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This study investigates the stability and boundedness of solutions to a specific type of third
order neutral stochastic differential equations with delay. The analysis focuses on the stability,

asymptotic stability and boundedness of solutions of the nonlinear neutral stochastic system. By
employing appropriate Lyapunov-Krasovskii functional techniques, the study provides insights
into the behavior of the solutions under various conditions. The results contribute to and extend
the understanding of the dynamics of third order neutral stochastic differential equations with
delay which have existed in the literature and have implications for applications in various
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fields. Examples are provided to show the effectiveness of the technique used and the reliability
of the obtained theoretical results.
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I INTRODUCTION

In this paper, we investigate the qualitative properties of
solutions to a specific type of third order neutral stochastic
differential equations with delay. The study focuses on
understanding the behavior of solutions to these equations
and analyzing criteria for stability, asymptotic stability and
boundedness of solution. By examining the qualitative
properties of the solutions, we aim to provide insights into the
dynamics of the system and its long-term behavior (i.e., as
t > oo ). This analysis contributes to the broader
understanding of neutral stochastic differential equations
with delay and their applications in various fields.
Functional differential equations are generally applicable
differential equations that include classical ordinary and
partial differential equations. Their applications can be found
in technical problems, mechanical systems under the action
of dissipative and gyroscopic forces, and hydraulic
engineering applications (see [17, 18, 19, 20, 22, 23, 24, 31,
33, 39,43]). Due to the unending applications of differential
equations to real life problems, authors have developed
standard techniques to study qualitative properties of
solutions to various branches of differential equations such as
ordinary differential equations ([10, 11, 13, 14, 15]), delay
differential equations ([2, 3, 5, 8, 9, 12, 16, 34, 35, 36, 38, 40,
41, 42]), stochastic differential equations with or without
delay ([4, 25, 26, 28, 29, 30, 37]), neutral delay differential
equations ([1, 6, 7, 8, 21, 32]), nonlinear third order neutral

stochastic differential equations with delay (see [27]) and the
references cited therein.

You see that recent work on nonlinear neutral stochastic
differential equations is scare in the literature, this scarcity in
this direction is not unconnected to difficulty in obtaining the
standard tool such as the Lyapunov functional, to obtain
qualitative properties of solutions. Neutral differential
equations with delay have a wide range of applications in
various fields. Some major areas where these equations are
commonly used include but not limited to: (i) Neutral
differential equations with delay are often used in modeling
biological systems such as population dynamics, disease
spread, and ecological interactions. The delay in these
equations can represent the time it takes for a biological
process to occur or for a population to respond to changes in
its environment; (ii)) In engineering, neutral differential
equations with delay are used to model systems with time
delays, such as control systems, communication networks,
and mechanical systems. These equations help engineers
analyze the stability and performance of these systems under
different conditions; (iii) Economic models often involve
time delays, such as the lag between changes in economic
policies and their effects on the economy. Neutral differential
equations with delay can be used to study the dynamics of
economic systems and predict future trends; (iv) In physics,
neutral differential equations with delay are used to model
systems with memory effects, such as viscoelastic materials
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or systems with delayed feedback. These equations help
physicists understand the behavior of complex systems and
predict their future evolution; and (iv) In neuroscience,
neutral differential equations with delay are used to model
neural networks and brain dynamics. The delay in these
equations can represent the time it takes for signals to
propagate through the brain or for neurons to respond to
stimuli.
Overall, neutral differential equations with delay are a
powerful tool for modeling dynamic systems with memory
effects and time delays, making them valuable in a wide range
of applications across different disciplines. Therefore,
research in this direction cannot be over-emphasized. In 2021
the authors [21] employed Lyapounv functional to establish
some new sufficient conditions under which all solutions of
nonlinear neutral delay differential equations

[x"@®) +Q(x"(t = )] + ¥ (x@®)x"

+@(x(6))x' () + h(x(t — 0)) = e(t)
are stable, bounded, and square integrable. Authors in [6]
discussed the stability, boundedness and existence of periodic
solutions of the nonlinear third order neutral differential
equations

