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Abstract
The concept of graph labeling was introduced in mid-1960 by Rosa. In this paper,
we introduce a notion of graceful labeling of a finite poset. We obtain graceful
labeling of some postes such as a chain, a fence, and a crown. In 2002 Thakare,
Pawar, and Waphare introduced the ‘adjunct’ operation of two lattices with respect
to an adjunct pair of elements. We obtain the graceful labeling of an adjunct sum

of two chains with respect to an adjunct pair (0, 1).
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1 Introduction

A graph labeling assigns integers to the vertices or edges (or both), subject to certain
conditions. Interest in graph labeling began in mid- 1960 with the conjecture by Kotzing
- Ringel [10] and a paper by Rosa [1]. There are different types of graph labeling such
as prime labeling, magic labeling, antimagic labeling, graceful labeling [3], etc. Labeled
graphs have wide applications in different fields such as circuit design, traffic control sys-
tems, communication network addressing, Automated Teller Machine (ATM) controlling
devices, Local Area Network (LAN) network, radio astronomy, and Multiprotocol Label
Switching (MPLS) protocols see [6, 8, 9, 12]. In this paper, we define graceful labeling
of finite posets. We obtain in particular graceful labeling of some posets like a chain, a
fence, and a crown. Thakare, Pawar and Waphare [4] introduced the ‘adjunct’ operation
of two lattices with respect to a pair of elements. In this connection, We obtain the
graceful labeling of an adjunct sum of two chains with respect to an adjunct pair (0, 1).

A non empty set P, together with a binary relation < which is reflexive, antisymmetric

and transitive is called a partially ordered set or a Poset. A Hasse diagram is a type of
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mathematical diagram used to represent a finite partially ordered set. Specifically, for a
poset (P, <) each element of P represents a vertex in the plane, and whenever y covers
x, it indicates that x < y and there is no z such that x < z < y, which is represented by
x < y. These curves (or lines) may cross each other but must not touch any vertex other
than endpoints; we call such curves (or lines) as edges. Two elements a,b € P are said
to be comparable if either a < b or b < a; otherwise they are said to be incomparable.
A poset in which every pair of elements is comparable is called a chain. A chain on n

elements is denoted by C),. In particular, see Figure I for Cj.

T3

T2 561\7 N Y1 Yoo Yse U

L1 T2 T T3 mlt xj ij $41

Cs F Fy Cy
Figure 1

Definition 1. [11] A partially ordered set F,, = {x1, z, ..., x,} is called a fence (of order
n > 3), if either &1 < z9, 9 > o3, ..., Tom—1 < Tam, Tom > Tomits -« Tno1 < Tp, if 0 is
even ( T,_1 > z, if nis odd) or x1 > X9, T3 < T3, ..., Tam-1 > Tom, Tam < Tomil, - - -

Tp_1 > Tp, if nis even ( x, 1 < z, if n is odd) are the only comparability relations. A
fence F), is called a lower fence if x1 < x9, and upper fence if x1 > x5. In particular, see
Figure I for F3 and F}.

Definition 2. [11] A crown is a poset {x1, T2, ..., Zn, Y1, Y2, - - ., Yn } of order n > 2, whose
elements satisfy precisely the comparabilities 1 < yq, y1 > T2, To < Yo, Yo > T3, T3 < Y3,
Y3 > Tgy ovvs Tt < Yne1y Yno1 > Ty Tn < Yn, Yn > 1. The crown of order n is denoted

by C,,. In particular, see Figure I for Cy.

For other definitions, notation, and terminology, see [2, 5, 7]. In the following section,

we introduce the notion of graceful labeling of a poset.

2 Graceful labeling of posets

On the line of graceful labeling of graphs, we define graceful labeling of a finite poset as

follows.
L3 Z2 T4 n Yoe  Yse Y
1 2 3
3 6
1'2 1 8 4
2
x 1 T3
1 i) XT3 Ty
C3 Fy Cy

Figure II
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Definition 3. Let P be a poset on n elements with m coverings, z,xs,...,x,. Let V
= {z1,29,...,2,} and E = {0,1,2,3,...,m}. If ¢ : V — E is a one-to-one function,
then when each covering, say x; < z;, is given the label |¢(x;) — ¢(z;)|, the resulting
cover labels are unique numbers from the set E. This is known as graceful labeling of P.
A poset is called graceful if it has a graceful labeling. For example, C3, F; and C, are

graceful (see Figure II).
Theorem 2.1. A chain C,, is graceful for n > 2.

