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This study investigates the stability and boundedness of solutions to a specific type of third 

order neutral stochastic differential equations with delay. The analysis focuses on the stability, 

asymptotic stability and boundedness of solutions of the nonlinear neutral stochastic system. By 

employing appropriate Lyapunov-Krasovskii functional techniques, the study provides insights 

into the behavior of the solutions under various conditions. The results contribute to and extend 

the understanding of the dynamics of third order neutral stochastic differential equations with 

delay which have existed in the literature and have implications for applications in various 

fields. Examples are provided to show the effectiveness of the technique used and the reliability 

of the obtained theoretical results. 
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I. INTRODUCTION 

In this paper, we investigate the qualitative properties of 

solutions to a specific type of third order neutral stochastic 

differential equations with delay. The study focuses on 

understanding the behavior of solutions to these equations 

and analyzing criteria for stability, asymptotic stability and 

boundedness of solution. By examining the qualitative 

properties of the solutions, we aim to provide insights into the 

dynamics of the system and its long-term behavior (i.e., as 

𝑡 → ∞ .. This analysis contributes to the broader 

understanding of neutral stochastic differential equations 

with delay and their applications in various fields. 

Functional differential equations are generally applicable 

differential equations that include classical ordinary and 

partial differential equations. Their applications can be found 

in technical problems, mechanical systems under the action 

of dissipative and gyroscopic forces, and hydraulic 

engineering applications (see [17, 18, 19, 20, 22, 23, 24, 31, 

33, 39,43].. Due to the unending applications of differential 

equations to real life problems, authors have developed 

standard techniques to study qualitative properties of 

solutions to various branches of differential equations such as 

ordinary differential equations ([10, 11, 13, 14, 15]., delay 

differential equations ([2, 3, 5, 8, 9, 12, 16, 34, 35, 36, 38, 40, 

41, 42]., stochastic differential equations with or without 

delay ([4, 25, 26, 28, 29, 30, 37]., neutral delay differential 

equations ([1, 6, 7, 8, 21, 32]., nonlinear third order neutral 

stochastic differential equations with delay (see [27]. and the 

references cited therein. 

You see that recent work on nonlinear neutral stochastic 

differential equations is scare in the literature, this scarcity in 

this direction is not unconnected to difficulty in obtaining the 

standard tool such as the Lyapunov functional, to obtain 

qualitative properties of solutions. Neutral differential 

equations with delay have a wide range of applications in 

various fields. Some major areas where these equations are 

commonly used include but not limited to: (i. Neutral 

differential equations with delay are often used in modeling 

biological systems such as population dynamics, disease 

spread, and ecological interactions. The delay in these 

equations can represent the time it takes for a biological 

process to occur or for a population to respond to changes in 

its environment; (ii. In engineering, neutral differential 

equations with delay are used to model systems with time 

delays, such as control systems, communication networks, 

and mechanical systems. These equations help engineers 

analyze the stability and performance of these systems under 

different conditions; (iii. Economic models often involve 

time delays, such as the lag between changes in economic 

policies and their effects on the economy. Neutral differential 

equations with delay can be used to study the dynamics of 

economic systems and predict future trends; (iv. In physics, 

neutral differential equations with delay are used to model 

systems with memory effects, such as viscoelastic materials 
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or systems with delayed feedback. These equations help 

physicists understand the behavior of complex systems and 

predict their future evolution; and (iv. In neuroscience, 

neutral differential equations with delay are used to model 

neural networks and brain dynamics. The delay in these 

equations can represent the time it takes for signals to 

propagate through the brain or for neurons to respond to 

stimuli. 

Overall, neutral differential equations with delay are a 

powerful tool for modeling dynamic systems with memory 

effects and time delays, making them valuable in a wide range 

of applications across different disciplines. Therefore, 

research in this direction cannot be over-emphasized. In 2021 

the authors [21] employed Lyapounv functional to establish 

some new sufficient conditions under which all solutions of 

nonlinear neutral delay differential equations  

[𝑥′′(𝑡) + Ω(𝑥′′(𝑡 − 𝑟))]
′

+ Ψ(𝑥(𝑡))𝑥′′ 

+Φ(𝑥(𝑡))𝑥′(𝑡) + ℎ(𝑥(𝑡 − 𝜎)) = 𝑒(𝑡) 

are stable, bounded, and square integrable. Authors in [6] 

discussed the stability, boundedness and existence of periodic 

solutions of the nonlinear third order neutral differential 

equations 

[𝑟(𝑡) (𝑥′′(𝑡) + 𝑞(𝑡)Φ(𝑥′′(𝑡 − 𝜏0)))]
′

 

+𝝋(𝒕)𝒇(𝒙(𝒕))𝒙′′(𝒕) + 𝝍(𝒕)𝒈(𝒙(𝒕 − 𝝉𝟏), 𝒙′(𝒕 − 𝝉𝟏))

+ 𝜇(𝑡)ℎ(𝑥(𝑡 − 𝜏1)) = 𝑝(𝑡). 

In [7] the asymptotic stability of a neutral differential system 

with variable delay and nonlinear perturbation is considered, 

namely,  

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝜏(𝑡)) + 𝐶𝑥̇(𝑡 − 𝜏(𝑡)) 

+𝑄 (𝑥(𝑡), 𝑥(𝑡 − 𝜏(𝑡)), 𝑥̇(𝑡 − 𝜏(𝑡))), 

where 𝐴, 𝐵, 𝐶  are square matrices, 𝑄 ∈ 𝐶(ℝ3𝑛 , ℝ𝑛),  and 

𝑥 ∈ ℝ𝑛.  Recent work on third order nonlinear stochastic 

differential equations with delay are as follows. Authors in 

[26] studied asymptotic stability of certain nonlinear 

differential equation  

𝑥′′′(𝑡) + 𝑎𝑥′′(𝑡) + 𝜙 (𝑥′(𝑡 − 𝑟(𝑡))) 

+𝜓 (𝑥(𝑡 − 𝑟(𝑡))) + 𝜎𝑥(𝑡 − ℎ)𝜔′(𝑡) = 0. 

In [29], properties of solutions for non autonomous third 

order stochastic differential equation with a constant delay is 

discussed, namely,  

𝑥′′′(𝑡) + 𝑎(𝑡)𝑓(𝑥(𝑡), 𝑥′(𝑡))𝑥′′(𝑡) + 𝑏(𝑡)𝜑(𝑥(𝑡))𝑥′(𝑡) 

+𝑐(𝑡)𝜓(𝑥(𝑡 − 𝑟)) + 𝑔(𝑡, 𝑥)𝜔′(𝑡) = 

𝑝(𝑡, 𝑥(𝑡), 𝑥′(𝑡), 𝑥′′(𝑡)). 

Recently in [28] the behaviour of solution to a kind of third 

order stochastic integro-differential equation with time delay 

is investigated, namely  

𝑥′′′(𝑡) + 𝑎(𝑡)𝑓(𝑡, 𝑥′(𝑡))𝑥′′(𝑡) + 𝑏(𝑡)𝑔1 (𝑥′(𝑡 − 𝑟(𝑡))) 

+𝑐(𝑡)𝑔2 (𝑥(𝑡 − 𝑟(𝑡))) + 𝜎𝑥(𝑡 − ℎ(𝑡))𝜔′(𝑡) = 

𝑃(𝑡, 𝑥(𝑡)) ∫
𝑡

0

𝐺(𝑠, 𝑥′(𝑠))𝑥′(𝑠)𝑑𝑠. 

