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We considered the third order nonlinear Schrodinger equation (TONSE) that models the wave
pulse transmission in a time period less than one-trillionth of a second. We extended modified

sub-equation method to obtain numerous exact travelling wave solutions containing sets of
generalized hyperbolic. Trigonometric and rational solutions that are more general than classical
ones. We followed analytical mathematical metod by constructed the transformation groups
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1. INTRODUCTION

It is observed that most of the physical phenomena
occurring in nature are mathematically modeled by the
evolution equations. However, we know from the empirical
result that many important physical processes are the type of
nonlinear evolution equations

F O, t,Up, Uy, Usesy Uy o)
=0 (€]

[1]. Well-known Korteweg- de Vries equation
U + 6UU, + Uy = 0 2)

Represents shallow water waves solution which is special
solitary travelling wave-unchanged wave velocity and shape
after interaction is a generalized wave packet. For these
reasons, a travelling solution is used not only in water wave
theory, but also in optical communication. Solutions are
derived from the sensitive between nonlinear and dispersive
terms. It is desirable that travelling wave solution
transmission in communication systems should be high speed
[7,8]. For example, the (1+1)-dimensional nonlinear
Schrodinger equation

iqe +2|q*q + gy = 0 (3)

We considered the third order equations

iqy + az(qee + 2q1q1?) — iaz(qeee + 69:191°) =0 (4)

From the hierarchy of the higher order given in [7]. Our main
goal is to obtain exact analytical solutions of this equation.
There are many methods in the literature to obtain the
solutions of nonlinear Schrodinger equation. Recently, the
sub-equation extended method are introduced in [8]. What
makes this method interesting is that, unlike other methods
that its solutions include the generalized type of hyperbolic
and trigonometric functions. This method has a finite series
expansion form balancing principle. In order to overcome this
deficiency, this method which is very effective and practical
for solving nonlinear differential equations in mathematical
physics was used to obtain the solution under consideration.
Another approach discussed in the study is Lie technique. In
this algorithmic method based on the finding of
transformation groups that leave the equation invariant,
reduced equations and group invariant solutions can be
obtained. The wave and group invariant solutions of equation
(4) will be investigated with the help of these two methods .
The reduction of equation (4) is given in (4), Lie groups
method is employed to study equation (4).
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2. MATHEMATICAL MODEL

In spite of the fact that equation (3) is successful in the describing a great number of nonlinear effects, it may be necessary to
modify the experimental conditions. Therefore higher-order effects should be considered for the transmission of pulses to sub-
picoseconds and femtoseconds which has better performance on the transmitting information. The higher-order integrable hierarchy
can be presented as

iqy + ay(qee + 2q1q1®) — ias(qeee + 64:1q1%) + aa(qeeee + 697 + 4qlq:|* + 8lql*qe + 6lql*q)
— ia5(qeeeee + 101917 qeee + 301ql*qe + 1099,q7, + 10qqfe + 10qq; g, + 1092q; + 2097 qeqe) + -
=0, (5
were q(x, t) represents the normalized complex amplitude of the optical pulse envelope, asterisk represents the conjugation, a; (I =
2,3,4,...) are real constant parameters, x denotes the propagation variable and t denotes the transverse variable (time in a moving
frame) [11]. We investigated the equation (4) which we have obtained by taking a,, = 0, m = 4,5, ... . we aimed to simplify the
equation (4). Thus we are seeking solutions of (4) with the following structure
q(x,t) = p(e®™D p(x,t) = —kx + wt + 0, (6)
where { = x — vt is the wave variable and p(¢) is an amplitude component of the soliton solution. Here v and k are the velocity
and frequency of the soliton, respectively. w is the soliton wave number and 6 is phase constant. If we use the transformation in the
equation (4) and separate the real and imaginary parts, a pair of relations emerges. The real part equation gives
2a, + 6az;w)p® + (k — azw® — a,w?)p + (ay + 3asw)v?p”" =0, 7
And imaginary part equation reads
asp"'v® +p' + (6azp?p’ — 2a,0p’ — 3azwip)v=0. (8)
Integrating equation (8) once and setting the integration constant to zero we obtain
2vazp® + (1 + v(—2a,0 — 3a;0?))p + azv3p” = 0. 9

Equations (7) and (9) will be equivalent provided that

2vas — 1+v(—2a2a2w—3a3w2) — azv3
(az+6azw k—azw3-ayw? (az+3w)v2
Hence, one can find the following parametric constraints,
o _ —vaye’ + 20 aq0° + 30 —v
a3_—3w+v'k__ —3w+v ' 10

Eventually, equations (7) and (9) can be rearranged to be in the form

3y 1+ v(—2a,0 — 3azw?))
aszv3

The solutions of the equation (11) will be examined using the extended modified sub-equation method.