Proof. Let C,, : x1 < x5 < --- < x, be a chain. Note that (), contains n - 1 edges. Let
V = {1, 29,...,2,} be the set of elements of C},, and E = {0,1,2,...,n — 1}. Define a
map ¢ : V — E as follows.

= if i is odd

5, if 1is even.

We claim that the map ¢ is the required graceful labeling of C,,. Firstly we prove that

¢ is one - one. One of the following four cases occurs.

1. ¢(2;) = ¢(z;) and both i and j are odd. But then 5! = -1 which implies that i =

j and hence z; = z;.

2. ¢(z;) = ¢(z;) and both i and j are even. But then n — £ = n —  implies that i = j

and hence z; = z;.

3. iis odd and j is even. Then i # j and z; # x; = ¢(x;) # ¢(z;). For if, suppose
plz;) = ¢(zj)) = S =n—-1=i—-1=2n—j=i+j=2n+1 Thisis not
possible, since 1 <i<nand 1< j <n.

4. iis even and j is odd. In this case we get the proof on the similar lines of Case (3).

Thus, ¢ is one - one.

Secondly, we prove that the edge labels of C,, are all distinct. Now the edge label between
the elements z; and x;,1 is given by |p(z;11) — ¢(x;)]-
Suppose for i # j, |¢(zi41) — ¢(x;)| = |p(xj11) — ¢(z;)]. One of the following three cases

occurs.

1. Both i and j are odd. Then we have |n — (1) — (51)| = |n — (Z5F) — (55%)]. This

implies that |n — i| = |n — j| and hence ¢ = j, which is a contradiction.
2. Both i and j are even. Then we have |% —(n=%|= |% — (n—%)|. This
implies that |n — i| = |[n — j| and hence ¢ = j which is a contradiction.
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3. Without loss of generality, if i is even and j is odd, then we have |% —(n=%)| =

In — @ — (44)|. This implies that |i — n| = |n — j| and hence i = j, which is a
contradiction. Hence the edge labels of (), are distinct.

Therefore ¢ is a required graceful labeling of C,.
O

Remark 1. Let C), : z9 < 1 < --+ < x,_1 be a chain where n > 2. Define a function
v V(C,) —{0,1,2,...,n — 1} as follows.

1. If n is odd |
() = (n B 1) —[**], ifiiseven
L if i is odd.
2. If n is even |
b(w:) = (”f 1) —[%5*], ifiis odd

it 1, if i is even.

Then ) is also a graceful labeling of C),.

By the arguments similar to one as given in the proof of Theorem 2.1, we obtain the
proof of the following result, since for F;, the edge labels are same as that of the chain

Ch.
Corollary 2.2. A fence F, is graceful for n > 3.

Note that, graceful labeling of a chain on n elements and a fence on n elements are

the same. In fact we have the following.
Theorem 2.3. A crown C,, is graceful if n is even.

Proof. Suppose the set of elements of crown C,, is V = {x1, 22, ..., Zn, Y1, Y2, - - - , Y } With
2n coverings 1 < Y1, T2 < Y1, T2 < Y2, T3 < Y2, ; Tn1 < Yn—1, Tn < Yn—1, Tn < Yn, T1 <
yn. Let E =1{0,1,2,...,2n}. Define a map ¢ : V — E as follows.
o , 2 —(i—1), if1<i<z
d(x;)) =i—1,if 1 <i<n,and ¢(y;) =
2n — 1, if $+1 <i<n.
We claim that the map ¢ is a graceful labeling of C,,. Firstly we prove that ¢ is

one-one. One of the following five cases occurs.

1. ¢(x;) = ¢(x;) and 1 < 4,5 <n. Theni—1 = j — 1 implies that i = j and hence

2. Suppose that ¢(y;) = ¢(y;) and 1 < 4,5 < 5. Then 2n — (1 —1) = 2n — (j — 1)
implies that ¢ = j and hence y; = y;.
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3. that ¢(y;) = ¢(y;) and § +1 < 4,5 < n. Then 2n — 7 = 2n — j implies that i = j

and hence y; = y;.