Finally, according to our observation from relevant literature 

the only paper on third order nonlinear neutral stochastic 

differential equation is discussed in [27], the equation 

discussed is  

[𝑥′′(𝑡) + 𝜙𝑥′′(𝑡 − 𝑟(𝑡))]′ + 𝑎𝑥′′ + 𝑏𝑥′(𝑡 − 𝑟(𝑡)) 

+𝜓ℎ(𝑥(𝑡 − 𝑟(𝑡))) + 𝜎𝑥(𝑡)𝜔′(𝑡) = 𝑝(⋅), 

where 𝑝(⋅) = 𝑝 (𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝑟(𝑡)), 𝑥′(𝑡)),  𝜙  is a 

constant satisfying 0 ≤ 𝜙 ≤
1

2
,  the continuous functions 

𝜓(𝑡), ℎ(𝑥)  and 𝑝(⋅)  depending only on the arguments 

shown and ℎ′(𝑥)  exist and are continuous for all 𝑥;  the 

constants 𝜎, 𝑎, 𝑏  and 𝛽  are positive with 0 ≤ 𝑟(𝑡) ≤ 𝛽, 

which will be determined later,𝜔(𝑡) ∈ ℝ  is the standard 

Brownian motion. 

The main focus of this expository paper is to obtain sufficient 

conditions for the stability and boundedness of solutions of 

the following third order nonlinear neutral stochastic 

differential equation with delay, namely,  

[𝑥′′(𝑡) + 𝜀𝑥′′(𝑡 − 𝜏)]′ + 𝑓(𝑥(𝑡), 𝑥′(𝑡))𝑥′′ + 𝑔(𝑥′(𝑡 − 𝜏)) +

ℎ(𝑥(𝑡 − 𝜏)) + 𝜎𝑥(𝑡)𝜔′(𝑡) = 𝑝(⋅)  (1.1. 

where 𝑝(⋅) = 𝑝 (𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝑟(𝑡)), 𝑥′(𝑡)),  𝑝: ℝ+ ×

ℝ3 → ℝ, 𝑓: ℝ2 → ℝ, 𝑔, ℎ: ℝ → ℝ, the derivative 𝑔′(𝑥′)  

and ℎ′(𝑥) exist and continuous for all 𝑥, 𝑥′, and 𝜎 > 0 is 

a constant. The condition on 𝜙 in [27], which is equivalent 

to constant 𝜀 in (1.1. is not necessary in this investigation. 

Clearly, equation (1.1. includes and extends the discussed 

equation in [27], since equation (1.1. contains more nonlinear 

functions except that 𝜏 > 0 is a constant delay term define 

in ℝ while 𝑟(𝑡), defined in the closed interval [0, 𝛽], is a 

variable delay. Suppose that 𝑥′(𝑡) = 𝑦(𝑡),  𝑥′′(𝑡) = 𝑧(𝑡), 

and 𝑍(𝑡) = 𝑧(𝑡) + 𝜀𝑧(𝑡 − 𝜏) equation (1.1. becomes 

𝑥′ = 𝑦, 𝑦′ = 𝑧 

Z′ = 𝑝(⋅) − 𝑓(𝑥(𝑡), 𝑦(𝑡))𝑧(𝑡) − 𝑔(𝑦(𝑡)) − ℎ(𝑥(𝑡)) 

−𝜎𝑥(𝑡)𝜔′(𝑡) + ∫
𝑡

𝑡−𝜏
[ℎ′(𝑥(𝑠))𝑦(𝑠) + 𝑔′(𝑦(𝑠))]𝑑𝑠. (1.2. 

 Motivation for this work comes from the works in [7, 27, 

28], where Lyapunov functionals are exploited to acquire 

asymptotic stability, boundedness, existence and uniqueness 

of solutions of the equations considered. Our notation shall 

be 𝑥(𝑡) = 𝑥,  𝑦(𝑡) = 𝑦,  𝑧(𝑡) = 𝑧,  and 𝑓(𝑥(𝑡), 𝑦(𝑡)) =

𝑓(𝑥, 𝑦).  Section 2 presents definitions of terms and basic 

results used in this paper. Stability of the trivial solution is 

stated and proved in Section 3, boundedness result is 

communicated in Section 4, and special cases of the 

theoretical results obtained in Sections 3 and 4 is presented in 

Section 5 and conclusion is finally presented in Section 6. 

 

II. PRELIMINARY RESULTS 

Let (Ω, 𝔉, {𝔉𝑡}𝑡>0, ℙ) be a complete probability space with 

a filtration {𝔉𝑡}𝑡>0 satisfying the usual conditions (i.e., it is 

right continuous and {𝔉0}  contains all ℙ − null sets.. Let 

𝐵(𝑡) = (𝐵1(𝑡), ⋯ , 𝐵𝑚(𝑡))𝑇  be an 𝑚 − dimensional 

Brownian motion defined on the probability space. Let ∥⋅∥ 

denotes the Euclidean norm in ℝ𝑛 .  If 𝐴  is a vector or 
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matrix, its transpose is denoted by 𝐴𝑇 . If 𝐴 is a matrix, its 

trace norm is denoted by 

∥ 𝐴 ∥= √𝑡𝑟𝑎𝑐𝑒 (𝐴𝑇𝐴). 

Consider a non autonomous 𝑛 − dimensional stochastic 

delay differential equation  

𝑑𝑥(𝑡) = 𝐹(𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝜏))𝑑𝑡 

+𝐺(𝑡, 𝑥(𝑡), 𝑥(𝑡 − 𝜏))𝑑𝐵(𝑡) (2.1. 

on 𝑡 > 0  with initial data {𝑥(𝜃): −𝜏 ≤ 𝜃 ≤ 0}, 𝑥0 ∈

𝐶([−𝜏, 0], ℝ𝑛).  Here 𝐹: ℝ+ × ℝ2𝑛 → ℝ𝑛  and 𝐺: ℝ+ ×

ℝ2𝑛 → ℝ𝑛×𝑚  are measurable functions. Suppose that the 

functions 𝐹, 𝐺  satisfy the local Lipschitz condition, given 

any 𝑏 > 0,  𝑝 ≥ 2,  𝐹(𝑡, 0,0) ∈ 𝐶1([0, 𝑏], ℝ𝑛),  and 

𝐺(𝑡, 0,0) ∈ 𝐶𝑝([0, 𝑏], ℝ𝑚×𝑛). Then there must be a stopping 

time 𝛽 = 𝛽(𝜔) > 0  such that equation (2.1. with 𝑥0 ∈

𝐶𝔉𝑡0

𝑝
  [class of 𝔉𝔱 − measurable 𝐶([−𝜏, 0], ℝ𝑛) − valued 

random variables 𝜉𝑡  and 𝐸 ∥ 𝜉𝑡 ∥𝑝< ∞ ] has a unique 

maximal solution on 𝑡 ∈ [𝑡0, 𝛽]  which is denoted by 

𝑥(𝑡, 𝑥0). Assume further that  

𝐹(𝑡, 0,0) = 𝐺(𝑡, 0,0) = 0 

for all 𝑡 ≥ 0.  Hence, the stochastic delay differential 

equation admits zero solution 𝑥(𝑡, 0) ≡ 0  for any given 

initial value 𝑥0 ∈ 𝐶([−𝜏, 0], ℝ𝑛). 

