(2 + e?) + 2Acosi(1 — e?)2

= _ 2 + 3e?
ﬁ+(2a1(1_62)7/2) @ + 3¢2)

T.(2 +3e2) — 2(1 — e2)3 {3 +45(1 — 62)1/2}

—I,(1—e?)(2+e?

B ( Za ) I 24(2 +3¢))(1 — €2)(2 + €2) + 2A4cosi(2 + 3e2)(1 — e?)z

2a,(1 — 62)7/2

1.(2 +3e2) — 2(1 — e2)3 {3 +48(1 — eZ)l/z}

IoZa(2+3e)(1 - eH)(2 +e?) + 21, (2 + 3 (1 — e2)*3 + 4B (1 - e?)'/2}

1.2 +3e2) —2(1 — e2)3 {3 +4p(1 — e2)1/2}

2a,(1 — 62)7/2

8 ( Ay ) _ 61,(2 +e?)(1 —e?)* + 81,12 +e>)(1 - 62)9/2 + 2Acosi(2 + 3e?)(1 — ez)%} _
1,(2 +3e2) — 2(1 — e2)? {3 +4p(1 — 62)1/2}

3 Ay _ 61,(2 +e?)(1 —e?)* + 81,12 +e?)(1 - e2)’/2 + 2Acosi(2 + 3e2)(1 — ez)%} _
B IpA,(2 + e2)(1 — e2) + 2Acosi(1 — e2)7/2

2a,(1 — 62)7/2

=(+) ve

The third condition is also satisfied.

Thus, we see that the three conditions of [1.5.7] for
stability are satisfied identically.

Therefore, we conclude that the equilibrium is stable
at (a;,0) in the Liapunov’s sense, where 8, A, and Acosi
have usual meanings.

If we compare the condition for the stability of
circular orbit with, in the present case of elliptic orbit, we
observe that both the conditions are similar. If we pute =0 in
[1.5.7], we shall obtain the same result as in stability of the
system of circular orbit.
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CONCLUSION

The equilibrium solution of the problem and their
stability in case of the elliptic orbit of the centre of mass of
the system, on the basis of the analysis of the free motion of
the system it has been proved that all the motions of the
system are bound to be converted into constrained one and
hence the Jacobian Integral of the averaged equations of
motion of the system has been obtained. Two equilibrium
solutions of the problem have been obtained and after
obtaining Hooke’s modulus of elasticity it has been shown
that only one equilibrium solution is stable in the Liapunov’s
sense. Moreover, it has been concluded that only this
equilibrium position is stable in the Liapunov’s sense.

1.6)
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