2
p" +§p p =0. (1)

3. BASIC IDEAS OF THE EXTENDED MODIFIED SUB-EQUATION METHOD
We presented briefly the main steps of the extended modified sub-equation method for finding travelling wave equations [7].
Firstly, we considered the general of the type
P(u, Ug, Uy, Ugpy Ugyy - ) = 0. (12)
Using the wave transformation
u(x, t) = U(Q), {=x—ty,
we can rewrite equation (12) as the following nonlinear ordinary differential equation
ow,u,u",u",..)=0. (13)
Let us assume that the solution of ordinary differential equation (13) can be written as a polynomial of R({) as follows:

UQ) = Z b RI(Q), by #0, (14)

j=-n
where b;(—n < j < n) are constants which we will be determined later. R({) in (14) satisfies the nonlinear ordinary differential
equation in the form

R'(Q) = In(A)(S, + S1R() + S,R*({), A #0,1. (15)
The coefficient classifications and corresponding solution forms of (15) are as follows:
V=At ﬂ(
Casel: If A= S2 — 4S,S, < 0,S, # 0 then R, ({) = L + w
25, 25,
V—A
o s, V—Acot, <—2 e o) s, V-A (tanA(\/—A{) + Jrpsecy(V —A())
2(()—_2_52_2—52: 3(()—2_52"' 252 ’
s, V=A(coty(V=5¢) £ TP, (V=£7))
Ry()=—5— )
28, 28,
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)]

51
Rs(O) = —5—+

25, 4S,
Case2: If A = S2 — 45,5, > 0,S, # 0, then
S VAtanh, <g ¢ ) s VAcoth, (\/TZ { )
- \N" 7 - \N" 7
Re@) = 55 5 k@) =5 T—
S VA (cothA (\/ZZ) + \/ﬁcschA (\/Z())
Rg(() = ~3s, 25, :
S VA (tanhA (\/Z() ++/rpcsch, (\/Z())
Ro(O) = "5, 25, :
S VA (tanha (\/th () + cothy <g {))
R0 () = _2_51.2_ 45, .

Case 3: If S; = S,,5; = 0. Then
R11(§) = tan,(So0), R12(§) = —cots(So4), R13(§) = tany, (250,¢) + \/ESECA(ZSOO
R14(§) = —cot(2500) £ \[1pa(2509),
Ri5(Q) = %tanA (%Z) - %cothA (52—0().
Case 4: If Sy = —S,,S; = 0,then
R16(§) = —tanh,(So$), R17({) = —cothy(So¢), Rig({) — tanh,(25,¢) \/r_psech4(250€),
R15(¢) = —coth,(25,¢) + \/ECSChAL(ZSOO:

R,0(0) = —%tanm <%(> — %cotm (52—0{>.

Case 5: If S2 — 45,5, = 0 then
S0(51¢ In(4) + 2)
S£¢In(4)

Ry () = =2

Case 6: IfS; = 1,5y =mA,m #0and S, = 0 then

Ry (§) = A —m.
Case 7:IfS; = 0,5, = 0 then

R;3() = So¢ In(A).
Case 8: If S, = 0,S; = 0 then

1
Ry (D) = AT
Case 9: If S; = 0,5, # 0 then
_ 7'51
S25(8) = _Sz(coshA(Slf) — sinh,(S;0) + 1)’
_ (coshA 510+ Si11hA(51())51
RZG(E) -

~ S,(coshy(810) + sinhy(5:0) +p)
Case 10: If S; = 4,5, = mA,m # 0 and S, = 0 then

rA*
Ry7(0) = mp—YI4
The generalized trigonometric and hyperbolic functions used in the families given above are defined as follows:
—i(rAif - pA'if) i(rAf - pA'f)
tany (§) = AT F pAE ,tanhy(§) = AT At
i(rA% + pA~%) rA% +pA~¢
coty(§) = TrAE At cothy(§) = A~ pAT
rA% + pA~% rAS + pA~¢
cos4(§) = —————,  coshy(§) = ————\
—i(rA% —pA~% rAS —pA~¢
sing(§) = X : V. sinhu) - —
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2i ey =2
m. cschy(§) = m:

secy(§) = m.secm(@ = AT At (16)