4.1 <i< % and 2; # y;. Then ¢(x;) # ¢(y;). For if, suppose ¢(z;) = ¢(y;) implies
that i —1=2n— (i — 1) = 2t = 2n+ 2 = i = n + 1 which is not possible.

5. 5+1 < i <mnandaz; #y. Then ¢(x;) # &(y;). Since if ¢(z;) = ¢(y;) then
1 —1=2n—1= 2t =2n+ 1, which is not possible.

Thus ¢ is one - one.

Secondly, we prove the edge labels of C,, are all distinct. Consider the edge labels of C,,
for 1< i < n as o(z:) — 6(yi)], for 2 < i < n as o(z:) — 6(yi1)], and 6(ya) — 6(x1)].
One of the following five cases occurs.
1. 1<i k<5 andi#k.
Suppose |¢(x;) — &(yi)| = |o(xr) = d(yr)| = li—1—=Cn—(i—1))| = [k —1—(2n—

(k—1))| = |—2n+2i —2| =| — 2n + 2k — 2| = i = k which is a contradiction.
Now let 3 +1 <,k <nandi# k. Suppose |p(z;) — ¢(y;)| = [d(xx) — d(yr)| =
i—1-C2n—9)|=lk—1-2n—k)|=|-2n+2i—1|=|-2n+2k—-1|=>i=k

which is a contradiction.

2. 2<ik<2Zandi#k
Suppose |¢(2;) = d(yi—1)| = |p(zx) = (Y1) = |i=1—2n—((i—1)=1))| = [F—1—

2n—(k—1))| = |—2n+2i—3| =|—2n+2k—3| = i = k which is a contradiction.
Now let §+1 <4,k <nandi# k. Suppose |¢(z;) — ¢(yi—1)| = |o(zr) — d(yr-1)| =
i—1—(2n—(i—1))| = [k—1—(2n—(k—1)] = |—2n+2i—2| = |-2n+2k—2| = i = k

which is a contradiction.

3. 1 <i <5 and suppose [¢(x;) = o(y:)| = [¢(21) = d(yn)| = [i =1 = (20— (i =1))[ =

1—-1—-2n—-—(n—-1))] = |20 —2n—-2| = | = n+ 1] = 2i = n+ 3 which is
not possible. Let § 4+ 1 <4 < n and suppose |¢(x;) — ¢(y;)| = |p(z1) — d(yn)| =
i—1—2n—(0G)|=1-1—2n—(n))|=2i—2n—1]=|—-n|=2i—1=23n

which is not possible.

4. 2 <4 < % and suppose |¢(z;) — d(yi—1)| = |0(x1) = d(yn)| = [i—1—(2n—(( = 1) —

) =]1-1-2n—(n)| = |i-1-2n+i—2| = |—n| = 2i—2n—3 =n = 2i—3 = 3n
which is not possible. Let § 41 <4 < n and suppose |¢(z;) — ¢(yi—1)| = [o(z1) —
O(yn)| = |i—1—(2n—(i—1))| = |1-1—(2n—n)| = |2i—2n—2| = |—n| = 2i—2 = 3n

which is not possible.

1 <i< §and2< k<8, suppose |o(x;) — o(yi)| = [o(xr) — dlyp—1)| = |1 =1 —
Cn—@G—-1)=k—-1-2n—(k—1)—1)] = |2i —2n—2| = |2k — 2n — 3| =
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22’—222]{;—3#22’—21@2—1i@'—k:_71 which is not possible.
It is clear that the map ¢ gives the required graceful labeling of the C,,.

Theorem 2.4. A crown C,, has no graceful labeling if n is odd.