[r® (x"® + a@a(x" (¢ — 7)) )]
+eOf (x(®)x" @) + PO g(x(t — 71),x'(t — 71))
+u@®h(x(t — 1) = p(D).
In [7] the asymptotic stability of a neutral differential system
with variable delay and nonlinear perturbation is considered,

namely,
x(t) = Ax(t) + Bx(t — t(©)) + Cx(t — 7(t))

+Q (x(t),x(t —1()), x(t - T(t))),
where A,B,C are square matrices, Q € C(R3",R"), and
x € R™. Recent work on third order nonlinear stochastic
differential equations with delay are as follows. Authors in
[26] studied asymptotic stability of certain nonlinear
differential equation

x"(t) +ax"(t) + ¢ (x’(t - r(t)))
+ (x(¢ = (1)) + ox(t = h)w'(£) = 0.

In [29], properties of solutions for non autonomous third
order stochastic differential equation with a constant delay is
discussed, namely,

x"'(6) + a@®)f(x(@®), x"([©)x" (£) + b(t)(p(x(t))x'(t)
+c(t)1,l}(x(t — r)) +g(t,x)o'(t) =
p(t,x(t),x’(t),x”(t)).

Recently in [28] the behaviour of solution to a kind of third
order stochastic integro-differential equation with time delay

is investigated, namely

x"'(t) + a@®)f(t,x'(£)x"(€) + b(£) g, (x’(t — r(t)))
+c(t) g, (x(t - r(t))) +ox(t — h(t))w'(t) =

P(t, x(t)) ft G(s, x’(s))x’(s)ds.

Delay”

Finally, according to our observation from relevant literature
the only paper on third order nonlinear neutral stochastic
differential equation is discussed in [27], the equation
discussed is
[x"(t) + dx"(t —r(t))] + ax"" + bx'(t — r(¢t))
+Ph(x(t — (1)) + ox(Hw'(t) = p(),
where p(:) =p (t,x(t),x(t — r(t)),x’(t)), ¢

constant satisfying 0 < ¢ < i, the continuous functions

IS a

Y(t),h(x) and p(-) depending only on the arguments
shown and h'(x) exist and are continuous for all x; the
constants o,a,b and B are positive with 0 < r(t) <,
which will be determined later, w(t) € R is the standard
Brownian motion.
The main focus of this expository paper is to obtain sufficient
conditions for the stability and boundedness of solutions of
the following third order nonlinear neutral stochastic
differential equation with delay, namely,
[x"(t) +ex"(t —1)] + f(x(t),x’(t))x" + g(x’(t — ‘[)) +
h(x(t — T)) +ox(w'(t) =p() (1.1)
where p() =p (t,x(t),x(t - r(t)),x’(t)), p:R* X
R3 >R, f:R2> R, g,h:R > R, the derivative g'(x")
and h'(x) exist and continuous for all x,x’, and ¢ > 0 is
a constant. The condition on ¢ in [27], which is equivalent
to constant & in (1.1) is not necessary in this investigation.
Clearly, equation (1.1) includes and extends the discussed
equation in [27], since equation (1.1) contains more nonlinear
functions except that T > 0 is a constant delay term define
in R while r(t), defined in the closed interval [0,f], is a
variable delay. Suppose that x'(t) = y(t), x"(t) = z(t),
and Z(t) = z(t) + ez(t — 7) equation (1.1) becomes
x' =y, y' =z
Z'=p() - f(x(®,y®)z(1) - g(y(®) = h(x(®D))
—ox(t)w'(t) + ftt_r [h’(x(s))y(s) + g’(y(s))]ds. (1.2)
Motivation for this work comes from the works in [7, 27,
28], where Lyapunov functionals are exploited to acquire
asymptotic stability, boundedness, existence and uniqueness
of solutions of the equations considered. Our notation shall
be x(t)=x, y(t)=y, z() =2z and f(x(t),y(t)) =
f(x,y). Section 2 presents definitions of terms and basic
results used in this paper. Stability of the trivial solution is
stated and proved in Section 3, boundedness result is
communicated in Section 4, and special cases of the
theoretical results obtained in Sections 3 and 4 is presented in
Section 5 and conclusion is finally presented in Section 6.

