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1. INTRODUCTION 

Fixed point theory has been one of the most rapidly 

developing fields in analysis during the last few decades. In 

1922,Banach proved his classical contraction principle. The 

investigation of existence and uniqueness of fixed point for a 

self mapping and common fixed points for two or more 

mappings has become a very active and natural subject of 

interest. Many  researchers  proved Banach contraction 

principle in multitude of generalized metric space.  In 

2000,Branciari [1] generalised the idea of metric space by 

replacing the triangular inequality with more general 

inequality, namely, quadrilateral inequality for introducing 

the notion of rectangular metric spaces and generalised  

branch contraction theorem. After eight years , George et al. 

[10] introduced rectangular b-metric spaces in order to 

generalised rectangular metric spaces. The notion of 

rectangular S-metric space which extends a rectangular 

metric space is presented.  Motivated by these 

generalizations, in this paper, we  stated and proved some 

fixed point theorems in these  spaces. Prior to presenting our 

main result, the following definitions are required in the 

sequel. 

 

2. PRELIMINARIES 

         Definition 2.1 [1]  For a non empty set X and a function 

𝑑: 𝑋2 →[0, ∞)satisfying the         

         following properties:  

(i) 𝑑(𝛼, 𝛽) = 0 iff 𝛼 = 𝛽 for all 𝛼, 𝛽 ∈ 𝑋;  

(ii) 𝑑(𝛼, 𝛽) = 𝑑(𝛽, 𝛼), ∀𝛼, 𝛽 ∈ 𝑋;  

(iii) 𝑑(𝛼, 𝛽) ≤ 𝑑(𝛼, 𝑢) + 𝑑(𝑢, 𝑣) + 𝑑(𝑣, 𝛽)  ∀ 𝛼, 𝛽 ∈  𝑋 

𝑎𝑛𝑑 𝑎𝑙𝑙 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑝𝑜𝑖𝑛𝑡𝑠  𝑢, 𝑣 ∈ 𝑋 − {𝛼, 𝛽}  

  d is called a rectangular metric on 𝑋 𝑎𝑛𝑑 (𝑋, 𝑑)is called a 

rectangular metric space.    

 Definition 2.2 [12] let X be a non empty set and 𝑆 ̅: 𝑋3 → ℝ+, 

a function satisfying the      

following properties:  

(i) 𝑆 ̅(𝛼, 𝛽, 𝛾) = 0 iff 𝛼 = 𝛽 = 𝛾  

(ii) 𝑆 ̅(𝛼, 𝛽, 𝛾) ≤ �̅�(𝛼, 𝛼, 𝑎) + �̅�(𝛽, 𝛽, 𝑎) + 𝑆 ̅(𝛾, 𝛾, 𝑎)∀𝑎, 𝛼, 𝛽, 𝛾 ∈ 

𝑋 (rectangle inequality)  

  Then (𝑋, 𝑆 ̅) is called a S-metric space.  

Definition2.3 [15] let X be a non empty set and �̅�: 𝑋3 → ℝ+,a 

function with a strictly increasing continuous function ,  Ω : 

[0, ∞) → [0, ∞) such that Ω (𝑡) ≥ 𝑡 for all 𝑡 > 0 and  Ω (0) = 

0, satisfying the following properties:  

(i) 𝑆 ̅(𝛼, 𝛽, 𝛾) = 0 iff 𝛼 = 𝛽 = 𝛾  

(ii) 𝑆 ̅(𝛼, 𝛽, 𝛾) ≤ Ω(𝑆 ̅(𝛼, 𝛼, 𝑎) + 𝑆 ̅(𝛽, 𝛽, 𝑎) + 𝑆 ̅(𝛾, 𝛾, 𝑎))∀𝑎, 𝛼, 𝛽, 

𝛾 ∈ 𝑋 (rectangle inequality)  

 Then (𝑋, 𝑆 ̅) is called an 𝑆𝑝-metric space.  

Remark 2.4  

(i) If Ω(𝛾) = 𝛾, 𝑆𝑝-metric space reduces to S-metric space   

(ii) If Ω(𝛾) = 𝑏𝛾, 𝑆𝑝-metric space reduces to 𝑆𝑏metric space.  

Definition 2.5  Let X be a non empty set and 𝑆: 𝑋3 → ℝ+ a 

function satisfying the following the following properties :  

(i) 𝑆(𝛼, 𝛽, 𝛾) = 0 iff 𝛼 = 𝛽 = 𝛾  

(ii) 𝑆(𝛼, 𝛽, 𝛾) ≤ 𝑆(𝛼, 𝛼, 𝑎) + 𝑆(𝛽, 𝛽, 𝑎) + 𝑆(𝛾, 𝛾, 𝑎)∀ 𝛼, 𝛽, 𝛾 ∈ 𝑋 

and all distinct points 𝑎 ∈ 𝑋 − {𝛼, 𝛽, 𝛾}  

Then (𝑋, 𝑆) is called a rectangular S-metric space.  