Proof. Let C,, be crown with the set of elements V' = {1, xa,...,Zn, ¥1,Y2,...,Yn} With
2n Coverings 1 < y1,T2 < Y1,T2 < Y2, T3 < Y2, " s Tp-1 = Yn—1,Tn < Yn_1,Tp <
Yn, T1 < Yn. Let E={0,1,2,...,2n}. Suppose C, has p - labeling as ¢ : V' — E. Taking
sum of edge labels of the crown C,,. We have 0 < (|¢(z1)—d(y1)|+|o(y1) —d(x2)|+|d(x2)—
O(y2) + -+ [d(@n-1) = ¢(Yn-1)| + |0(2n) = S(Yn-1)[ + [¢(z0) — d(yn)| + [¢(21) — A (yn)])
< (|o(@)] + |o(yn)| + [o(yn)] + [d(z2)| + [@(22) + [S(y2)| + - -+ + |d(zn-1)| + |D(yn-1)] +
|9(xn)| + [0(yn-1)] + [d(zn)] + |D(yn)| + [O(z1)] + [¢(yn)]) = 2(J0(x1)] + [P(x2)] + - +
[O(zn)| + [@(y)| + oY) + - -+ + [o(yn)])-

Therefore, (|¢(z1) — @(y1)| +|d(y1) — ¢(w2)| + [d(72) — P(y2)| + - - + [d(@n—1) — P(yn—1)| +
|6(2n) = G(Yn—1)| + [6(2n) — G(yn)| + |D(21) — ¢(yn)]) = 0(mod2)

In crown C,,, edge labels are from 1 to 2n. So, the sum of edge labels of C,, is

S k= 2"(2;“) = n(2n + 1) which is odd. As n is odd, 2n + 1 is odd, and therefore

n(2n 4+ 1) must be odd. Therefore we get a contradiction. Hence we conclude that C,,

has no graceful labeling, if n odd. n

3 Adjunct sum of lattices

In 2002, Thakare, Pawar, and Waphare [4] introduced the concept an adjunct sum of

lattices.

Definition 4. [4] Suppose L; and Ly are two disjoint lattices and (a,b) is a pair of
elements in L, such that a < b and a £ b. Define the partial order < on L = Ly U Ly with
respect to the pair (a,b) as follows: z <y in Lif z,y € Ly and z <y in Ly, or x,y € Lo
and z <yin Ly,orx € Ly, y€ Loand x < ain Ly,orx € Ly, y € Ly and b <y in L;.

It is easy to see that L is a lattice containing L; and L, as sublattices. The procedure
for obtaining L in this way is called adjunct operation (or adjunct sum) of L; with L.
We call the pair (a,b) as an adjunct pair and L as an adjunct of Ly with Ly with respect
to the adjunct pair (a,b) and write L = L;]®L,. A diagram of L is obtained by placing
a diagram of L; and a diagram of L, side by side in such a way that the largest element
1 of Ly is at lower position than b and the least element 0 of L5 is at the higher position
than a and then by adding the coverings <1, b> and <a, 0>, as shown in Figure III. This
clearly gives |E(L)| = |E(Ly)| + |E(Ls)| + 2.
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The adjunct sum is often utilized to construct and analyze complex lattices from
simpler, well-defined components while retaining the essential properties of a lattices. To
obtain graceful labeling for lattices formed by the adjunct sum of two chains, we construct
following sets. Let A = {1,3,5,...,m — 1},m > 3, B = {2,4,6,...,%"“},3” =
{mtntl 4 g mintl 4 4 . ,m} and B = B'UB’". Also let D = {1,3,5,...,n},n >
LF ={2,4,6,... 22 9} pr = {mintl mintl 4 9 n—1},and F = F' UF”

Theorem 3.1. Let C and C' be the chains with |C| = m > 3, |C'| = n > 1 and
L =C)yC’". Then L has graceful labeling if m = 2(mod 4) and n = 1(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose
m = 2(mod 4) and n = 1(mod 4). Suppose C' = a1 < az < ag- - < ap, C" = b <
by < bg--+ < b, and L = C|}C’. Clearly L has m + n elements and m + n coverings
(edges). Suppose V = {ay,as,as3,...,0m,b1,b2,b3,...,0,} and E ={0,1,2,... m+n}.
Consider 2 map ¢ :V — FE defined as follows :

=1 if ieA
Plai) ={m+n— S if ieB
m+n— 3 if ieB”
\
(
m+n—j : .
o(bj) = WnTﬂ—l if jeF
m+ntj+1 : :
\TJ if jeF”