Let 𝕂  denote the family of all continuous non-decreasing 

functions 𝜌: ℝ+ → ℝ+  such that 𝜌(0) = 0  and 𝜌(𝑟) > 0 

if 𝑟 ≠ 0.  In addition, 𝕂∞  denotes the family of all 

functions 𝜌 ∈ 𝕂 with  

Lim
𝑟→∞

𝜌(𝑟) = ∞. 

Suppose that 𝐶1,2(ℝ+ × ℝ𝑛, ℝ+), denotes the family of all 

non negative functions 𝑉 = 𝑉(𝑡, 𝑥𝑡) (Lyapunov functional. 

defined on ℝ+ × ℝ𝑛  which are twice continuously 

differentiable in 𝑥 and once in 𝑡. By Itô’s formula we have  

𝑑𝑉(𝑡, 𝑥𝑡) = 𝐿𝑉(𝑡, 𝑥𝑡)𝑑𝑡 + 𝑉𝑥(𝑡, 𝑥𝑡)𝐺(𝑡, 𝑥𝑡)𝑑𝐵(𝑡), 

where  

𝐿𝑉(𝑡, 𝑥𝑡) =
𝜕𝑉(𝑡, 𝑥𝑡)

𝜕𝑡
+

𝜕𝑉(𝑡, 𝑥𝑡)

𝜕𝑥𝑖

𝐹(𝑡, 𝑥(𝑡)) 

+
1

2
𝑡𝑟𝑎𝑐𝑒 [𝐺𝑇(𝑡, 𝑥𝑡)𝑉𝑥𝑥(𝑡, 𝑥𝑡)𝐺(𝑡, 𝑥𝑡)] (2.2. 

with 

𝑉𝑥𝑥(𝑡, 𝑥𝑡) = (
𝜕2𝑉(𝑡, 𝑥𝑡)

𝜕𝑥𝑖𝜕𝑥𝑗

)𝑛×𝑛, 𝑖, 𝑗 = 1, ⋯ , 𝑛 

In this study we will use the diffusion operator 𝐿𝑉(𝑡, 𝑥𝑡) 

defined in (2.2. to replace 𝑉′(𝑡, 𝑥(𝑡)) =
𝑑

𝑑𝑡
𝑉(𝑡, 𝑥(𝑡)).  We 

now present the basic results that will be used in the proofs of 

the main results. 

 

Lemma 2.1 (See [17]) Assume that there exist 𝑉 ∈

𝐶1,2(ℝ+ × ℝ𝑛, ℝ+), and 𝜂 ∈ 𝕂 such that   

(I.  𝑉(𝑡, 0) = 0, for all 𝑡 ≥ 0; 

(ii.  𝑉(𝑡, 𝑥𝑡) ≥ 𝜂(∥ 𝑥(𝑡) ∥), 𝜂(𝑟) → ∞ as 𝑟 → ∞; and 

(iii.  𝐿𝑉(𝑡, 𝑥𝑡) ≤ 0 for all (𝑡, 𝑥) ∈ ℝ+ × ℝ𝑛. 

Then the zero solution of stochastic delay differential 

equation (2.1. is stochastically stable. If conditions (ii. and 

(iii. hold then (2.1. with 𝑥0 ∈ 𝐶𝔉𝑡0

𝑝
  has a unique global 

solution for 𝑡 > 0 denoted by 𝑥(𝑡; 𝑥0). 

 

Lemma 2.2 (See [17]) Suppose that there exist 𝑉 ∈

𝐶1,2(ℝ+ × ℝ𝑛, ℝ+), and 𝜂0, 𝜂1, 𝜂2 ∈ 𝕂 such that 

(𝑖) 𝑉(𝑡, 0) = 0, for all 𝑡 ≥ 0; 

(ii. 𝜂0(∥ 𝑥(𝑡) ∥) ≤ 𝑉(𝑡, 𝑥𝑡), 𝜂0(𝑟) → ∞ as 𝑟 → ∞; and 

(iii. 𝐿𝑉(𝑡, 𝑥𝑡) ≤ −𝜂2(∥ 𝑥(𝑡) ∥) for all (𝑡, 𝑥𝑡) ∈ ℝ+ × ℝ𝑛 . 

Then the zero solution of stochastic delay differential 

equation (2.1. is stochastically asymptotically stable in the 

large 

 

Assumption 2.3 (See [25, 33]) Let 𝑉 ∈ 𝐶1,2(ℝ+ × ℝ𝑛, ℝ+), 

suppose that for any solutions 𝑥(𝑡0, 𝑥0) of stochastic delay 

differential equation (2.1) and for any fixed 0 ≤ 𝑡0 ≤ 𝑇 <

∞, we have  

𝐸𝑥0 {∫
𝑇

𝑡0
𝑉𝑥𝑖

2(𝑡, 𝑥𝑡)𝐺𝑖𝑘
2 (𝑡, 𝑥𝑡)𝑑𝑡} < ∞, 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑚.

 (2.3. 

 

Assumption 2.4 (See [25, 33]) A special case of the general 

condition (2.3) is the following condition. Assume that there 

exists a function 𝜌(𝑡) such that  

|𝑉𝑥𝑖
(𝑡, 𝑥𝑡)𝐺𝑖𝑘(𝑡, 𝑥𝑡)| < 𝜌(𝑡), 𝑥 ∈ ℝ𝑛 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑘 ≤ 𝑚,

 (2.4. 

for any fixed 0 ≤ 𝑡0 ≤ 𝑇 < ∞,  

 ∫
𝑇

𝑡0
𝜌2(𝑡)𝑑𝑡 < ∞.               (2.5. 

𝐸𝑥0 ∥ 𝑥(𝑡, 𝑥0) ∥≤ {𝑉(𝑡0, 𝑥0)𝑒
− ∫

𝑡
𝑡0

𝛼(𝑠)𝑑𝑠
+ 𝐴}

1

𝑝, (2.6. 

 for all 𝑡 ≥ 𝑡0, where 

𝐴: = ∫
𝑡

𝑡0

(𝜇𝛼(𝑢) + 𝜓(𝑢))𝑒− ∫
𝑡

𝑢 𝛼(𝑠)𝑑𝑠𝑑𝑢. 

 

Lemma 2.5 (See [25, 37]) Assume there exists a Lyapunov 

function 𝑉 ∈ 𝐶1,2(ℝ+ × ℝ𝑛, ℝ+), satisfying Assumption 2.3, 

such that for all (𝑡, 𝑥) ∈ ℝ+ × ℝ𝑛 ,  

(i. ∥ 𝑥(𝑡) ∥𝑝≤ 𝑉(𝑡, 𝑥𝑡),  

(ii. 𝐿𝑉(𝑡, 𝑥𝑡) ≤ −𝛼(𝑡)𝑉𝑞(𝑡, 𝑥𝑡) + 𝜓(𝑡),  

(iii. 𝑉(𝑡, 𝑥𝑡) − 𝑉𝑞(𝑡, 𝑥𝑡) ≤ 𝜇, 

where 𝛼, 𝜓 ∈ 𝐶(ℝ+, ℝ+),  𝑝, 𝑞  are positive constants, 𝑝 ≥

1, and 𝜇 is a non negative constant. Then all solutions of 

stochastic delay differential equation (2.1. satisfy (2.6. for all 

𝑡 ≥ 𝑡0. 