In equation (16), ¢ is an independent variable r,p > 0 constants are deformation parameters n in (14) is a positive integer that can
be determined by the balancing procedure constructed taking into account the highest order nonlinear terms and the highest order
linear terms in the resulting equation. By using equation (14) and equation (15) into equation (13), an equation consisting of the
power of R(§) has to be equal to zero. Hence we obtained an algebraic system of equations in terms of b_,, ..., b_1, by, by, ..., by,.
By determining these parameters and rewriting the equation (14) using determined parameters an analytic solution u(x,t) is
obtained in closed form.

csca(§) =

4. EXACT MODIFIED SOLUTIONS OF TRAVELLING WAVE EQUATION

We obtained the analytical solutions for the amplitude of the travelling wave equations by using the extended modified sub-
equation method. Substituting p({) = Y- _, bjRi({) into equation (11) and balancing p’’ with p3yields n = 1. Therefor equation
(11) admits the use of

p(¢) =b_1R({)™" + by + byR(Q). a7)

Substituting equation (17) into equation (11) through equation (15) and collecting the coefficients of different powers of R({)
setting each coefficient to zero we get the system of algebraic equations. By solving the resulting system with the help of maple the
following results are achieved.
Setl
After the hung calculations we deduce the following relations between parameters appearing algebraic

4vtaZ+9-24v*a2(in(4))?
2v%a, + 3 + 2 2( (2))
SaSo+6vtaz(in(4))”s?

w =
6va, ’

) ivin(A)S;
b_1 = lSOIn(A)v, bo = T, bl = 0,

Where a,, as, v, k are arbitrary constants we now can construct the exact solutions of equation (4) easily for these parameters set
through the classification cases which is given in (3).

Casel: If A = S? — 45,5, < 0,5, # 0, then we have

V—=A(x — vt)
V—=Acot, (va)

iS;in(Av . -S -
q:(x,t) = IT + iv In(A)S, % 2—521 — 25, x el(-kx+wt+6)
-1
iS;in(Av -8, V=Acot,(x — vt) o
q2(x,t) = (T + iv In(4)S, X 2—521 - 25, x gi(-kx+wt+6)
/ \/—_A(tanA(\/—_A(x—vt)»i _1\
ViS;In(A)v S VT V=A(x-vt) ! .
qs(x,t) = 1—() + iv In(A)S, % S rpseca(VEGxv0) x gi(-kx+wt+6)
2 2S5, 25,

V8 {cota(VBe-00)) \

ViS;in(A)v ) +./tPa(V=A(x—vt) ! )
qai(x,t) = le() + iv In(A)S, % _—t_ A( v ) ) x gl(-kx+wt+0)

25, 25,

-1
( \/—_A(tanA<M)> \
X ei(—kx+wt+9).

iS;in(A)v Sy —cotA(M(x—vt))
)=l ——————+ivin(A)Sy X | —=——
a5600) = | P o s, x| — gk 40

\ \ ) )
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Case 2: If A= S2 — 45,5, > 0,S, # 0, then we obtain

-1
iS;in(Av 5. VAtanh, (VA(x — vt) -
qs(x,t) = lf + ivin(A)S, X —2—;2 — (252 ) x gi-kx+wt+6),
-1
iS;in(Av S, 4 2 (o rortsd)
q;(x,t) = kT-l_ iv In(A)S, x | ~25, 7S, /| ) % e ,

\/K(cothA(\/_(x—vt)»i -

——

tisiin(Av S1 \/ﬁcschA(\/Z(x—vt)) ! o
qs(x, t) = | — ivin(A)S, x —35, s, /l x pi(-kx+wt+0)
-1
\/Z(tanh;(@))
VA(x—tv)
iS;in(A)v S “O”lA(f) .
) = — 7 4+ ivin(A)S, X | —— — X i(—kx+wt+6).
qo(x, t) > ivin(A)S, 25, 25, e
Case 3: If Sy = S,,S; = 0, then we yield
iv lnsoei(—kx+wt+8)
x,t = )
T10(% 1) tan,(So(x — vt))
iv ln(A)SOei(—kx+wt+8)
q11(x,0) = —

cot,(So(x — vt))
iv ln(A)SOei(—kx+wt+9)

x,t) = :
206 1) tan,(2S,(x — vt)) + Vrtsec,(2S,(x — vt))
iv ln(A)SOei(—kx+wt+9)
q13(x1 t) = y
—cotA(ZSO(x - vt)) + ,/rpA(ZSO(x - vt))
2iv ln(A)Soei(—kx+wt+9)
q14(xl t) =

tan, (So(xz— vt)) _ cot, (So(xz— vt))'