We claim that the map ¢ is the required graceful labeling for lattice L. Firstly we prove
that ¢ is one - one. For this purpose we consider the following sets. Let S; = {a;|i € A},
Sy = {a;li € B'}, S§ = {a;|i € B"} and Sy = Sy U SY. Also, let T\ = {b;|j € D}, Ty =
{bjl7 € F}, Ty ={bj|lj € F"} and T, = T{UTY. Let a,b € V. Now to show ¢ is one-one.
For this proof, one of the following five cases occurs depending on a,b € Sy (k = 1, 2)
and a,b € Ty, (k =1, 2):
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1. Suppose a,b € S (k =1, 2).

a) Suppose a,b € S;. Therefore a = a; and b = a; for 7,5 € A. Consider
J
o(a) = ¢(b) ie. @(a;) = oa;). = G = forije A =i=j
=a;=ajiea=0>
(b) Let a,b € Sy , here we have three parts.

i. Suppose a,b € S). Therefore a = a; and b = qa; for ¢, € B’. Consider
¢(a) = ¢(b) ie. dp(a;) = dlaj). = m+n— |G| =m+n— | GY] for
i,jeB. = L@;—I)J = L@J =i=j=a;=a;ile a=b

ii. Suppose a,b € Sj. Therefore a = a; and b = a; for i,5 € B". Consider
¢(a) = () ie. ¢(a;) = d(aj). m+n—i=m4n—1L1=i=j=a =aq
ie. a=b.

iii. Without loss of generality suppose that a € S5 and b € S. Therefore
a=a;and b=a; fori € B’ and j € B". Claim: If a # b then ¢(a) # ¢(b).
Suppose a # b. For if suppose ¢(a) = ¢(b) i.e.p(a;) = ¢(a;). Therefore
m+n— L@J =m+n—1i. = L@J = .. Which is not possible, since
L@J < forie B and j € B". Thus, ¢(a;) # ¢(a;) i.e. ¢(a) # ¢(b).

(c) Without loss of generality suppose that a € S} and b € S,, then we have

following two cases.

i. Let @ € S; and b € S). Therefore ¢ = a; and b = a; for i € A and
j € B'. Claim: a # b then ¢(a) # ¢(b). Suppose a # b. For if suppose
¢la) = ¢(b) ie. @(a;) = ¢(aj). Therefore St = m +n — |5, ie
m+n = 5 4+ [£51]. Which is not possible, since m +n > L 4 1],
as i <m—1and j < ™2+ Thus, ¢(a;) # ¢(a;) i.e. ¢(a) # 4(b).

ii. Let a € Sy and b € SY. Therefore a = a; and b = a; for i € A and j € B”.
Claim: If a # b then ¢(a) # ¢(b). Suppose a # b For, if suppose ¢(a) =
o(b) i.e. ¢(a;) = ¢(a;). Therefore S =m4n—1. ie i+j—1=2(m+n).
Which is not possible since, 2(m +n) >i+j—1lasi <m—1,j <n.

Thus, ¢(a;) # ¢(a;) ie. ¢p(a) # ¢(b).
2. Suppose a,be T k=1, 2.)
(a) Suppose a,b € T;. Therefore @ = b; and b = b; for i,j € D. Suppose

d(a) = ¢(b) i.e. ¢(b;) = ¢(b;). Therefore M=t = MEN=] = j = j = b; = b,

2

ie. a=0>0.
(b) Suppose a,b € Ty, here we have three parts.

i. Suppose a,b € T;. Therefore a = b, and b = b; for i,j € F'. Consider
6(a) = 9(B) L. 0(b) = (by). = L = mnl Sy,

l.e. a=b.
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ii. Suppose a,b € T). Therefore a = b; and b = b; for i,j € F". Suppose
d(a) = ¢(b) i.e. ¢(b;) = P(by). = MELEEL — MEMEIEL 5 j — j = b = b;

ie. a =b.

iii. Without loss of generality a € T and b € Ty. Therefore a = b; and
b = b; for some i € F’ and j € F”. Claim: a # b then ¢(a) # ¢(b).
Suppose a # b For, if suppose ¢(a) = ¢(b) i.e. ¢(b;) = ¢(bj). Therefore
mintizl — mAntitl je j—1=j+1=i=j+2. Which is not possible
since j >dasi <™ 2 5 <n—1. = @(b;) # d(b;) i.e. p(a) # H(b).