 

Corollary 2.6   Suppose that 

 ∫
𝑡

𝑡0
(𝜇𝛼(𝑢) + 𝜓(𝑢))𝑒− ∫

𝑡
𝑢 𝛼(𝑠)𝑑𝑠𝑑𝑢 ≤ 𝑀, (2.7. 

for all 𝑡 ≥ 𝑡0 ≥ 0 for some positive constant 𝑀.  

Assume the hypotheses (i. to (iii. of Lemma 2.5 hold. If 

condition (2.7. is satisfied, then all solutions of stochastic 

delay differential equation (2.1. are stochastically bounded. 
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III. STABILITY OF SOLUTION 

In this section we shall state and prove stability theorems. The 

proofs of the theorems depend on properties of the 

continuously differentiable functional 𝑉 = 𝑉(𝑥𝑡 , 𝑦𝑡 , 𝑍𝑡) 

defined by  

V = 𝑎 ∫
𝑥

0

ℎ(𝑠)𝑑𝑠 + 𝑦ℎ(𝑥) +
1

2
(𝑦2 + 𝑍2) 

+
1

2
𝑎𝑥2 +

1

2
𝑎𝑓(𝑥, 𝑦)𝑦2 + 𝑦𝑔(𝑦) + 𝑎(𝑥 + 𝑦)𝑍 

+ ∫
0

−𝜏

∫
𝑡

𝑡+𝑠

[𝜆1𝑦2(𝜃) + 𝜆2𝑧2(𝜃)]𝑑𝜃𝑑𝑠 

+ ∫
𝑡

𝑡−𝜏
𝜆3𝑧2(𝑠)𝑑𝑠.    (3.1. 

 Next, we shall present our assumptions as follows.  

 

Assumption 3.1 Suppose that 𝐻𝑖 > 0 𝑖 = (1,2,3,4,5), 0 <

𝑐 < 1, 𝑐 < 𝑎, 𝑎 < 𝑎1 and for all 𝑡 ≥ 0 

(I. 0 < 𝑑 ≤
ℎ(𝑥)

𝑥
≤ 𝐻1  𝑥 ≠ 0,  ℎ′(𝑥) ≤ 𝑐  and |ℎ′(𝑥)| ≤

𝐻2 for all 𝑥 

(ii. 0 < 𝑏 ≤
𝑔(𝑦)

𝑦
≤ 𝐻3 𝑦 ≠ 0, |𝑔′(𝑦)| ≤ 𝐻4 for all 𝑦 

(iii. 0 < 𝑎1 ≤ 𝑓(𝑥, 𝑦) ≤ 𝐻5 for all 𝑥, 𝑦;  

(iv. |𝑦|𝑓𝑥(𝑥, 𝑦) ≤ 0, |𝑧|𝑓𝑦(𝑥, 𝑦) ≤ 0 for all 𝑥, 𝑦, 𝑧; and 

(v. |𝑝(⋅)| ≤ 𝐴 < ∞.  

  

  

Theorem 3.2 If 𝑝(⋅) ≡ 0,  and hypotheses (i) to (iv) are 

satisfied and the inequality  

           𝜏 < min {
𝐵1

𝐵2
,

𝐵3

𝐵4
,

𝐵51

𝐵6
},                (3.2. 

 where  

𝐵1 = 𝑎𝑑 − 𝜎2 − 𝜀𝐻1;     𝐵2 ≔ 𝑎(𝐻2 + 𝐻4); 

𝐵3 = 𝑎𝑏 − 𝑐 − 𝜀(𝑎 + 𝐻3) − (1 + 2𝑎 + 𝐻4 − 𝑏); 

𝐵4 ≔ (2𝑎 + 1)𝐻2 + 𝑎(𝐻2 + 𝐻4); 

𝐵51 = 𝑎1 − 𝑎 − 𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5)

− (1 + 2𝑎 + 𝐻4 − 𝑏) − 𝜀(𝑎 + 𝐻5); 

𝐵6 = (2𝑎 + 𝜀)𝐻4 + (𝜀 + 1)2(𝐻2 + 𝐻4), 

 

holds. Then the trivial solution 𝑋𝑡 ≡ 0 of system (1.2. is not 

only stable but asymptotically stable.  

 

Proof. Let 𝑋𝑡 = (𝑥𝑡 , 𝑦𝑡 , 𝑍𝑡) be any solution of system (1.2., 

first we shall show that the continuously differentiable 

functional 𝑉  satisfy 𝑉(𝑡, 0) = 0,  is positive semi-definite, 

and that 𝑉 is radially unbounded that is  

𝑉 → ∞ 𝑎𝑠 𝑥2 + 𝑦2 + 𝑍2 → ∞. 

To see this the functional 𝑉  defined by (3.1. obviously 

satisfies the equation  

𝑉(𝑡, 0) = 0    (3.3. 

 for all 𝑡 ≥ 0 and can be recast as 

V =
1

2
(ℎ(𝑥) + 𝑦)2 + ∫

𝑥

0
[𝑎 − ℎ′(𝑠)]ℎ(𝑠)𝑑𝑠  

+
1

8
(2𝑎𝑥 + 𝑍)2 +

𝑎

2
[𝑓(𝑥. 𝑦) − 𝑎]𝑦2 +

𝑎

2
(1 − 𝑎)𝑥2 

+
𝑔(𝑦)

𝑦
𝑦2 +

1

4
𝑍2 +

1

8
(2𝑎𝑦 + 𝑍)2  ∫

𝑡

𝑡−𝜏
𝜆3𝑧2(𝑠)𝑑𝑠 +

∫
0

−𝜏
∫

𝑡

𝑡+𝑠
[𝜆1𝑦2(𝜃) + 𝜆2𝑧2(𝜃)]𝑑𝜃𝑑𝑠. 

Applying the lower inequalities in hypotheses (I. to (iii., 

ℎ′(𝑥) ≤ 𝑐  and the fact that (𝑑𝑥 + 𝑦)2 +
1

8
(2𝑎𝑥 + 𝑍)2 +

1

8
(2𝑎𝑦 + 𝑍)2 ≥ 0 ∀ 𝑥, 𝑦, 𝑍, 

there exist a positive constant  

𝑀1 = min {(𝑎 − 𝑐)𝑑 + 𝑎(1 − 𝑎),
𝑎

2
(𝑎1 − 𝑎) + 𝑏,

1

4
} 

such that  

                  𝑉 ≥ 𝑀1(𝑥2 + 𝑦2 + 𝑍2),   (3.4. 

for all 𝑥, 𝑦 and 𝑍. From inequality (3.4. we find that 

𝑉 = 0  ⇔   𝑥2 + 𝑦2 + 𝑍2 = 0 

it follows that 

𝑉 → ∞ 𝑎𝑠 𝑥2 + 𝑦2 + 𝑍2 → ∞.   (3.5. 