II. PRELIMINARY RESULTS

Let (&, {&t}e>0, P) be a complete probability space with
a filtration {&;}¢~o satisfying the usual conditions (i.e., it is
right continuous and {&,} contains all P —null sets). Let
B(t) = (By(t),, Bn(t)" be
Brownian motion defined on the probability space. Let |||

an m — dimensional

denotes the Euclidean norm in R™. If A is a vector or
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matrix, its transpose is denoted by AT. If A is a matrix, its
trace norm is denoted by
I A ll=+/trace (AT A).

Consider a non autonomous n — dimensional stochastic
delay differential equation

dx(t) = F(t,x(t),x(t — 7))dt
+G(t,x(t), x(t — 1))dB(t) Q.1
on t>0 with initial data {x(0):—t<6<0},x,€
C([-7,0],R"). Here F:R*XxR? > R" and G:R*x
R2" - R™™ are measurable functions. Suppose that the
functions F,G satisfy the local Lipschitz condition, given
any b>0, p=2  F(t0,0) € ci([o,b],R"), and
G(t,0,0) € CP([0,b], R™ ™). Then there must be a stopping
time B = f(w) > 0 such that equation (2.1) with x, €
Cgto [class of $&; — measurable C([—t,0], R™) — valued

random variables ¢, and E || & IIP<co] has a unique
maximal solution on t € [ty, 8] which is denoted by
x(t, xy). Assume further that
F(t,0,0) =G(t,0,0) =0
for all t > 0. Hence, the stochastic delay differential
equation admits zero solution x(t,0) =0 for any given
initial value x, € C([—7, 0], R™).
Let K denote the family of all continuous non-decreasing
functions p: R* - R* such that p(0) =0 and p(r) >0
if r# 0. In addition, K,
functions p € K with
Limp() = o~
Suppose that C2(R* x R®, R"), denotes the family of all
non negative functions V = V(t,x;) (Lyapunov functional)
defined on R x R"
differentiable in x and once in t. By It6’s formula we have
dv(t,x.) = LV (t,x.)dt + V. (t,x.)G(t, x.)dB(t),
where

denotes the family of all

which are twice continuously

LV(t,x;) = av(at;xt) + avg;ixt) F(t,x(®)
+%trace [GT(t, x)V,re (£, X)) G (£, x,)] 2.2)
with
Vet = C,y = 1,m
’ dx;0x; M T

In this study we will use the diffusion operator LV (t,x;)
defined in (2.2) to replace V’(t,x(t)) = %V(t,x(t)). We

now present the basic results that will be used in the proofs of
the main results.

Lemma 2.1 (See [17]) Assume that there exist V €
C2(R* x R",RY), and n € K such that

I V(0)=0, forall t > 0;

() V(tx)=nllx@® 1), n(r) > o0 as r - oo; and
(i) LV(t,x.) <0 forall (t,x) € Rt x R".

Then the zero solution of stochastic delay differential
equation (2.1) is stochastically stable. If conditions (ii) and

Delay”

(iii) hold then (2.1) with x, € Cé’to has a unique global
solution for t > 0 denoted by x(t; x,).

Lemma 2.2 (See [17]) Suppose that there exist V €
C2(R* x R, R"), and 1n¢,11,M, € K such that

(i V(,0)=0, forall t = 0;

(i) no(ll x(®) 1) < V (&, x¢), no(r) - © as r — oo; and
@Gii) LV (t,x.) < —n,(l x(&) ) forall (t,x,) € Rt x R™.
Then the zero solution of stochastic delay differential
equation (2.1) is stochastically asymptotically stable in the
large

Assumption 2.3 (See [25, 33]) Let V € CY2(R* x R™®, R"),

suppose that for any solutions x(ty, xy) of stochastic delay

differential equation (2.1) and for any fixed 0 < t, <T <

oo, we have

E*o {ftz szi(t,xt)Gl-zk(t,xt)dt} <mwl<i<nl<k<m
(2.3)