(c) Without loss of generality, let a € T} and b € Ty, then we have following two

parts.

i. Suppose a € Ty and b € T7. Therefore a = b; and b = b; for some i € D and
j € F'. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b For, if suppose
pla) = ¢(b) i.e. ¢(b;) = p(b;). = mEa=t = minti=l — _j — j — 1 which
is not possible since i € D and j € F'. = ¢(b;) # ¢(b;) i.e. p(a) # ¢(b).

ii. Suppose @ € Ty and b € Ty. Therefore a = b; and b = b; for i € D
and j € F”. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b. For, if
suppose d(a) = @(b) i.e. ¢(b;) = ¢(b;). Therefore M=t = MEREIEL § o
—i = j+ 1, which is not possible since i € D and j € F". = ¢(b;) # ¢(b;)

i.e ¢(a) # o(b).

3. Letae Sy (k=12)and be T, k=1, 2).

(a) Suppose a € Sy and b € T;. Therefore a = a; and b = b; for some ¢ € A and
j € D. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b For, if suppose
¢(a) = ¢(b) i.e. ¢(a;) = d(b;). Therefore St = "= = m4p=i+j—1
which is not possible since m+n > 1+ j—1, since? < m—1 and j < n. Thus,
d(a;) # ¢(by) i.e. ¢(a) # o(b).

(b) Suppose a € Sy and b € T3, then we have following two parts.

i. Suppose a € S; and b € Tj. Therefore a = a; and b = b; for i € A and
j € F'. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b. For, if suppose
¢(a) = (b) ie. ¢(a;) = g(b;). = 5t =2HFE=L = 4 n =4 — j which
is not possible since m +n > ¢ — 7, since t < m — 1 and j < %"1 — 2.
Thus, ¢(as) # 6(by) ie. 6(a) # G(b).

ii. Suppose a € Sy and b € T'. Therefore a = a; and b = b; for i € A and
j € F". Claim: If a # b then ¢(a) # ¢(b). Suppose a # b For, if suppose
p(a) = ¢(b) i.e. d(a;) = (b;). = St = " — ;4 =4 — j which
is not possible since m+n >i—j—2,asi < m—1and j < n—1.

= da;) # 6(b;) i.e. da) # H(b).
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(c¢) Suppose a € Sy and b € T, then we have following parts.

i. Suppose a € S and b € T;. Therefore a = a; and b = b; for some i € B’
and j € F'. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b. For,
if suppose ¢(a) = ¢(b) i.e. ¢(a;) = ¢(b;). Therefore m + n — w;l)j =
mintil = om4n) —2(|SE]) = mAdn+i—1 = mtn =
J+ 2([@” — 1 which is not possible since, m +n > j — (L@J) —1
since, ¢ < ML and j < L Thus ¢(a;) # ¢(b;) ie. d(a) # ¢(b).

ii. Suppose a € S} and b € Ty. Therefore a = a; and b = b; for i € B’
and j € F'. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b. For, if
suppose ¢(a) = ¢(b) i.e.p(a;) = ¢p(bj). = m+n — L(igl)J = minbitl
= 2(m+n)— (L(Z_—I)J) =m+n+j—1. m+n= j+2(L(i_—1)J)+1 which
is not possible Since, i € B' and j € F'. = ¢(a;) # ¢(b;) i.e. ¢(a) # ¢(b).

iii. Suppose a € Sy and b € T,. Therefore a = a; and b = b; for i € B”
and j € F'. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b. For, if
suppose ¢(a) = ¢(b) L.e. ¢(a;) = (b;). Therefore m +n — & = mEH=L
= (m +mn) = j+ i — 1 which is not possible since, 1 € B” and j € F".
Thus, 6(a) # 6lby) ie. (@) £ 6(0).

iv. Suppose a € SY and b € T). Therefore a = a;, and b = b; for i € B”
and j € F”. Claim: If a # b then ¢(a) # ¢(b). Suppose a # b. For, if
suppose ¢(a) = ¢(b) i.e. ¢(a;) = ¢(b;.) Therefore m +n — & = MEEEL
= (m+n) = j+1i+ 1 which is not possible since i € B” and j € F”.