 Inequality (3.4. and estimate (3.5. clearly established that 

the functional 𝑉 defined by (3.1. is positive semi-definite. 

Next, we shall prove that the functional 𝑉 is negative semi-

definite noting that 𝑝(⋅) ≡ 0. To see this the Itô’s formula 

defined by (2.2. with respect to the functional 𝑉  is 

calculated and simplified to be  

LV = − [𝑎
ℎ(𝑥)

𝑥
−

1

2
𝜎2] 𝑥2 − [𝑎

𝑔(𝑦)

𝑦
− ℎ′(𝑥) − 𝜏𝜆1] 𝑦2 

−[2(𝑓(𝑥, 𝑦) − 𝑎) − 𝜏𝜆2 − 𝜆3]𝑧2 − [𝑎
𝑔(𝑦)

𝑦
− 𝑎] 𝑥𝑦 

− [𝑎𝑓(𝑥, 𝑦) +
ℎ(𝑥)

𝑥
] 𝑥𝑧

+ [𝑔′(𝑦) + 𝑎 + 1 − (
𝑔(𝑦)

𝑦
− 𝑎)] 𝑦𝑧 

+
1

2
𝑎𝑓𝑥(𝑥, 𝑦)𝑦3 +

1

2
𝑎𝑧𝑓𝑦(𝑥, 𝑦)𝑦2 − 𝜆3𝑧2(𝑡 − 𝜏) 

+[𝑎(𝑥 + 𝑦) + 𝑍] ∫
𝑡

𝑡−𝜏

[ℎ′(𝑥(𝑠))𝑦(𝑠) + 𝑔′(𝑦(𝑠))𝑧(𝑠)]𝑑𝑠 

−𝜀 [
ℎ(𝑥)

𝑥
𝑥 + (

𝑔(𝑦)

𝑦
− 𝑎) 𝑦 + (𝑓(𝑥, 𝑦) − 𝑎)𝑧] 𝑧(𝑡 − 𝜏) 

− ∫
𝑡

𝑡−𝜏
(𝜆1𝑦2(𝜇) + 𝜆2𝑧2(𝜇))𝑑𝜇.   (3.6. 

 Employing hypotheses (i. to (iv., equation (3.6. becomes  

𝐿𝑉 ≤ −
1

2
{𝑎1 − 𝑎 − 2𝜆3 − (1 + 2𝑎 + 𝐻4 − 𝑏) 

−𝜀(𝑎 + 𝐻5) − [2𝜆2 + (1 + 𝜀)(𝐻2 + 𝐻4)]𝜏}𝑧2 

−
1

2
{𝑎𝑏 − 𝑐 − 𝜀(𝑎 + 𝐻3) − (1 + 2𝑎 + 𝐻4 − 𝑏) 

−[2𝜆1 + 𝑎(𝐻2 + 𝐻4)]𝜏}𝑦2 

−
1

2
{𝑎𝑑 − 𝜎2 − 𝑏𝐻1 − 𝑎(𝐻2 + 𝐻4)𝜏}𝑥2 

− [𝜆1 −
1

2
(2𝑎 + 1)𝐻2] ∫

𝑡

𝑡−𝜏

𝑦2(𝜇)𝑑𝜇 

−[𝜆3 −
1

2
𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5)                     (3.7) 

−
1

2
𝜀(1 + 𝜀)(𝐻2 + 𝐻4)𝜏] 𝑧2(𝑡 − 𝜏) 

− [𝜆2 −
1

2
(2𝑎 + 𝜀)𝐻4] ∫

𝑡

𝑡−𝜏
𝑧2(𝜇)𝑑𝜇 − 𝑁1 − 𝑁2 − 𝑁3,
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where

𝑁1: =
1

4
𝑎𝑑𝑥2 + (

𝑎𝑔(𝑦)

𝑦
− 𝑎) 𝑥𝑦 +

1

4
(𝑎𝑏 − 𝑐)𝑦2;

𝑁2: =
1

4
𝑎𝑑𝑥2 + [𝑎𝑓(𝑥, 𝑦) +

ℎ(𝑥)

𝑥
] 𝑥𝑧 +

1

2
(𝑎1 − 𝑎)𝑧2;

𝑁3: =
1

4
(𝑎𝑏 − 𝑐)𝑦2 + (

𝑔(𝑦)

𝑦
− 𝑎) 𝑦𝑧 +

1

2
(𝑎1 − 𝑎)𝑧2.

 

Let  

𝜆1 ≔
1

2
(2𝑎 + 1)𝐻2, 𝜆2 ≔

1

2
(2𝑎 + 𝜀)𝐻4 𝑎𝑛𝑑  

𝜆3 ≔
1

2
[𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5) + 𝜀(1 + 𝜀)(𝐻2 + 𝐻4)𝜏]. 

Now since 𝑁1, 𝑁2 and 𝑁3 are quadratic functions, applying 

Hessian matrix, it can be shown that 𝑁1 ≥ 0, 𝑁2 ≥ 0  and 

𝑁3 ≥ 0 for all 𝑥, 𝑦, and 𝑧. There exists positive constant  

𝑀2: =
1

2
min{𝐵1 − 𝐵2𝜏,  𝐵3 − 𝐵4𝜏,  𝐵51 − 𝐵6𝜏, } 

such that  

𝐿𝑉 ≤ −𝑀2(𝑥2 + 𝑦2 + 𝑧2),                (3.8. 

 for all 𝑥, 𝑦, 𝑧 and  

              𝐿𝑉 ≤ 0,                                                     (3.9. 

for all 𝑥, 𝑦, 𝑧. From equation (3.3., inequality (3.4., estimate 

(3.5. and (3.8., hypotheses of Lemmas 2.1 and 2.2 hold, 

hence by Lemmas 2.1 and 2.2 the trivial solution 𝑋𝑡 of the 

neutral stochastic system (1.2. for 𝑝(⋅) ≡ 0 is stochastically 

asymptotically stable and stochastically stable respectively. 

This completes the proof of Theorem 3.2. 

 

IV. BOUNDEDNESS OF SOLUTION 

 In this section, we shall state and prove a boundedness 

theorem using (3.1., some inequalities and estimates (3.5. 

already obtained in Section 3.  

 

Theorem 4.1 If in addition to Theorem 3.2 hypothesis (v) 

hold and the inequality  

𝜏 < min {
𝐵1

𝐵2
,

𝐵3

𝐵4
,

𝐵52

𝐵6
, }     (4.1. 

 where  

𝐵1: = 𝑎𝑑 − 𝜎2 − 𝜀𝐻1;     𝐵2 ≔ 𝑎(𝐻2 + 𝐻4); 

𝐵3: = 𝑎𝑏 − 𝑐 − 𝜀(𝑎 + 𝐻3) − (1 + 2𝑎 + 𝐻4 − 𝑏);  

𝐵4 ≔ (2𝑎 + 1)𝐻2 + 𝑎(𝐻2 + 𝐻4); 

𝐵52: = 𝑎1 − 𝑎 − 𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5) − 2𝐴𝜀 

−(1 + 2𝑎 + 𝐻4 − 𝑏) − 𝜀(𝑎 + 𝐻5); 

𝐵6 : = (2𝑎 + 𝑏)𝐻4 + (𝜀 + 1)2(𝐻2 + 𝐻4)  

holds. Then the solutions (𝑋𝑡)  of system (1.2. is 

stochastically bounded. 