Assumption 2.4 (See [25, 33]) A special case of the general

condition (2.3) is the following condition. Assume that there

exists a function p(t) such that

|in(t,xt)Gik(t,xt)| <p(t),xeR"1<i<nl1l<k<m,
(2.4)

forany fixed 0 <t, < T < oo,
ftTo p2(t)dt < oo. 2.5)

t

E*o || x(t,x0) I< {V (¢, xo)e_fto a()ds
forall t >t,, where

+ AP, (2.6)

t t
A= | (pa(u)+ l/)(u))e'fu“(s)dsdu.

to

Lemma 2.5 (See [25, 37]) Assume there exists a Lyapunov
function V € CY2(RT X R, R"), satisfying Assumption 2.3,
such that for all (t,x) € RT x R,

@) x@) IP< V(L xe),

(i) LV(t, x,) < —a(®)VI(t, x.) + P(t),

(i) V(t,x) = VIt x) < p,

where a,y € C(R*,R"), p,q are positive constants, p =
1, and p is a non negative constant. Then all solutions of
stochastic delay differential equation (2.1) satisfy (2.6) for all
t > t,.

Corollary 2.6  Suppose that
’ ua(u) +yP(w) e_fti“(s)dsdu <M, (27
to

for all t > t, = 0 for some positive constant M.

Assume the hypotheses (i) to (iii) of Lemma 2.5 hold. If
condition (2.7) is satisfied, then all solutions of stochastic
delay differential equation (2.1) are stochastically bounded.
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I11. STABILITY OF SOLUTION

In this section we shall state and prove stability theorems. The
proofs of the theorems depend on properties of the
continuously differentiable functional V =V (x;,y;, Z;)
defined by

V = ath(s)ds + yh(x) +%(y2 +272?)
0

1 1
+ Eax2 +5af(x, Ny* +yg(y) +alx +y)Z

+ f_ T ft B [A,y%(0) + A,22(6)]dods

+ [ A32%(s)ds. 3.1)

Next, we shall present our assumptions as follows.

Assumption 3.1 Suppose that H; >0 i = (1,2,3,4,5), 0 <

c<1l c<a a<a andforall t=0

M 0<d<™™@<H x#0 W@ <cad )<

H, forall x
(ii) 0<bs%5H3 y#0, |g’()| <H, forall y

(iii) 0 < a; < f(x,y) < Hg forall x,y;
(iv) lylfe(x,y) <0, |z|f,(x,y) <0 forall x,y,z; and
W) Ip() <A <.

Theorem 3.2 If p(-) =0, and hypotheses (i) to (iv) are
satisfied and the inequality
T < min {i—;,ﬁ—z,BB—T}, (3.2)
where
B, =ad — 0% —¢eH;; B,:=a(H,+ H,);
By =ab—c—¢(a+H;)—(1+2a+H, —b);
B, == (2a+ 1)H, + a(H, + H,);
Bsi =a; —a—¢&(2a+ H, + H; + Hs)
—(1+2a+H,—b)—¢e(a+Hs);
Bs = (2a + €)H, + (¢ + 1)*(H, + Hy),

holds. Then the trivial solution X; = 0 of system (1.2) is not
only stable but asymptotically stable.

Proof. Let X, = (x;,V:,Z,) be any solution of system (1.2),
first we shall show that the continuously differentiable
functional V satisfy V(t,0) = 0, is positive semi-definite,
and that V is radially unbounded that is
Vo owasx?+y2+27%-> oo,

To see this the functional V defined by (3.1) obviously
satisfies the equation
V(t0)=0 (3.3)

for all ¢t > 0 and can be recast as
V=2(h() + )2+ f; [a— 1 ($)]h(s)ds

1 a a
+§(2ax +7)% + 5 [f (x.y) —aly? + 5(1 —a)x?

() 1 1 t
O ez ks ¢

0 t
f_T fHS [4v?(0) + 2,2%(0)]d6ds.