Case 4:P If S, = —S,,S; = 0, then one obtains

—iv ln(A)Soei(—kx+wt+9)
tan, (S, (x — vt))

—iv ln(A)Soei(—kx+wt+9)
cothy (S (x — vt))

iv ln(A)SOei(—kx+wt+9)
+ Jrpeschy(2S,(x — vt)).
—cothA(ZSO(x - vt)) - \/_p A( of ))

qlS(x! t) =

q16 (x! t) =

q17(x,t) =

Case 5: If S2 — 45,5, = 0 then we attain

2
iSiin(Av  iv(In(A)) S2(x — vt) .
t) = _ X l(—kx+wt+9). 19
918(x, 1) ( 2 205, (x — vl +2) ) * € 19
Case 6: If S; = 1,5, = mA, m # 0 and S, = 0 then we derive

iS;iin(Av  ivin(4)S,
2 A/l(x—vt) —-m

q1o(x, t) = <

Case 9: If S, = 0,S; # 0 then we construct

Gr0(x, t) = (iS;In(A)v) 2 LeiTkx+wt+6)
Case 10: If S; = 4,5, = mA, m # 0 and S, = 0 then we get

Gr1(x, ) = (il In(A)v)2 Lei-kxtwt+6)

) ei(—kx+wt+9)

Set 2
After some calculations, the following relations are obtained between the parameters in the system of algebraic equations:
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2v% +3 + J4v4a§ +9 — 24v*aZ(In(4))’S,S, + 6v*aZ(In(4))’s?

0= 6va, ’
ivin(A)S;

b—l = 0, bo = T, b1 = iSlel(A)U,

where a,, a3, v, k are arbitrary constants. According to classification cases for these parameters in (3) we can construct the exact
solutions of equation(4) as follows:
case 1: If A = S? — 45,5, < 0,5, # 0,then

1 V—=A(x — vt .
G2 (x,t) = Eiln(A)v\/ —Atan, <%) ell-kxtwt+o)
V=A(x — vt)

1 .
q23(x,t) = Eiln(A)v\/—AcotA ( ) x el(-kx+wt+6)

2

ll‘l‘l.(A)U\/_ tanA(\/_(x Uf)))
+\/_secA(\/_(X VT))
|
|
| —
|\

q24(x’ t) — ei(—KX+wT+6)’

Lln(A)v\/_ cotA \/_(x vt) )

<\/_(x vt))
X ei(—kx+wt+6)

,t
qz5(x,t) = 2

—cotA \/_(x vt)

i(—kx+wt+9)

|
|
|
/l
zln(A)v\/_(tanA \/_(x vt) \

G26(x,t) = k

Case 2: If A= S? — 4S,S, > 0,5, # 0 then

VA(x — vt )
qz7(x,t) = —Lln(A)v\/_tanhA ( ) 271 x pil-kx+wt+6)
VA(x — vt ,
Gas(x,t) = | —i ln(A)U\/ZCOthA ( )> x gl(-kxtwt+6)
/ Lln(A)v\/—(cothA \/_(x vt) \
ng(x, t) = k— +\/_CSChA VEAG- vt) ) l( kx+wt+9)

—i ln(A)vx/Z(tanhA<@(x—vt)>>

+cothA<@(x—vt)>

2 X ei(—kx+wt+9). (20)

q3o(x,t) =

Case 3: If S; = S,,5; = 0, then
@31(x, t) = iSoln(A)vtan, (S, (x — vt)) x eihxtot+o)
@32 (x, t) = —iSoIn(A)vcot, (So(x — vt)) x elThxtwt+6)
gs3(x, t) = iSyln(A)v (tanA(ZSO (x — vt))) + Jrpsecy (28, (x — vt))elThxtwt+o),

G4 (x,t) = iSyIn(A)v (—cotA(ZSO(x - vt))) + /P4 (250 (x — vt))eiThxtwtt6)
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s (0, £) = iSoln(A)v (tanA <So(x - Vt))) — cot, <So(x - Ut)) pi(—kx+wt+6)
2 2 2
Case 4: If Sy = —S,,5; = 0 then
Gz6(x,t) = (—iSzln(A)vtanhA(SO(x - vt))) x gl(-kx+wt+)

qs7(x, t) = (iSzln(A)v (—CothA(ZSo(x — vt)))) + ﬁcschA(ZSo(x — vt))elChrrwrso),
Case 5: If S2 — 45,5, — 0 then
—2iS,v85,(S;(x — vt)In(A) + 2) N iv In(A)S;