 

Proof. Let (𝑋𝑡)  be any solution of system (1.2.. Equation 

(3.6. can be modified to accommodate 𝑝(⋅) ≠ 0 as  

LV = − [𝑎
ℎ(𝑥)

𝑥
−

1

2
𝜎2] 𝑥2 − [𝑎

𝑔(𝑦)

𝑦
− ℎ′(𝑥) − 𝜏𝜆1] 𝑦2 

−[2(𝑓(𝑥, 𝑦) − 𝑎) − 𝜏𝜆2 − 𝜆3]𝑧2 − [𝑎
𝑔(𝑦)

𝑦
− 𝑎] 𝑥𝑦 

− [𝑎𝑓(𝑥, 𝑦) +
ℎ(𝑥)

𝑥
] 𝑥𝑧 + [𝑔′(𝑦) + 2𝑎 + 1 −

𝑔(𝑦)

𝑦
] 𝑦𝑧 

+
1

2
𝑎𝑓𝑥(𝑥, 𝑦)𝑦3 +

1

2
𝑎𝑧𝑓𝑦(𝑥, 𝑦)𝑦2 + [𝑎(𝑥 + 𝑦) + 𝑍] × 

{∫
𝑡

𝑡−𝜏

[ℎ′(𝑥(𝑠))𝑦(𝑠) + 𝑔′(𝑦(𝑠))𝑧(𝑠)]𝑑𝑠 + 𝑝(⋅)} 

−𝜀 [
ℎ(𝑥)

𝑥
𝑥 + (

𝑔(𝑦)

𝑦
− 𝑎) 𝑦 + (𝑓(𝑥, 𝑦) − 𝑎)𝑧] 𝑧(𝑡 − 𝜏) 

−𝜆3𝑧2(𝑡 − 𝜏) − ∫
𝑡

𝑡−𝜏
(𝜆1𝑦2(𝜇) + 𝜆2𝑧2(𝜇))𝑑𝜇. (4.2. 

 Employing hypotheses (I. to (v., equation (4.2. becomes  

𝐿𝑉 ≤ −
1

2
{𝑎1 − 𝑎 − 2𝜆3 − (1 + 2𝑎 + 𝐻4 − 𝑏) 

−𝜀(𝑎 + 𝐻5) − [2𝜆2 + (1 + 𝑏)(𝐻2 + 𝐻4)]𝜏}𝑧2 

−
1

2
{ 𝑎𝑏 − 𝑐 − 𝜀(𝑎 + 𝐻3) − (1 + 2𝑎 + 𝐻4 − 𝑏) 

−[2𝜆1 + 𝑎(𝐻2 + 𝐻4)]𝜏}𝑦2 

−
1

2
{𝑎𝑑 − 𝜎2 − 𝑏𝐻1 − 𝑎(𝐻2 + 𝐻4)𝜏}𝑥2 

− [𝜆1 −
1

2
(2𝑎 + 1)𝐻2] ∫

𝑡

𝑡−𝜏

𝑦2(𝜇)𝑑𝜇 

-[𝜆3 −
1

2
𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5) − 𝐴𝜀 

−
1

2
𝜀(1 + 𝜀)(𝐻2 + 𝐻4)𝜏 − 𝐴𝜀 − 𝑁1 

−𝑁2 − 𝑁3]𝑧2(𝑡 − 𝜏) 

− [𝜆2 −
1

2
(2𝑎 + 𝜀)𝐻4] ∫

𝑡

𝑡−𝜏

𝑧2(𝜇)𝑑𝜇 

+𝐴max{1, 𝑎}(|𝑥| + |𝑦| + |𝑧|) + 𝐴𝑏,  (4.3. 

Where 𝑁1,  𝑁2  and 𝑁3  are defined above. There exists 

positive constant  

𝑀3: =
1

2
min{𝐵1 − 𝐵2𝜏, 𝐵3 − 𝐵4𝜏, 𝐵52 − 𝐵6𝜏, } 

such that  

𝐿𝑉 ≤ −𝑀3(𝑥2 + 𝑦2 + 𝑧2) 

+𝐴max{1, 𝑎}(|𝑥| + |𝑦| + |𝑧|) + 𝐴𝜀,  (4.4. 

 for all 𝑥, 𝑦, 𝑧. Since |𝑞| ≤ 𝑞2 + 1 if follows that  

𝐴max{1, 𝑎}(|𝑥| + |𝑦| + |𝑧|) ≤ 𝐴max{1, 𝑎}(𝑥2 + 𝑦2 +

𝑧2) + 3𝐴max{1, 𝑎}    (4.5. 

 for all 𝑥, 𝑦, 𝑧. From inequalities (4.4. and (4.5. there exist 

positive constants 𝑀4 and 𝑀5 such that  

𝐿𝑉 ≤ −𝑀4(𝑥2 + 𝑦2 + 𝑧2) + 𝑀5   (4.6. 

 for all 𝑥, 𝑦, 𝑧  provided that 𝐴max{1, 𝑎} < 𝑀3  where 

𝑀4: = 𝑀3 − 𝐴max{1, 𝑎}  and 𝑀5 = 3𝐴max{1, 𝑎} + 𝐴𝜀. 

Finally, from inequalities (3.4. and (4.6., estimates (iii. of 

Lemma 2.5 holds so that 𝜇 ≥ 0.  Also, From Lemma 2.5 

inequalities 2.6 and 2.7 hold so that by Corollary 2.6, all 

solutions of the neutral stochastic system (1.2. are 

stochastically bounded. This completes the proof of Theorem 

4.1 

 

V. EXAMPLES  

Consider the following special cases of equation (1.1.. We 

shall test the effectiveness and reliability of our tool and the 

results obtained in Sections 3 and 4.  

Example 1.  Consider a nonlinear third order neutral 

stochastic differential equation  

[𝑥′′ + 𝜀𝑥′′(𝑡 − 𝜏)]′ + [
20(sin𝑥 + sin𝑥′) + 21

sin𝑥 + sin𝑥′ + 3
] 𝑥′′ 
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+
5𝑥′(𝑡 − 𝜏) + 3(𝑥′(𝑡 − 𝜏))3

1 + (𝑥′(𝑡 − 𝜏))2
 

+
21𝑥(𝑡 − 𝜏)[𝑥2(𝑡 − 𝜏) + 6] + 40𝑥(𝑡 − 𝜏)sin𝑥(𝑡 − 𝜏)

40[𝑥2(𝑡 − 𝜏) + 6]
 

+1.264𝑥𝜔′ = 0,     (5.1. 

 where 𝜀 = 0.001 > 0. Equation (5.1. converted to system 

of first order neutral stochastic is given by  

𝑥′ = 𝑦,     𝑦′ = 𝑧, 

Z′ = − [
20(sin𝑥 + sin𝑦) + 21

sin𝑥 + sin𝑦 + 3
] 𝑧 −

𝑦(3𝑦2 + 5)

𝑦2 + 1
 

−
21𝑥(𝑥2 + 6) + 40𝑥sin𝑥

40(𝑥2 + 6)
− 1.264𝑥𝜔′ 

+ ∫
𝑡

𝑡−𝜏

[
(𝑦2(𝑠) + 1)(3𝑦2(𝑠) + 5) − 4𝑦2(𝑠)

(1 + 𝑦2(𝑠))2
] 𝑧(𝑠)𝑑𝑠 

+ ∫
𝑡

𝑡−𝜏

[21(6 + 𝑥2(𝑠))2 + 40(6 + 𝑥2(𝑠))(sin𝑥(𝑠) 

+𝑥(𝑠)cos𝑥(𝑠)) − 80𝑥2(𝑠)sin𝑥(𝑠)] × 

[40(6 + 𝑥2(𝑠))2]−1𝑦(𝑠)𝑑𝑠.   (5.2. 