Definition 2.6 Let (𝑋, 𝑆) be a rectangular S-metric space and 

{𝛼𝑛} a sequence in 𝑋.  Then {𝛼𝑛} converges to 𝛼 if and only 

if  𝑆(𝛼𝑛, 𝛼, 𝛼) → 0 as 𝑛 → ∞.  
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Definition 2.7 Let (𝑋, 𝑆) be a rectangular S-metric space and 

{𝛼𝑛} a sequence in X. Then{𝛼𝑛} is said to be a Cauchy 

sequence iff 𝑆(𝛼𝑛, 𝛼𝑚, 𝛼𝑙) → 0 as 𝑛, 𝑚, 𝑙 → ∞. 

 

3. MAIN RESULT    

Theorem 3.1:    Let X be a complete rectangular S- metric 

space and 𝑇: 𝑋 → 𝑋 a map for which there exist the real 

number, p satisfying 0 ≤ 𝑝 < 1 such that for each pair 𝛼, 𝛽, 𝛾 

∈ 𝑋    

𝑆(𝑇𝛼, 𝑇𝛽, 𝑇𝛾) ≤ 𝑝𝑆(𝛼, 𝛽, 𝛾)                                                     . 

. .     (3.1.1) 

Then T has a unique fixed point.  

Proof: From  (3.1.1)  

                  𝑆  (𝑇𝛼, 𝑇𝛽, 𝑇𝛽) ≤ 𝑝 𝑆 (𝛼, 𝛽, 𝛽)                                                     

.  .  .  (3.1.2)  

Suppose T satisfies condition (3.1.2) and 𝛼0 ∈ 𝑋 be an 

arbitrary point  

and define a sequence {𝛼𝑛}by setting  𝛼𝑛 = 𝑇𝑛𝛼0  

and            𝑆(𝛼𝑛,𝛼𝑛, 𝛼𝑛+1) = 𝑆(𝑇𝛼𝑛−1, 𝑇𝛼𝑛−1, 𝑇𝛼𝑛)  

Now          𝑆(𝑇𝛼𝑛−1, 𝑇𝛼𝑛−1, 𝑇𝛼𝑛) ≤ 𝑝𝑆(𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛)  

Therefore  

                   𝑆(𝛼𝑛,𝛼𝑛, 𝛼𝑛+1) ≤ 𝑝𝑆(𝛼𝑛−1, 𝛼𝑛−1, 𝛼𝑛) Setting   

  𝑠𝑛 = 𝑆(𝛼𝑛,𝛼𝑛, 𝛼𝑛+1) we have  

                      𝑠𝑛 ≤ 𝑝𝑠𝑛−1                                                                                   

.  .  .   (3.1.3)  

We deduce that   

                      𝑠𝑛 ≤ 𝑝𝑛𝑠0∀𝑛 ∈ 𝑁                                                                        

.  .  .   (3.1.4)  

Suppose there exist 𝑛 ∈ 𝑁 such that 𝛼0 = 𝛼𝑛  

         𝑆 (𝛼0, 𝛼0, 𝑇𝛼0) = 𝑆 (𝛼𝑛,𝛼𝑛, 𝑇𝛼𝑛)  

         𝑆 (𝛼0,𝛼0, 𝛼1) = 𝑆 (𝛼𝑛,𝛼𝑛, 𝛼𝑛+1)  

                     𝛼0 = 𝛼𝑛 𝛼0 ≤ 𝑝𝑛𝛼0 Contradiction since 𝑝 < 1.  

Hence for all 𝑛 ∈ 𝑁, 𝛼0 ≠ 𝛼𝑛  

Repeating this argument , we have that ∀ 𝑛, 𝑚 ∈ 𝑁 with 𝑛 ≠ 

𝑚,𝛼𝑛 ≠ 𝛼𝑚.  

Then the terms of a sequence {𝛼𝑛} are distinct.  

By repeated use of (ii) in definition (2.4) and all distinct 

points 𝛼𝑛+1, 𝛼𝑛+2, … 𝛼𝑚−1with 𝑚 > 𝑛  

                    𝑆 (𝛼𝑛,𝛼𝑚, 𝛼𝑚)   

                             ≤  𝑆 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1) + 𝑆 (𝛼𝑚, 𝛼𝑚, 𝛼𝑛+1) + 𝑆 

(𝛼𝑚, 𝛼𝑚, 𝛼𝑛+1)                  

                                 = 𝑆 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛+1) + 2𝑆(𝛼𝑚, 𝛼𝑚, 𝛼𝑛+1)                                     

                              = 𝑠𝑛 + 2𝑆 (𝛼𝑚, 𝛼𝑚, 𝛼𝑛+1)                                                          

                              ≤ 𝑠𝑛 + 2𝑠𝑛+1 + 22𝑆(𝛼𝑚, 𝛼𝑚, 𝛼𝑛+2)                                             