= ¢(a;) # ¢(b;) i.e. ¢(a) # ¢(b). Hence ¢ is one - one function.

Secondly to show edge labels of L are distinct. We have edge labels of L are
|p(ai) — ¢plaip1)=m+n—(i—1)for 1 <i<m—2.

[p(ai) — o
[9(bj) — @(bja)| =jfor 1 <j<n-—1

|6(a;) — ¢(b;)| = =Y for § = j = 1.

|¢(am) — ¢(b;)] =n for i = m and j = n. From the above labeling pattern, it is observed
that the edge labels of L are distinct. Thus, lattice L has graceful labeling. O]

ai41)| =m+n— (i) fori =m— 1.

Using proof of theorem 4.1, one can obtain the proof of the following theorems.

Theorem 3.2. Let C and C' are chains with |C| = m > 8 and |C'| = n > 1 and
L =C|\C". Then L has graceful labeling if m = 3(mod 4) and n = 1(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m =
3(mod 4) and n = 1(mod 4). Suppose C' = a; < az < a3z -+ < ap, C" = by < by <
by < b, and L = C|{C". Clearly L has m + n elements and m + n coverings (edges).
Suppose V = {ay,as,as3,...,an,b1,b2,b3,...,0,} and E={0,1,2,...,m+n} . Consider
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amap ¢:V — E defined as follows :
(

=L if i=1,3,5...,m
pla;) =Sm+n— |5 if  i=246,... ="
(m+n—3 if  i=mirg om0 m—1
( .
mtntiol if  j=1,35,..., 21
P(by) = Tt if j=mnggminggn
mtn) if j=246,...,n—1
\
Clearly ¢ gives the required graceful labeling for L. m

Theorem 3.3. Let C and C' are chains with |C| = m > 3 and |C'| = n > 1 and
L =C)yC’". Then L has graceful labeling if m = 1(mod 4) and n = 2(mod 4).

Proof. Let C and C' be the chains with m and n elements, respectively. Suppose m =
L(mod 4) and n = 3(mod 4). Suppose C' = a1 < ay < az--+ < ap, C' = by < by <
by - < b, and L = CJ}C". Clearly L has m + n elements and m + n coverings (edges).
Suppose V = {ay, as,as,...,am,b1,b2,b3,...,b,} and E=1{0,1,2,... m+n} . Consider
a map ¢ ! V' — FE defined as follows :

=1 if i=1,3,5,...,m
Pla;) ={m+n— |5 if  i=246,. .. 22
(mtn—3 if  i=mipd g mintl g ;-1
4
m+n—j : s
L if j=135...,n—1
G(b;) =  mntizl if  j=2/4,6,... 222
| e if  j=mintl mintl o n
Clearly ¢ gives the required graceful labeling for L. O

Theorem 3.4. Let C and C' are chains with |C| = m > 8 and |C'| = n > 1 and
L =C3C". Then L has graceful labeling if m = 2(mod 4) and n = 2(mod 4).

Proof. Let C and C' be the chains with m and n elements, respectively. Suppose m =
2(mod 4) and n = 2(mod 4). Suppose C' = a1 < az < az -+ < Qpm, C" = by < by <

by < b, and L = C)3C". Clearly L has m + n elements and m + n coverings (edges).

Suppose V = {ay, as, as, ..

Gy by, boy b3, by and E = {0,1,2,... ;m+n} . Consider

amap ¢:V — E defined as follows :
(

=1 i=1,3,5,....,m—1
Pla;) = qm+n— |5 i=2,4,6,..., 2"
km—i—n—% i:mTM+2,mT+”+4,...,m
(ﬂﬂyi if  j=1,3,5,...,m—1
o(by) = { Mt if j=mimplminggn-1
\ﬂ%ﬁ if j=2,46,...,n
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Clearly ¢ gives the required graceful labeling for L. O]

Theorem 3.5. Let C and C' are chains with |C| = m > 8 and |C'| = n > 1 and
L =C)§C’". Then L has graceful labeling if m = 0(mod 4) and n = 3(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m =
0(mod 4) and n = 4(mod 4). Suppose C' = a; < az < a3+ < ap, C' = by < by <
by < b, and L = C)jC". Clearly L has m + n elements and m + n coverings (edges).
Suppose V = {ay, as,as,...,am,b1,b2,b3,...,b,} and E={0,1,2,... , m+n} . Consider
a map ¢ ! V' — FE defined as follows :