Applying the lower inequalities in hypotheses (I) to (iii),
h'(x) < c¢ and the fact that (dx + y)? +%(2ax +2)% +

1 2ay+2)2 =0V x,y,Z,
8

there exist a positive constant
a 1
M; = min {(a —cd+a(l- a),E(a1 —a)+ b'Z}

such that
V=M (x*+y%+27?), (3.4)
forall x,y and Z. From inequality (3.4) we find that
V=0 © x2+y2+7?2=0

it follows that
V > oasx?+y?+27% - oo (3.5)

Inequality (3.4) and estimate (3.5) clearly established that
the functional V defined by (3.1) is positive semi-definite.
Next, we shall prove that the functional V is negative semi-
definite noting that p(-) = 0. To see this the It6’s formula
defined by (2.2) with respect to the functional V is
calculated and simplified to be

LV =— [a@—laz]xz - [a@— h'(x) —1/11] y?
X 2 y
2 (0y) — @) — T; — Aslz? - [a¥- a] xy

af (x,y) + @ Xz

+[g'(y)+a+1—<¥—a>]yz

1 s, L 2 _ 3220t —
+5af (6 )Y + 5 azfy (6, = 2572 = )

t
+la(x +y) + Z]f [7'(x(s))y(s) + g’ (v(s))z(s)]ds

—£ @x + (@— a>y + (f(x,y) — a)z] z(t—1)
— L (Y2 () + 2,27 () dp. (3:6)
Employing hypotheses (i) to (iv), equation (3.6) becomes
LV < —%{al—a—ZAS—(1+2a+H4—b)
—&(a+ Hg) — [22, + (1 + &)(H, + Hy)]t)z?
—%{ab—c—e(a+H3)—(1+2a+H4—b)
—[22; + a(H, + H,)]t}y?
—%{ad — 0% —bH, —a(H, + H)1}x?

1 t
- [/11 3 (2a + 1)H2] y*(wdu
t-1
1
—[2; — Ee(Za + H, + H; + Hy) 3.7

_%5(1 +&)(Hy + Hy)t] 2°(t — 1)

— |22 =3 @a+ M| [, Z2Wdu =Ny = N, = N,
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1 %) 1
Ny:= Zadx2 + (—agyy - a) xy + Z(ab - o)y
whereN,: = %adx2 + [af(x, y) + %x) xz +%(a1 —a)z?;
Nj:= %(ab —-0)y* + (% - a) yz + %(a1 —a)z?.
Let
1 1
A= > (2a + DH,, A, = > (2a + €)H, and
1
13 = E[S(Za + Hl + H3 + Hs) + 8(1 + g)(HZ + H4)T].

Now since N;, N, and N; are quadratic functions, applying
Hessian matrix, it can be shown that N; =0, N, > 0 and
N; > 0 forall x,y, and z. There exists positive constant

1
Mz: = Emln{Bl - BZT’ B3 - B4T, le - BGT,}

such that
LV < =M, (x% + y% + z2), (3.8)
forall x,y,z and

LV <0, 3.9)
for all x,y,z. From equation (3.3), inequality (3.4), estimate
(3.5) and (3.8), hypotheses of Lemmas 2.1 and 2.2 hold,
hence by Lemmas 2.1 and 2.2 the trivial solution X; of the
neutral stochastic system (1.2) for p(:) = 0 is stochastically
asymptotically stable and stochastically stable respectively.
This completes the proof of Theorem 3.2.

Iv. BOUNDEDNESS OF SOLUTION

In this section, we shall state and prove a boundedness
theorem using (3.1), some inequalities and estimates (3.5)
already obtained in Section 3.

Theorem 4.1 If in addition to Theorem 3.2 hypothesis (v)
hold and the inequality

. B1 B3 B
T< mm{B—:,B—z,Bi:,} 4.1
where
Bi:=ad —o%?—¢cH;; B, :=a(H, + H,);
Bs:=ab—c—¢(a+H;) — (1 + 2a+ H, — b);
B, == (2a + 1)H, + a(H, + H,);
Bs,:=a; —a—¢e(a+ H; + H; + Hs) — 24¢
—(1+2a+H,—b)—¢e(a+Hy);
Bg: = (2a + b)H, + (¢ + 1)?(H, + H,)
holds. Then the solutions (X;) of system (1.2) is
stochastically bounded.