 Comparing (1.2. and (5.2. we find that:  

(i. The function  

ℎ(𝑥) =
21𝑥(6 + 𝑥2) + 40𝑥sin𝑥

40(6 + 𝑥2)
=

21𝑥

40
+ 𝑥𝐻(𝑥) 

where  

𝐻(𝑥): =
sin𝑥

𝑥2 + 6
. 

The graph of 𝐻(𝑥) is shown in Figure 1 where we found that  

−0.125 ≤ 𝐻(𝑥) ≤ 0.125 

and that 

0.4 = 𝑑 ≤
ℎ(𝑥)

𝑥
≤ 𝐻1 = 0.65, 𝑥 ≠ 0, 

as depicted in Figure 2. This fulfills the first inequalities of 

Assumption 3.1 (i.. 

  

 
Figure 1:  Upper and lower bounds on the functions 

𝑯(𝒙) on the inteval −𝟒𝝅 ≤ 𝒙 ≤ 𝟒𝝅] 

 

Figure 2:  Upper bound on the functions 
𝒉(𝒙)

𝒙
 for all 

𝒙 ≠ 𝟎 on −𝟐𝝅 ≤ 𝒙 ≤ 𝟐𝝅. 

 

(ii. Next the derivative of the function ℎ is  

ℎ′(𝑥) =
21

40
+

sin𝑥 + 𝑥cos𝑥

6 + 𝑥2
−

2𝑥2sin𝑥

(6 + 𝑥2)2
≤ 𝑐 = 0.724 

and |ℎ′(𝑥)| ≤ 𝐻2 = 0.724,  the coincide paths of ℎ′(𝑥) 

and |ℎ′(𝑥)| are shown in Figure 3 and Figure 4 at different 

intervals of real −4𝜋 ≤ 𝑥 ≤ 4𝜋  and −50𝜋 ≤ 𝑥 ≤ 50𝜋 

respectively, thus 2nd and 3rd inequalities of Assumption 3.1 

(i. are satisfied.  

(iii. Next the function  

𝑔(𝑦): = 3𝑦 + 𝑦𝐺(𝑦), 𝑤ℎ𝑒𝑟𝑒  𝐺(𝑦): =
2

𝑦2 + 1
. 

It is shown in Figure 5 that  

0.01 ≤ 𝐺(𝑦) ≤ 2 

for all 𝑦  on −10 ≤ 𝑦 ≤ 10 . It follows from the last 

inequalities and Figure 6 that  

𝑏 = 3.01 ≤
𝑔(𝑦)

𝑦
≤ 𝐻3 = 5, 𝑦 ≠ 0. 

 

  
Figure 3:  The functions 𝒉′(𝒙) and |𝒉′(𝒙)| on the 

inteval −𝟒𝝅 ≤ 𝒙 ≤ 𝟒𝝅. 
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Figure 4:  The functions 𝒉′(𝒙) and |𝒉′(𝒙)| on the 

interval −𝟓𝟎𝝅 ≤ 𝒙 ≤ 𝟓𝟎𝝅. 

 

 
Figure 5:  Upper and lower bounds on the functions 

𝑮(𝒚) on −𝟏𝟎𝝅 ≤ 𝒚 ≤ 𝟏𝟎𝝅. 

 

 

Figure 6:  The functions 
𝒈(𝒚)

𝒚
 on the interval −𝟏𝟎 ≤

𝒚 ≤ 𝟏𝟎. 

 

(iv. Furthermore, the derivative of the function 𝑔 is  

𝑔′(𝑦) = 3 +
2

1 + 𝑦2
−

4𝑦2

(1 + 𝑦2)2
 

and  

|𝑔′(𝑦)| ≤ 𝐻4 = 5 

for all 𝑦 and its path is shown in Figure 7 on the real interval 

−15 ≤ 𝑦 ≤ 15. 

 

(v. Figure 8 shows the function  

𝑓(𝑥, 𝑦): = 20 + 𝐹(𝑥, 𝑦) 

on −2𝜋 ≤ 𝑥, 𝑦 ≤ 2𝜋, where  

𝐹(𝑥, 𝑦) =
1

sin𝑥 + sin𝑦 + 3
 

and it can be shown that 0 < 𝐹(𝑥, 𝑦) ≤
1

3
  for all 𝑥, 𝑦. 

Therefore,  

20 = 𝑎1 ≤ 𝑓(𝑥, 𝑦) ≤ 𝐻5 = 20.33 

for all 𝑥 and 𝑦, this satisfies inequality in hypothesis (iii. 

of Assumption 3.1.  

 

 
Figure 7:  The upper bound on function |𝒈′(𝒚)| on 

−𝟏𝟓 ≤ 𝒚 ≤ 𝟏𝟓 

 

 
Figure 8:  The bounds on function 𝒇(𝒙, 𝒚) on −𝟐𝝅 ≤

𝒙, 𝒚 ≤ 𝟐𝝅 

 

(vi. In addition, the derivative of the function 𝑓 with respect 

to 𝑥 is defined as  

𝑓𝑥(𝑥, 𝑦) = −
cos𝑥

(sin𝑥 + sin𝑦 + 3)2
< 0 ∀ 𝑥, 𝑦. 

The solid generate by this rate of change in 𝑓 with respect 
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to 𝑥 is shown in Figure 9 on −2𝜋 ≤ 𝑥, 𝑦 ≤ 2𝜋 and  

|𝑦|𝑓𝑥(𝑥, 𝑦) = −
|𝑦|cos𝑥

(sin𝑥 + sin𝑦 + 3)2
≤ 0 ∀ 𝑥, 𝑦 

as shown in Figure 10 on −2𝜋 ≤ 𝑥, 𝑦 ≤ 2𝜋.  

 

 
Figure 9:  The function 𝒇𝒙(𝒙, 𝒚) for −𝟐𝝅 ≤ 𝒙, 𝒚 ≤ 𝟐𝝅 

 

 
Figure 10:  The function |𝒚|𝒇𝒙(𝒙, 𝒚) on −𝟐𝝅 ≤ 𝒙, 𝒚 ≤

𝟐𝝅 

 

(vii. The derivative of the function 𝑓 with respect to variable 
𝑦 is  

𝑓𝑦(𝑥, 𝑦) = −
cos𝑦

(sin𝑥 + sin𝑦 + 3)2
< 0 

for all 𝑥, 𝑦 and  

|𝑧|𝑓𝑦(𝑥, 𝑦) = −|𝑧|
cos𝑦

(sin𝑥 + sin𝑦 + 3)2
≤ 0 

for all 𝑥, 𝑦, 𝑧. Figures 11 and 12 depict the solids represented 

by 𝑓𝑦(𝑥, 𝑦) and |𝑧|𝑓𝑦(𝑥, 𝑦) respectively on −2𝜋 ≤ 𝑥, 𝑦 ≤

2𝜋.  