% if i=1,3,5...,m—1
Plai) ={m+n—(5—-1) if =246, . 622t
m+n—3 if  i=mip g mintl L4 m
\
(
m+n—j : s
TJ lf ]—1,3,5,...,77/
p(by) = q =L if  j=2/4,6,... 22t 2
m+n+j+1 . . m4n+l m4n+tl
\ -+ if ]_—+2+,—+2+ +2,...,n—1
Clearly ¢ gives the required graceful labeling for L. O

Theorem 3.6. Let C and C' are chains with |C| = m > 8 and |C'| = n > 1 and
L =CyC". Then L has graceful labeling if m = 1(mod 4) and n = 3(mod 4).

Proof. Let C and C' be the chains with m and n elements, respectively. Suppose m =
1(mod 4) and n = 3(mod 4). Suppose C' = a1 < ay < az--+ < ap, C' = b < by <
by - < b, and L = CJ}C". Clearly L has m + n elements and m + n coverings (edges).
Suppose V = {ay, as,as, ..., am,b1,b2,b3,...,b,} and E=1{0,1,2,... m+n} . Consider
a map ¢ ! V' — FE defined as follows :

=1 if i=1,3,5,....m
Plai) =S m+n—(L—1) if i=2/4,6,..., 7"
|m+n—3 if  g=mmypoming 4 m—1
( .
mtnti—l if  j=1.35,..., 21
¢(b;) = § PR if  j=myrmii3n
mtn=) if  j=246,...,n—1
\
Clearly ¢ gives the required graceful labeling for L. O

Theorem 3.7. Let C and C' are chains with |C| = m > 3 and |C'| = n > 1 and
L =C)yC’". Then L has graceful labeling if m = 0(mod 4) and n = 0(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m =
0(mod 4) and n = 0(mod 4). Suppose C' = a3 < as < a3+ < Qpy, C' = b < by <
by-+- < b, and L = C|{C". Clearly L has m + n elements and m + n coverings (edges).
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Suppose V = {ay, as,as, ..., am,b1,b2,b3,...,b,} and E=1{0,1,2,... m+n} . Consider
amap ¢:V — FE defined as follows :
(

=l if i=1,3,5...,m—1
¢pla;) ={m+n—(5—1) if i=2/4,6,... 2=
(m+n—3 if =T M4 m
' .
metnty—l if  j=1,3,...5m2" 1
¢(bj) = if  j=mmgpminggn-1
metn st if j=2,46,...,n
Clearly ¢ gives the required graceful labeling for L. m

Theorem 3.8. Let C and C' are chains with |C| = m > 3 and |C'| = n > 1 and
L =C|\C". Then L has graceful labeling if m = 3(mod 4) and n = 0(mod 4).

Proof. Let C and C’ be the chains with m and n elements, respectively. Suppose m =
3(mod 4) and 0 = 1(mod 4). Suppose C = a1 < ay < ag--- < Qpm, C' = by < by <
by-+- < b, and L = C|{C". Clearly L has m + n elements and m + n coverings (edges).
Suppose V = {ay, as,as,...,am,b1,b2,b3,...,b,} and E={0,1,2,... m+n} . Consider
a map ¢ ! V' — FE defined as follows :

=L if i=1,3,5,...,m
Plai) ={m+n—(3—-1) if i=24,6,.. . 672t
m+n—3 if  g=mirdl g mintl g m—1
\
(
m+n—j : .
el if j=13,...5,m
¢(b;) = { mnkizl if  j=2,4,6,... = 2
| if  j=mintl mintl o0 n
Clearly ¢ gives the required graceful labeling for L. O]
Conclusion

In this paper, we introduced graceful lableling for finite posets. We obtained graceful
labeling of some finite posets such as a chain, a fence, and a crown. Also, we obtained
graceful labeling of an adjunct sum of two chains with respect to an adjunct pair (0,1).
We raise the problem of finding graceful labeling of an adjunct sum of two chains with
respect to an adjunct pair (a,b) in general. Further, the problem may be extended to the

class of finite dismantlable lattices/posets also.
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