Proof. Let (X;) be any solution of system (1.2). Equation
(3.6) can be modified to accommodate p(-) # 0 as

LV =— [aw—laz] x% — [aM— h'(x) —T/11]y2
x 2 y

~2(F e y) — @) — Thy — Agla? [a@ _ a] X

—[af(x,y) +@] xz + [g’(y) +2a+1 —@]yz

+%afx(x. Vy> + %any(x.y)y2 +[a(x +y) + Z] x

{f [1(x()y(s) + g’ (y(s))z(s)]ds + p(')}

—¢ @x+(@—a)y+(f(x,y)—a)z]z(t_.[)

2%t — 1) — [ (Y2 + 1,22 W)dp.  (4.2)
Employing hypotheses (I) to (v), equation (4.2) becomes

LV < —%{al—a—213—(1+2a+H4—b)
—e(a+ Hg) — [24, + (1 + b)(H, + Hy)]t} 22
—%{ab—c—s(a+H3)—(1+2a+H4—b)
—[22, + a(H, + Hy)]7}y?
—%{ad —0? —bH, — a(H, + H)T}x?

1 t
- [/11 ) (2a + 1)H2] f y2(wdu
t—1
A5 — §5(2a +H, + Hs + Hs) — Ae

1
—Ee(l +¢&)(H,+ H)t—Ae — N,
—N, — N3]z*(t — 1)

1 t
— (42— E(za + 5)H4]J z*(p)du
t—T

+Amax{1, a}(|x| + |y| + |z]) + Ab, 4.3)
Where N;, N, and N; are defined above. There exists
positive constant

1
M3: = Emln{Bl - BzT, B3 - B4_T, BSZ - BGT,}

such that
LV < —M;(x% + y? + z2)
+Amax{1, a}(|x| + |y| + |z]) + Ae, (4.9)
forall x,y,z. Since |q| < g?+ 1 if follows that
Amax{1, a}(|x| + |y| + |z]) < Amax{1,a}(x? + y* +
z%) + 34Amax{1, a} 4.5)
for all x,y,z. From inequalities (4.4) and (4.5) there exist
positive constants M, and Mg such that
LV < —M,(x* + y? + z%) + My (4.6)
for all x,y,z provided that Amax{1,a} < M; where
M,:= M; — Amax{1,a} and Mg = 3Amax{1,a} + Ae.
Finally, from inequalities (3.4) and (4.6), estimates (iii) of
Lemma 2.5 holds so that u > 0. Also, From Lemma 2.5
inequalities 2.6 and 2.7 hold so that by Corollary 2.6, all
solutions of the neutral stochastic system (1.2) are
stochastically bounded. This completes the proof of Theorem
4.1

V. EXAMPLES

Consider the following special cases of equation (1.1). We

shall test the effectiveness and reliability of our tool and the

results obtained in Sections 3 and 4.

Example 1. Consider a nonlinear third order neutral

stochastic differential equation

20(sinx + sinx") + 21
sinx + sinx’ + 3

n

[x" +ex"(t — )] +
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5x'(t — 7) + 3(x'(t — 7))°
1T+ (X (t—1))?
N 21x(t — )[x2(t — ) + 6] + 40x(t — T)sinx(t — 1)
40[x2%(t — 1) + 6]

+1.264xw’ = 0, (5.1)

where € = 0.001 > 0. Equation (5.1) converted to system
of first order neutral stochastic is given by

xX'=y ¥y =z
70— 20(sinx + siny) + 21 y(3y? +5)
h sinx + siny + 3 y2+1
21x(x% + 6) + 40xsinx 1 2640
40(x2 + 6) EhEXW
£ [%(s) + D(BY*(s) +5) — 4y*(s)
+f > > z(s)ds
-t (1 +y2(s))

+ ft [21(6 + x%(5))* + 40(6 + x?(s))(sinx(s)
t—-1

+x(s)cosx(s)) — 80x2(s)sinx(s)] X

[40(6 + x2(s))?] y(s)ds. (5.2)
Comparing (1.2) and (5.2) we find that:
(i) The function
21x(6 + x2) + 40xsinx  21x
h(x) = 20(6 + x2) =4—0+xH(x)
where
_ sinx
H(x):= RS

The graph of H(x) isshown in Figure 1 where we found that
—0.125 < H(x) < 0.125
and that
h(x)
0.4=dSTSH1=O.65, x #0,
as depicted in Figure 2. This fulfills the first inequalities of
Assumption 3.1 ().