;t =
qss(x, t) < Slz(x—vt) 2
Case 6:If S, = 1,5, =mA,m # 0 and S, = 0 then

) ei(—kx+a)t+9)

iv ln(A)l e i(—kx+a)t+9).

q3o(x,t) =
Case 7: If S, = 0,S; =0 then

—iv .
t) = l(—kx+wt+9).
qa0(x, 1) (x — vb) e
Case 8:If S, = 0,5; # 0 then
—i In(A)vrS, iv In(A)S;

(coshA (51 (x — vt)) — sinhy (S;(x —vt) + 1) * 2

qa(x,t) = ) pi(-kx+wt+6) 1)

5. DISCUSSION AND RESULTS:
We applied Lie symmetry analysis for equation (1)

iq + ay(qq + ZQ|Q|2) — ia3(qeee +6q; + |CI|2) =0 (1)

Firstly, we assumed that : q(x, t) = u(x, t)e®?™?), (2) where u and v are real valued functions and we
substituted equation (2) into and split up real imaginary parts so we obtained
—VU + QU — AUVE + 2a,U3 + 33U Uy + 3A3U Vs + AUV — aguv? + 6azuv, = 0,

20U,V + UV + 3A3UVE — Azl — 6azulu, + Uy + 3azuvy v, =0 €))
With a small parameter (3), the corresponding vector field for these transformations is
X =0(xtu, v) i +t(x, t,u, vv) i +n(x, t,u, 17) i +to(xtuv)g i (4)
When (4) is a vector field (or generator) the transformation group of the equation or system considered is
ax R
2= {(x,t,4,0), X|,=0=x,
dt _ (%, 8,1,9) tle=0=t
dE—Tx,,u,v, Tle = =1,
di e
e n(x,ta,v), til.,=0=u
di A
el nx,t,4,9), v.=0=v,
The third prolongation formula Pr®Xis
0 0 0 0 0 0
Pr®OX =x+¢*—+ + + + Pt —+ ittt +7 nt—+ ¢t —
4 X e T e T e T o T o T A avt "ot e
0
1t 5)
Oy

Where n*, ¢*, dt,nt, ptt, ottt ntt, ¢ttt are extended infinitesimal. Hence the system of (3) has the following invariant conditions
N(—v, — av? + 6a,u? + a3V — a3V + 18a3v,u?) — p*u + nt(as + 3a3v,)
+ ¢t (—2a,uv, — 3azuy — 3azuv? + 6azu) + az;(3ntvy + 3¢, + Pttu) =0,
N(ayvy — 12a3uut + 3a30, ;) + Nt (2a,v, + 3a3vE — 6azu?) + ¢ (Ra,v, + 6azu v, + 3a3vy) + ¢ (au + 3azuv,)
—ntta, +n* =
With the help of the obtained equation pair and the values of extended infinitesimals we got an over determined system of partial
differential equation. Solving overdetermined system of PDEs we can be obtained the following :
{ =-3c1x +c3,
2a3,,
T=—Ct+—— 3a3 Lx + ¢y,
n=cay,
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aCq
3as

(l) =

From what we have discussed we can arrive at the following
facts : There are many methods that we can use to solve
Travelling wave equation but we preferred to use the exact
modified sub-equation method because it’s a method that
works to solve mathematical problems in a physical manner
and describes the follow of water in different geometric
shapes. It also works to move from one solution to another
solution in a stable , smoot , logical and symmetrical way for
nonlinear partial differential equations which based on the
vector field method and its characterized by accuracy

6. CONCLUSION

We considered the third ordinary nonlinear Schrodinger
equation which enables studies and advances in the speed of
information transmission that plays a major role in fields such
as ultra short pulses, optical fiber applied physics,
communication system, etc,.... To contribute to the studies of
the higher order Schrodinger equation and the special cases
of this equation in the literature .We considered equation (4)

which was considered oc2=§ and we studied the

nonautonmous characteristics of the W-Shaped solutions and
have modified the darboux transformation method to the first
and second orders respectively. As far we knew the exact
invariant solutions of this equation which include generalized
hyperbolic and trigonometric  functions which we
investigated for the first time. We believe that the solutions
we have obtained are new. One of the advantages of the
applied methods in that it contains more general solutions
than most of the methods in the literature. The results
obtained by the application of these methods have shown that
this method is effective, strong and applicable to other
problems in mathematical physics.
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