 
Figure 11:  The function 𝒇𝒚(𝒙, 𝒚) < 𝟎 on −𝟐𝝅 ≤

𝒙, 𝒚 ≤ 𝟐𝝅 

 
Figure 12:  The function |𝒛|𝒇𝒚(𝒙, 𝒚) on −𝟐𝝅 ≤ 𝒙, 𝒚 ≤

𝟐𝝅 

To estimate the value of the constant 𝜏,  we calculate the 

following relations  

𝐵1: = 𝑎𝑑 − 𝜎2 − 𝜀𝐻1 = 0.001654 > 0; 

𝐵2 ≔ 𝑎(𝐻2 + 𝐻4) = 4 > 0; 

𝐵3: = 𝑎𝑏 − 𝑐 − 𝜀(𝑎 + 𝐻3) − (1 + 2𝑎 + 𝐻4 − 𝑏) = 2.325

> 0; 

𝐵4: = (2𝑎 + 1)𝐻2 + 𝑎(𝐻2 + 𝐻4) = 10.516 > 0; 

𝐵51: = 𝑎1 − 𝑎 − 𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5) − 

(1 + 2𝑎 + 𝐻4 − 𝑏) − 𝜀(𝑎 + 𝐻5) = 6.95169 > 0; 

𝐵6 ≔ (2𝑎 + 𝜀)𝐻4 + (𝜀 + 1)2(𝐻2 + 𝐻4) 

= 27.73445172 > 0, 

holds. It follows that 

𝜏 < min {
𝐵1

𝐵2

,
𝐵3

𝐵4

,
𝐵51

𝐵6

}

= min{0.0004135, 0.2210916698, 0.250651791}

= 0.0004135, 

this implies that 𝜏 < 0.0004135.  The hypotheses of 

Theorem 3.2 hold and by Theorem 3.2 the trivial solution 

𝑋𝑡 ≡ 0 of system (5.2. is not only stable but asymptotically 

stable.  

 

Example 2.  Consider a nonlinear third order neutral 

stochastic differential equation with nonzero forcing term  

[𝑥′′ + 𝜀𝑥′′(𝑡 − 𝜏)]′ + [
20(sin𝑥 + sin𝑥′) + 21

sin𝑥 + sin𝑥′ + 3
] 𝑥′′ 

+
5𝑥′(𝑡 − 𝜏) + 3(𝑥′(𝑡 − 𝜏))3

1 + (𝑥′(𝑡 − 𝜏))2
 

+
21𝑥(𝑡 − 𝜏)[𝑥2(𝑡 − 𝜏) + 6] + 40𝑥(𝑡 − 𝜏)sin𝑥(𝑡 − 𝜏)

40[𝑥2(𝑡 − 𝜏) + 6]
 

+1.264𝑥𝜔′ = p(. ),  (5.3. 

 Equation (5.3. converted to system of first order neutral 

stochastic is given by  

𝑥′ = 𝑦,     𝑦′ = 𝑧, 

Z′ = − [
20(sin𝑥 + sin𝑦) + 21

sin𝑥 + sin𝑦 + 3
] 𝑧 −

𝑦(3𝑦2 + 5)

𝑦2 + 1
 

−
21𝑥(𝑥2 + 6) + 40𝑥sin𝑥

40(𝑥2 + 6)
− 1.264𝑥𝜔′ 
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+ ∫
𝑡

𝑡−𝜏

[
(𝑦2(𝑠) + 1)(3𝑦2(𝑠) + 5) − 4𝑦2(𝑠)

(1 + 𝑦2(𝑠))2
] 𝑧(𝑠)𝑑𝑠 

+ ∫
𝑡

𝑡−𝜏

[21(6 + 𝑥2(𝑠))2 + 40(6 + 𝑥2(𝑠))(sin𝑥(𝑠) 

+𝑥(𝑠)cos𝑥(𝑠)) − 80𝑥2(𝑠)sin𝑥(𝑠)] × 

[40(6 + 𝑥2(𝑠))2]−1𝑦(𝑠)𝑑𝑠 (5.4. 

 Comparing (1.2. and (5.4. we find that items (i. to (vii. in 

Example 1 hold and in addition let  

𝑃(⋅) =
1

5
+

1

3 + 𝑡2 + 𝑥2 + 𝑥2(𝑡 − 𝜏) + 𝑦2(𝑡)
 

Clearly 3 + 𝑡2 + 𝑥2 + 𝑥2(𝑡 − 𝜏) + 𝑦2(𝑡) ≥ 3 so that 

0 <
1

3 + 𝑡2 + 𝑥2 + 𝑥2(𝑡 − 𝜏) + 𝑦2(𝑡)
≤

1

3
 

from this inequality we conclude that  

𝑝(⋅) ≤ 𝐴 =
8

15
< ∞, 

so that Assumption 3.1 (v. is satisfied. To estimate the value 

of the constant 𝜏  in this case, we calculate the following 

relations  

𝐵1: = 𝑎𝑑 − 𝜎2 − 𝜀𝐻1 = 0.001654 > 0; 

𝐵2 ≔ 𝑎(𝐻2 + 𝐻4) = 4 > 0; 

𝐵3: = 𝑎𝑏 − 𝑐 − 𝜀(𝑎 + 𝐻3) − (1 + 2𝑎 + 𝐻4 − 𝑏) = 2.325

> 0; 

𝐵4: = (2𝑎 + 1)𝐻2 + 𝑎(𝐻2 + 𝐻4) = 10.516 > 0; 

𝐵52: = 𝑎1 − 𝑎 − 𝜀(2𝑎 + 𝐻1 + 𝐻3 + 𝐻5) 

−2𝐴𝜀 − (1 + 2𝑎 + 𝐻4 − 𝑏) 

−𝜀(𝑎 + 𝐻5) = 6.950623333 > 0 > 0; 

𝐵6 ≔ (2𝑎 + 𝜀)𝐻4 + (𝜀 + 1)2(𝐻2 + 𝐻4) 

= 27.73445172 > 0, 

holds. It follows that 

𝜏 < min {
𝐵1

𝐵2

,
𝐵3

𝐵4

,
𝐵52

𝐵6

}

= min{0.0004135, 0.2210916698, 0.250651791}

= 0.0004135, 

this implies that the inclusion of the forcing term in this 

example is insignificant, i.e., the constant 𝜏 is the same as in 

Example 1 (𝜏 < 0.0004135 .. The hypotheses of Theorem 

4.1 hold and by Theorem 4.1 the solutions 𝑋𝑡 of system (5.4. 

is stochastically bounded.  

 

VI. CONCLUSION 

In conclusion, this study investigated the stability and 

boundedness of solutions to a specific type of third order 

neutral stochastic differential equations with delay. The 

results provide valuable insights into the behavior of these 

equations and contribute to the understanding of their 

dynamics. Further research in this area could focus on 

exploring additional properties of solutions and their 

applications in various fields. 
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