H(x) £0.125

0.05
H(x) 2-0.125

Figure 1: Upper and lower bounds on the functions
H(x) on the inteval —4mw < x < 47|

A(x)

<H =065 050

-27 3n - n 0

_ T 3n 2wy
2 2 2

1
|
N|:=a

Figure 2: Upper bound on the functions @ for all

x#0 on -2 < x<2m.

(1) Next the derivative of the function h is
,. 21 sinx+xcosx  2x’sinx
h(x)_ﬁ-i_ 6+x2  (6+x2)?
and |h'(x)| < H, = 0.724, the coincide paths of h'(x)
and |h'(x)| are shown in Figure 3 and Figure 4 at different
intervals of real —4m <x <4m and —50m <x <507
respectively, thus 2nd and 3rd inequalities of Assumption 3.1

<c=0.724

(1) are satisfied.
(iii) Next the function

9():=3y+yG(y), where G(y):=

It is shown in Figure 5 that
001<G(y)<2
for all y on —10<y <10. It follows from the last

inequalities and Figure 6 that

b=3.o1s@SH3=5, y #0.

() = ()] QTﬂ

y2+1

W(x) <c=0.724
n'(x)| < H,=0.724

-4r -3m -2nm -r 0 n 2n in 4n
X

Figure 3: The functions h'(x) and |h'(x)| on the
inteval —4mw < x < 4m.
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h(x) <ec=0.724
[#'(x)| < H, =0.724

-48 -32n -l6m 0 16m 2n 48 1
X

Figure 4: The functions h'(x) and |h'(x)| on the
interval —50m < x < 50m.

-10 -5 0 5 10|

Figure 5: Upper and lower bounds on the functions
G(y) on —10r <y < 10m.

Delay”

(iv) Furthermore, the derivative of the function g is
4y?

2
IO =3 T yy
and
g’ < Hy=5
forall y and its path is shown in Figure 7 on the real interval
—-15 <y <15.

(v) Figure 8 shows the function
fO,y):=20+F(x,y)
on —2m < x,y < 2m, where

Feoy) = sinx + siny + 3
and it can be shown that 0 < F(x,y) Si for all x,y.
Therefore,

20=a; < f(x,y) < Hs = 20.33
for all x and y, this satisfies inequality in hypothesis (iii)
of Assumption 3.1.

4.5

dg(y) [_ .,
[ 7w g < H, =5

-15 -10 -5 0 5 10 15

Figure 7: The upper bound on function |g'(y)| on
-15<y <15

Figure 8: The bounds on function f(x,y) on —2m <

x,y<2m
-10 -5 0 5 10
Y
a» (vi) In addition, the derivative of the function f with respect
Figure 6: The functions = on the interval —10 < to x is defined as
y < 10. — cosx <0V
f(xy) (sinx + siny + 3)? el
The solid generate by this rate of change in f with respect
5039 | Ademola, A. T.%, IIMCR Volume 13 Issue 04 April 2025



“Stability and Boundedness of Solutions to a Kind of Third Order Neutral Stochastic Differential Equations with
Delay”

to x is shown in Figure 9 on —2n < x,y < 2m and
Y1) = bleosx oy
Yl y) = (sinx + siny + 3)2 ~ Xy

as shown in Figure 10 on —2m < x,y < 2m.

Figure 9: The function f,(x,y) for —2mr <x,y <2m

Figure 10: The function |y|f,(x,y) on —2m < x,y <
2m

(vii) The derivative of the function f with respect to variable
y is
cosy

Y) = —— . <0
f®y) (sinx + siny + 3)?

for all x,y and
cosy

= — <
21y (%, ) I7I (sinx + siny + 3)2 0
forall x,y,z. Figures 11 and 12 depict the solids represented
by f,(x,y) and |z|f,(x,y) respectively on —2m < x,y <

21.