                              ≤ 𝑠𝑛 + 2𝑠𝑛+1 + 22𝑠𝑛+2 + 23𝑆 (𝛼𝑚, 𝛼𝑚, 𝛼𝑛+3)                              

                              ≤ 𝑠𝑛 + 2𝑠𝑛+1 + 22𝑠𝑛+2 + ⋯ + 2𝑚−1𝑠𝑚                                          

                              ≤ 𝑠𝑛 + 2𝑠𝑛+1 + 22𝑠𝑛+2 + 23𝑠𝑛+3 + ⋯                                          

.  .  .  (3.1.5) 

From (3.1.4) and (3.1.5), we have   

                   𝑆 (𝛼𝑛, 𝛼𝑚, 𝛼𝑚)  

                             ≤  𝑝𝑛�𝑠0 + 2𝑝𝑛+1�𝑠0 + 22𝑝𝑛+2�𝑠0 + ⋯ +  

2𝑚−1𝑝𝑚−1𝑠0                  

                             ≤  [ 𝑝𝑛  + 2 𝑝𝑛+1  + 22𝑝𝑛+2  + ⋯ + 

2𝑚−1𝑝𝑚−1]𝑠0  

                             ≤  𝑝𝑛[1 + 2𝑝 + (2𝑝)2 + ⋯ + (2𝑝)𝑚−𝑛−1]𝑠0                                 

                              ≤ 𝑝𝑛[1 + 2𝑝 + (2𝑝)2 + ⋯ ]𝑠0                                                     

≤ 𝑝𝑛(1 − 2𝑝)−1𝑠0                                                         .  .  . 

(3.1.6)  

Taking the limit of 𝑆 (𝛼𝑛, 𝛼𝑚, 𝛼𝑚) 𝑎𝑠 𝑛, 𝑚 → ∞, 𝑤𝑒 ℎ𝑎𝑣𝑒  

               lim
𝑚,𝑛→∞

𝑆�(αn, αm, αm)�  

                                   = lim
𝑚,𝑛→∞

[𝑝𝑛(1 − 2𝑝)−1] 𝑆(𝑥0, 𝑥0, 𝑥1) = 0                                 

.  .  .  (3.1.7)  

For 𝑛, 𝑚, 𝑙 ∈ 𝑁 𝑤𝑖𝑡ℎ 𝑛 > 𝑚 > 𝑙  

𝑆 (𝛼𝑛, 𝛼𝑛, 𝛼𝑙)  ≤  𝑆 (𝛼𝑛, 𝛼𝑛, 𝛼𝑛−1) + 𝑆 (𝛼𝑚, 𝛼𝑚, 𝛼𝑛−1) + 𝑆 (𝛼𝑙, 

𝛼𝑙, 𝛼𝑛−1)                  .  .  .   (3.1.8)  

On taking the limit of 𝑆 (𝛼𝑛, 𝛼𝑚, 𝛼𝑙) 𝑎𝑠 𝑛, 𝑚, 𝑙 → ∞, we obtain   

 We have  lim
𝑚,𝑛,𝑙→∞

𝑆 (𝛼𝑛, 𝛼𝑚, 𝛼𝑙) = 0                                                                 

 So,    {𝛼𝑛},is a 𝑆 −cauchy sequence.   

By completeness of (𝑥, 𝑆), there exist 𝑢 ∈ 𝑋 such that{𝛼𝑛}is 

𝑆- convergent to 𝑢.  

Suppose 𝑇𝑢 ≠ 𝑢, then    

            𝑆 (𝛼𝑛, 𝑇𝑢, 𝑇𝑢) ≤ 𝑝𝑆 (𝛼𝑛−1, 𝑢, 𝑢)                                                       

Taking the limit as 𝑛 → ∞ and using the fact that function is 

𝑆- continuous in its variables,  

We get,      𝑆 (𝑢, 𝑇𝑢, 𝑇𝑢) ≤ 𝑝𝑆 (𝑢, 𝑢, 𝑢)                                                   

 Hence,      𝑆 (𝑢, 𝑇𝑢, 𝑇𝑢) ≤ 0                                                                            

Which is a contradiction. 

So that, 𝑇𝑢 = 𝑢  

To prove uniqueness, suppose 𝑣 ≠ 𝑢 is such that  𝑇𝑣 = 𝑣, 𝑡ℎ𝑒𝑛 

from (3.1.1) 

                       𝑆 (𝑇𝑢, 𝑇𝑣, 𝑇𝑣) ≤ 𝑝𝑆 (𝑢, 𝑣, 𝑣)                       

Since 𝑇𝑢 = 𝑢 𝑎𝑛𝑑   𝑇𝑣 = 𝑣,we have   

𝑆 (𝑢, 𝑣, 𝑣) ≤ 0 Which implies that 𝑣 = 𝑢.  
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