Figure 11:  The function f,(x,y) <0 on —2m <
x,y<2m

0
HE S(xy)
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Figure 12: The function |z|f,(x,y) on —2m <X,y <
2n

To estimate the value of the constant 7, we calculate the
following relations
B;:=ad — 0% — ¢H; = 0.001654 > 0;
B, :=a(H, + H) =4>0;
Bs:=ab—c—¢(a+H;)— (A +2a+H,—b)=2325
> 0;

B,:= (2a + DH, + a(H, + H,) = 10.516 > 0;
Bsi:=a; —a—¢e(a+H; + H; + Hy) —
(1+2a+H, —b) —e(a + Hs) = 6.95169 > 0;

Bg = (2a + €)H, + (¢ + 1)*(H, + H,)
= 27.73445172 > 0,

holds. It follows that
7 < min {ﬁ,%,@}
B, B, Bg
= min{0.0004135,0.2210916698, 0.250651791}
= 0.0004135,
this implies that 7 < 0.0004135. The hypotheses of
Theorem 3.2 hold and by Theorem 3.2 the trivial solution
X; = 0 of system (5.2) is not only stable but asymptotically

stable.

Example 2. Consider a nonlinear third order neutral
stochastic differential equation with nonzero forcing term
20(sinx + sinx") + 21

sinx + sinx’ + 3

5x'(t — 1) + 3(x'(t — 1))3
14 ('t —1))?

21x(t — T)[x2(t — ) + 6] + 40x(t — T)sinx(t — 1)

+ 40[x2(t — 1) + 6]

+1.264xw’ = p(.), (5.3)

12

[x"+ex"(t—1)] +

Equation (5.3) converted to system of first order neutral
stochastic is given by
X'=y, ¥y =z
20(sinx + siny) + 21 y(3y?*+5)
| sinx + siny + 3 = y2+1
21x(x? + 6) + 40xsinx
B 40(x2 + 6)

YA

—1.264xw’
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4 ft O*(s) + DBY*(s) +5) — 4y°(s) 2(s)ds

— (1 +y%(s))?

t
g
t—T
+x(s)cosx(s)) — 80x2(s)sinx(s)] X
[40(6 + x%(s))?] ty(s)ds (5.4
Comparing (1.2) and (5.4) we find that items (i) to (vii) in
Example 1 hold and in addition let

[21(6 + x%(s))* + 40(6 + x2(s))(sinx(s)

1
3+t24+x2+x2(t—1) +y2()
Clearly 3 +t? +x2? + x2(t — ) + y?(t) = 3 so that

1 < 1
3+24+x2+x2(t—1)+y2() " 3
from this inequality we conclude that

1
P(')=§+

0<

8
D)< = —
p() <A 15<00,

so that Assumption 3.1 (v) is satisfied. To estimate the value
of the constant 7 in this case, we calculate the following
relations
B;:=ad — 0% — eH; = 0.001654 > 0;
B, =a(H,+H,) =4>0;
Bsi=ab—c—¢(a+H;)— (1 +2a+H,—b)=2325
> 0;

B,:=(2a+ 1)H, + a(H, + H,) = 10.516 > 0;
Bg,:=a, —a—¢&(2a + H, + H; + Hs)
—2Ae—(1+2a+H,—b)

—e&(a + Hs) = 6.950623333 > 0 > 0;

Bg == (2a + &)H, + (¢ + 1)*(H, + H,)
= 27.73445172 > 0,

holds. It follows that

T< min{i,%,@}

B, B, Bg

= min{0.0004135,0.2210916698,0.250651791}

= 0.0004135,
this implies that the inclusion of the forcing term in this
example is insignificant, i.e., the constant t is the same as in
Example 1 (t < 0.0004135). The hypotheses of Theorem
4.1 hold and by Theorem 4.1 the solutions X; ofsystem (5.4)

is stochastically bounded.

VL CONCLUSION

In conclusion, this study investigated the stability and
boundedness of solutions to a specific type of third order
neutral stochastic differential equations with delay. The
results provide valuable insights into the behavior of these
equations and contribute to the understanding of their
dynamics. Further research in this area could focus on
exploring additional properties of solutions and their
applications in various fields.
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